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Instructions

• This exam has 13 pages in total, numbered 1 to 13. Make sure your exam has all the pages.

• This is a closed book, closed-note exam. You are not allowed to use a calculator.

• For all problems, follow these instructions:

– Show your work and give reasons.

– For any problem that asks you to provide an algorithm, be sure to give a step-by-step algorithm.
Do not explain how to implement your algorithm in Arena or Excel, but rather, you should provide
an algorithm (i.e., pseudo-code) that can be implemented in any language. Also, for any random
variates needed by your algorithm, be sure to explicitly provide the steps needed to generate the
random variates. Also, be sure to explicitly specify all constants or parameter values used in
your algorithm. You may assume that you have at your disposal a good unif[0,1] random number
generator.

– In any problem for which you use an approximation based on the central limit theorem, you can
use a critical point from the normal distribution. Any confidence interval you provide should be at
a 95% confidence level. Any hypothesis test you perform should be at level α = 0.05.

– You can use the backs of the sheets if you need more space.

– The last two pages of the exam have some possibly useful reference material.

Problem 1 2 3 4 5 Total

Points
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1. [20 points] Suppose that X1, X2, . . . , Xn are independent and identically distributed samples from
some distribution.

(a) [10 points] Recall that a Bernoulli(θ) distribution is discrete with probability mass function
p(0) = 1 − θ and p(1) = θ, where 0 ≤ θ ≤ 1. Suppose that the samples X1, X2, . . . , Xn come from
a Bernoulli(θ) distribution, where θ is unknown. Derive the maximum likelihood estimator (MLE)
of the parameter θ.

Answer:
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(b) [10 points] Instead suppose now that the samples come from a gamma distribution with unknown
shape parameter α and unknown scale parameter β. Derive the method-of-moments estimator of
the parameters α and β.

Answer:
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2. [25 points] Let X1, X2, . . . , Xn be IID samples from a distribution F . Define the empirical CDF

F̂n(x) =
1

n

n∑
i=1

I{Xi ≤ x},

where I{A} is the indicator function of the event {A}, so I{A} = 1 if {A} is true and I{A} = 0 if {A} is
false. Thus, F̂n(x) is the proportion of the n samples that are less than or equal to x, and the empirical
CDF F̂ is an estimator of the true CDF F .

(a) [6 points] Show that F̂n(x) is an unbiased estimator of F (x) for each x and n.

(b) [6 points] Show that F̂n(x) ≈ F (x) for large n; i.e., F̂n(x) satisfies a law of large numbers.
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(c) [10 points] Argue that F̂n(x) satisfies the following central limit theorem:

√
n

β
(F̂n(x)− α)

D≈ N (0, 1)

for large n, for some some constants α and β. Explicitly specify formulas for α and β in terms of F
and x.

(d) [3 points] Give an estimator of β in terms of X1, X2, . . . , Xn.

5



3. [15 points] Suppose that we have collected n IID data points X1, X2, . . . , Xn. Suppose that the
data come from some distribution F , and let X ∼ F . Fix a constant b, and our goal is to estimate
p ≡ P{X ≤ b} from the data, where we assume that 0 < p < 1.

(a) [8 points] Derive an approximate 95% two-sided confidence interval for p.
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(b) [7 points] Suppose that we want to carry out the hypothesis test H0 : p ≤ 0.8 vs. Ha : p > 0.8.
Explain how to perform the hypothesis test at level α = 0.05. Give all the details of your method.
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4. [25 points] Suppose that a random variable X has a density function f given by

f(x) =
3

5
f1(x) +

2

5
f2(x),

where

f1(x) = [(3)(4)−3x3−1 exp{−(x/4)3}]I[0,∞)(x),

f2(x) =
e−x + 2x− 1

1− e−1
I[0,1](x),

and IA(x) is the indicator function of the set A, so IA(x) = 1 if x ∈ A and IA(x) = 0 if x 6∈ A. The goal
in this problem is to generate a sample of X having density f .

(a) [8 points] Give an algorithm to generate a sample Y having density function f1 using inversion.
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(b) [9 points] Give an acceptance-rejection algorithm to generate a sample Z having density function
f2. Also, give the expected total number of uniform random numbers needed to generate a sample
Z. [Hint: take the derivative of f2, and note that it has the same sign on its entire support.]
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(c) [8 points] Give an algorithm to generate a sample X having density function f . Also, give the
expected total number of uniform random numbers needed to generate a sample X.
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5. [15 points] Consider customers arriving to a bank’s single automatic teller machine (ATM). A customer
who arrives and finds the ATM idle immediately begins his transaction on the machine. A customer who
arrives and finds the ATM busy joins the end of a single queue. Customers wait in a first-in, first-out
(FIFO) manner, and we assume that the waiting area before the ATM is very large and can accommodate
any number of waiting customers. After a customer finishes his transaction, he leaves the ATM.

The customer interarrival and customer service times (in minutes) are

A1 = 3, A2 = 2, A3 = 4, A4 = 6, A5 = 2, A6 = 5, A7 = 1, A8 = 5, . . .

