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Instructions

e This exam has 18 pages in total, numbered 1 to 18. Make sure your exam has all the pages.

e This is a closed book, closed-note exam. You are not allowed to use any electronic device (including a

calculator).
e For all problems, follow these instructions:

— Show your work and give reasons.

— For any problem that asks you to provide an algorithm, be sure to give a step-by-step algorithm.
Do not explain how to implement your algorithm in Arena or Excel, but rather, you should provide
an algorithm (i.e., pseudo-code) that can be implemented in any language. Also, for any random
variates needed by your algorithm, be sure to explicitly provide the steps needed to generate the
random variates. Also, be sure to explicitly specify all constants or parameter values used in
your algorithm. You may assume that you have at your disposal a good unif[0,1] random number

generator.

— In any problem for which you use an approximation based on the central limit theorem, you can
use a critical point from the normal distribution. Any confidence interval you provide should be at

a 95% confidence level. Any hypothesis test you perform should be at level a = 0.05.

— If a problem requires you to solve for the root of a polynomial p(z), then you must give the explicit
root when the polynomial has order £k = 1 or 2. For polynomials of order &k > 3, just give the
polynomial in the form p(z) = cpa® 4+ cp_ 1251 + - 4 ¢ + ¢, explicitly giving each coefficient ¢;,

0 <i <k, and state that you need to solve for the roots of p(x), without giving the roots.
— You can use the backs of the sheets if you need more space.

— The last two pages of the exam have some possibly useful reference material.

Problem 1 2 3 4 Total

Points




1. [20 points] Suppose that X;, Xs,..., X, are independent and identically distributed samples from
some distribution.

(a) [10 points] A Pareto(«) distribution, with parameter o > 0, is a continuous distribution with
support S = [1,00); density function f(z) = [a/2*T!]Ig(x), where Ig(x) is the indicator function
of the set S; and CDF F(z) = [1 — (1/x)%|Is(x). Its mean is oo for & < 1 and a/(a — 1) for
a > 1. Its variance is oo for a € (1,2] and a/[(a — 1)?(a — 2)] for @ > 2. Suppose that the
samples X1, Xo,..., X, come from a Pareto(«) distribution, where « is unknown. Assuming that
each X; > 1, derive the maximum likelihood estimator (MLE) of the parameter a,

Answer:




(b) [10 points] Now instead suppose that the samples come from a lognormal(y, o?) distribution,
where p and o2 are unknown. Derive the method-of-moments estimators of the parameters p and
o?. Note that p and o? are not the mean and variance of the lognormal.

Answer:




2. [30 points] Let X be a random variable with CDF F, and let v = P(X € A) for some given set A.
Assume that 0 < v < 1. Let X1, Xo,..., X, be IID samples from F.

(a) [5 points] Give an estimator 4, of v that uses all of the n samples X, Xs, ..., X,,.

(b) [5 points] Show that your estimator 4, is an unbiased estimator of ~.



(c) [5 points] Show that your estimator 4, satisfies a law of large numbers.

(d) [5 points] Argue that your estimator 4, satisfies the following central limit theorem (CLT):

\gﬁm ~w) 2 N0,1)

for large n, for some some constants « and 5. Explicitly specify formulas for o and S.



(e) [5 points] Give an estimator B, of B in terms of X1, Xo, ..., Xp. Argue that B, ~ f for large n.

(f) [5 points] Use the previous parts to derive an approximate 95% (two-sided) confidence interval
for ~.



3. [30 points] Consider the following density functions:
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if v < =3,

if —2<a<0, fo(z) = exp{—a”/2},
if 0 <z <4, var
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Suppose that random variable Y a has density f1, and random variable Z has density fo. The goal in
this problem is to generate a sample of a random variable X with density fy.

(a) [8 points] Give an algorithm to generate a sample Y having density function f; using inversion.



(b) [8 points] Give a composition algorithm to generate a sample W having density function fs.



(c) [8 points] Give an acceptance-rejection algorithm to generate a sample Z having density function
fo using f3 as the majorizing density. Your majorizing function should be as small as possible. Also,
give the expected total number of uniform random numbers needed to generate a sample Z.



(d) [6 points] Give an algorithm to generate a sample X having density fy. Also, give the expected
total number of uniform random numbers needed to generate a sample X.
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4. [20 points] Recall the TikeTown case, which is included at the end of this problem, along with output
from Arena’s Input Analyzer.

(a) [10 points] In the case what are the interarrival-time distribution and the service-time distribution

that John Bungee chose? How did he choose these distributions? Comment on the appropriateness
of the approach he used to make these choices.

11



(b) [10 points] The output from Arena’s Input Analyzer are for fitting exponential distributions to
both the interarrival-time and service-time data. Comment on the output. Also, give arguments
(e.g., statistical tests or other reasons) that support choosing an exponential distribution.

12



%

This case is intended as
a basis for class
discussion.

Columbia Business School B8826-01
1-16-92

The TikeTown Service Counter

From his office in the gallery, John Bungee, Manager of Opera-
tions, could peer down onto the activity in the store. Just two
weeks after opening, the newest TikeTown, in Yonkers, New
York, was alive with the bustle of shoppers spending money.
John had been involved in every step of planning the store
layout and logistics and, for the most part, he liked what he
saw,

Looking down long aisles of colorful plastic and shiny shrink-
wrapped boxes, John could see at the end the metal shelves
holding every type of diaper and infant formula made. They
lost money on that, John was pretty sure, but it was impor-
tant to get the parents in from the start. While mom and
dad shopped for the new baby, brothers and sisters could run
around finding toys they couldn’t live without. With the dia-
pers and formula in the back, there was no way to get to them
without walking past the bicycles, the talking dolls, and the
latest electronic toys.