S1 = 3, S2 = 5, S3 = 3, S4 = 4, S5 = 8, S6 = 7, S7 = 4, . . .

respectively. Note that the first customer arrives at time 3, not at time 0. We wish to carry out a hand
simulation for a particular realization of the system until time 25.

(a) [10 points] Define N(t) to be the total number of customers at the ATM (including the customers
at the ATM and in the queue) at time t. Make a plot of N(t) vs. t between times 0 and 25 for this
realization. Be sure to show the event times.

(b) [5 points] From your plot in part (a), compute the time-average total number of customers in
the system during the time interval [0, 25].
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Some possibly useful facts

• The CDF F of random variable (RV) X is defined as F (z) = P (X ≤ z). If X is a continuous random
variable with density function f , then F (z) =

∫ z
−∞ f(x)dx. If X is a discrete random variable with

probability mass function p and support {x1, x2, x3, . . .}, then F (z) =
∑
xi≤z p(xi).

• The expectation or mean µ of a RV X is µ = E [X] =
∑
xi xip(xi) when X is a discrete random vari-

able with probability mass function p(·) and support {x1, x2, . . .}, and µ =
∫∞
−∞ xf(x) dx when X is a

continuous random variable with density function f .

• The variance of a RV X is V(X) = E [(X − µ)2] = E [X2]− µ2.

• The covariance of RVs X, Y with means µX , µY is C(X,Y ) = E [(X − µX)(Y − µY )] = E [XY ]− µXµY .

• Sample mean X̄(n) = 1
n

∑n
k=1Xi, and sample variance S2(n) = 1

n−1
∑n
k=1(Xk − X̄(n))2.

• The normal distribution with mean µ and variance σ2 > 0 is denoted by N (µ, σ2) and has density

function f(x) = 1
σ
√
2π

exp
{
− (x−µ)2

2σ2

}
. Its CDF cannot be evaluated in closed form.

• If Z1, Z2, . . . , Zn, n ≥ 1, are IID N (0, 1) random variables, then X = Z2
1 +Z2

2 + · · ·+Z2
n has a chi-squared

distribution with n degrees of freedom, which is denoted by χ2
n.

• If Z ∼ N (0, 1) and V ∼ χ2
n with Z and V independent, then T = Z/

√
V/n has a Student-t distribution

with n degrees of freedom, which is denoted by tn.

• If X1, X2, . . . , Xn are IID N (µ, σ2), then (n− 1)S2(n)/σ2 ∼ χ2
n−1 and (X̄(n)− µ)/

√
S2(n)/n ∼ tn−1.

• The uniform distribution over the interval [a, b] has density function f(x) = [1/(b − a)]I[a,b](x), where
IA(x) = 1 if x ∈ A and 0 otherwise. Its CDF is F (x) = (x− a)/(b− a) for a ≤ x ≤ b, and F (x) = 0 for
x < a, and F (x) = 1 for x > b. Its mean is (a+ b)/2 and its variance is (b− a)2/12.

• The exponential distribution with parameter λ > 0 has density function f(x) = λe−λxI[0,∞)(x). Its CDF

is F (x) = [1− e−λx]I[0,∞)(x). Its mean is 1/λ and its variance is 1/λ2.

• The gamma distribution with shape parameter α > 0 and scale parameter β > 0 has density function
f(x) = [β−αxα−1 exp{−x/β}/Γ(α)]I[0,∞)(x), where Γ(α) =

∫∞
0 tα−1e−tdt and Γ(α) = (α − 1)! when α

is a positive integer. In general, its CDF cannot be evaluated in closed form. Its mean is αβ and its
variance is αβ2. In the special case that α is an integer k, then the distribution is known as an Erlang,
and a random variable X having this distribution can be expressed as the sum of k IID exponentials,
each with mean β.

• The Weibull distribution with shape parameter α > 0 and scale parameter β > 0 has density function
f(x) = [αβ−αxα−1 exp{−(x/β)α}]I[0,∞)(x). Its CDF is F (x) = [1− exp{−(x/β)α}]I[0,∞)(x). Its mean is
(β/α)Γ(1/α) and its variance is (β2/α)[2Γ(2/α)− (1/α)(Γ(1/α))2].

• If Z ∼ N (µ, σ2), then X = eZ has a lognormal(µ, σ2) distribution. The lognormal(µ, σ2) distribution has
density function f(x) = [1/(x

√
2πσ2) exp(−(lnx− µ)2/(2σ2))]I[0,∞)(x). Its CDF cannot be evaluated in

closed form. Its mean is exp(µ+ (σ2/2)), and its variance is e2µ+σ
2
(eσ

2 − 1).

• A Poisson distribution has a given parameter λ > 0 and has support {0, 1, 2, . . .}. The probability mass
function is p(k) = e−λλk/k! for k = 0, 1, 2, . . .. The mean and variance of a Poisson RV are both λ.

• Law of large numbers: if X1, X2, . . . , Xn are IID RVs with finite mean µ, then X̄(n) ≈ µ for large n.

• Central limit theorem: if X1, X2, . . . , Xn are IID RVs with finite mean µ and positive, finite variance σ2,

then
√
n
σ (X̄(n)− µ)

D≈ N (0, 1) for large n, where
D≈ means approximately equal to in distribution. Also,

√
n

S(n)(X̄(n)− µ)
D≈ N (0, 1) for large n.
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• Confidence intervals: if X1, X2, . . . , Xn are IID RVs with finite mean µ and positive, finite variance σ2,
then an approximate 100(1 − α)% confidence interval for µ is [X̄(n) ± zα/2S(n)/

√
n], where zα/2 is the

constant such that P(N (0, 1) > zα/2) = α/2 = 1−P(N (0, 1) ≤ zα/2). For example, P(N (0, 1) > 1.65) =
0.05, P(N (0, 1) > 1.96) = 0.025, and P(N (0, 1) > 2.60) = 0.005.

• e = 2.718 . . ., e−1 = 0.368 . . ., ln e = 1, ln(ab) = ln(a) + ln(b), ln(ab) = b ln(a), and ea ln(b) = ba.

• Parameter estimation: Suppose X1, . . . , Xn are IID with distribution Fθ1,...,θd , where θ1, . . . , θd are un-
known and to be estimated.

– MLE: If Fθ1,...,θd is a continuous distribution with density function fθ1,...,θd , then compute the likeli-
hood L(X1, . . . , Xn) =

∏n
i=1 fθ1,...,θd(Xi). If Fθ1,...,θd is a discrete distribution with probability mass

function pθ1,...,θd , then compute the likelihood L(X1, . . . , Xn) =
∏n
i=1 pθ1,...,θd(Xi). Then choose the

values of θ1, . . . , θd that maximize L(X1, . . . , Xn), or equivalently that maximize lnL(X1, . . . , Xn).

– Method-of-moments: Let µj = E [Xj ] be the jth (theoretical) moment of Fθ1,...,θd , and let Mj =
1
n

∑n
i=1X

j
i be the jth sample moment of the data. Then set µj = Mj for j = 1, 2, . . . , d, and solve

for θ1, . . . , θd.

• Goodness-of-fit tests: Suppose X1, . . . , Xn are IID from some hypothesized distribution F .

– Chi-squared test: Divide samples into k bins. Let Oi be the number of observations in the ith
bin, and let Ei be the expected number of observations in the ith bin. Compute test statistic
χ2 =

∑k
i=1(Oi − Ei)

2/Ei, which approximately has a chi-squared distribution with ν degrees of
freedom, where ν = number of bins− (1 + number of estimated parameters).

– Kolmogorov-Smirnov (K-S) test: Compute empirical CDF F̂n(x) = (# observations ≤ x)/n. Then
compute Dn = maxx∈< |F̂n(x) − F (x)|. We obtain the test statistic by centering and scaling Dn,
where the centering and scaling depend on the hypothesized F .

• LCG: Zi = (aZi−1 + c)(mod m) and Ui = Zi/m, for constants a, c and m.

• Let U1, U2, . . . , Un be n successive samples from random number generator. Null hypothesis is H0 :
samples are IID unif[0, 1]. Fix level α of test, and define zp such that P(N (0, 1) ≤ zα/2) = 1− α/2.

– Runs-up/down test: Let Rn is the total number of runs, µn = E [Rn] = (2n−1)/3 and σ2n = V[Rn] =
(16n− 29)/90. Reject H0 at level α if Rn 6∈ [µn − zα/2σn, µn + zα/2σn].

• Inverse-transform method to generate sample X having CDF F . Generate U ∼ unif[0, 1], and return
X = F−1(U).

• Convolution method: Suppose X = Y1+Y2+ · · ·+Yn, where Y1, Y2, . . . , Yn are independent, and Yi ∼ Fi.
We generate a sample of X by generating Y1 ∼ F1, Y2 ∼ F2, . . . , Yn ∼ Fn, where Y1, . . . , Yn are generated
independently, and returning X = Y1 + · · ·+ Yn.

• Composition method: Suppose we can write CDF F as F (x) = p1F1(x) + p2F2(x) + · · · + pdFd(x) for
all x, where pi > 0 for each i and p1 + · · · + pd = 1. We then generate a sample X ∼ F as follows.
First generate I having pmf (p1, p2, . . . , pd). If I = j, then independently generate Yj ∼ Fj , and return
X = Yj .

• Acceptance-rejection (AR) method: To generate X having density f , suppose Y is a RV with density g
such that there exists a constant c for which f(x) ≤ cg(x) for all x. Then we can generate a sample of X
using the AR method as follows. (i) Generate Y with density g. (ii) Generate U ∼ unif[0, 1], independent
of Y . (iii) If cg(Y )U ≤ f(Y ), then return X = Y and stop; else, reject (Y,U) and return to step (i).
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