TikeTown was not as big as its main competitors and it had
sometimes had trouble getting merchandise. The bigger stores
could bully distributors into keeping TikeTown undersupplied.
Partly to compensate, TikeTown had adopted a state-of-the-
art computerized inventory system, in a project led by John.
Stocks were shared among stores in the greater New York area
to ensure that no store ran out of key items.
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The TikeTown Service Counter page 2

Interarr. | Service || Interarr. | Service || Interarr. | Service
1.79 0.66 0.50 2.55 1.96 241
4.48 0.22 1.63 10.37 19.41 4.06
5.55 10.74 1.94 1.02 2.28 4.88
5.37 17.42 © 8.7 7.25 1.63 10.16
0.96 11.83 10.44 14.78 26.30 2.85
0.68 6.92 5.02 0.08 4.99 0.16
2.33 1.32 15.97 0.25 5.34 2.90
3.18 3.94 1.68 1.02 9.91 2.86
0.36 6.77 2.20 0.55 . 2.33 1.31
4.75 2.01 1.46 10.10 2.22 1.98

Table 1: Observed interarrival and service times with means (m) 5.08 and 4.78, standard
deviations (s) 5.86 and 4.68. A 95% confidence interval is m + 1.96s/,/n with sample size
n=30.

TikeTown had also adopted a self-consciously discount look. The Yonkers store was
in an old truck depot and the rough cement walls had been left bare. Exposed pipes and
cables ran across the ceiling; John had even suggested putting in some fake pipes to enhance
the bargain-basement atmosphere, The shoppers—these shoppers—liked that. A place so
spartan had to have lower prices.

But part of the TikeTown strategy was to combine discount prices with service. For this,
John had placed the service counter near the front door. A large sign displaying “SERVICE”
welcomed shoppers as they entered from the parking lot. But this service counter was fast
becoming a thorn in John’s side. To cut costs, he had reduced the usual two-worker team
to a single person. To save floor space, he had reduced the room available in front of the
counter for waiting customers. Had he gone too far?

John knew enough not to make this type of decision rashly. The check-out counters
and various other service areas had been carefully designed to minimize the use of space.
John had hired some consultants to help with this. They had sent two college kids with
stopwatches out to another store to collect data on how often customers arrived at the
service counter and how long each transaction took. The report was on his desk, open to
the table of numbers (see Table 1).

The data showed that the average time between arrivals was 5.08 minutes and that
the average time to deal with a customer was 4.78 minutes. But John knew that averages
could be deceiving, so he had insisted on looking at the variability. The 30 observations
collected showed a 95% confidence interval of (2.99,7.17) for the interarrival and (3.10,6.46)
for the service times. The consultants had simulated the operation of the service counter
with the assumption that interarrival times were equally likely to fall anywhere between
2.99 and 7.17, and that service times were equally likely to fall anywhere in between 3.10
and 6.46. This wasn’t exact, but it seemed to reflect the most important sources of delays
and variability.

The simulation had predicted very little waiting and short lines at the service counter.
John had been pleased and had been quite aggressive in cutting into the area intially
planned for the counter. The extra room had allowed him to install an automated video
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The TikeTown Service Counter page 3

rental machine. But now he wondered how to get rid of it. Looking down into the service
area, he saw the beginnings of an angry mob. Two men argued about who was next: one
guy had left for a moment, and the other wouldn’t give him back his place. A small woman
with a large car seat pushed her way to the front of the line. In the obvious discomfort of
the crowd, two babies were crying. This was the display that welcomed customers as they

entered from the parking lot. The babies kept crying and John wondered how a guy who
hated kids ever got into this business.

Output from Arena’s Input Analyzer for the interarrival times.

%’ Input Analyzer - Inputl -—t l' -

File Edit View Fit Options Window Help
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Distribution Summary

Distribution: Exponential
Expression: EXPO(5.08)
Square Error: 0.023813
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Kolmogorov—Smirnov Test
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Data Summary

Humber of Data Points =3
Min Data Value =10
Max Data Value = 248
Sample Mean 5
Sample S5td Dew 5

Histogram Summary

Histogram Range =
Humber of Intervals =

4 b
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Output from Arena’s Input Analyzer for the service times.

B nput nstzs - I e R .

Flle Edit View Fit Options Window Help
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Distribution Summary

Distribution: Exponential
Expression: EXPO(4.78)
Square Error: 0.012778

Chi Sguare Test
Number of interwals
Degrees of freedom
Tesat Statistic
Corresponding p-value

Kolmogorov-Smirnov Test
Test ‘Statistic
Corregponding p-value > 0.15
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Data Summary
Humber of Data Pointa = 30
in Data Value = 0.08
Data Value = 17.4
Sample Mean = 4.78
Sample Std Dev =4.76
Histogram Summary
Histogram Range =0 to 18 —
Number of Interwvals =5
.
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Some possibly useful facts

The CDF F of random variable (RV) X is deﬁned as F(z) = P(X < z). If X is a continuous random
variable with density function f, then F(z f f(x)dx. If X is a discrete random variable with
probability mass function p and support {xl, T, X3, ...}, then F(z) =3, <. p(:).

The expectation or mean p of a RV X is u = £[X] = > xip(z;) when X is a discrete random
variable with probability mass function p(-) and support {1, x9,...}, and p = f () dz when X is
a continuous random variable with density function f.

The variance of a RV X is V(X) = E[(X — p)?] = £[X?] — p?
The covariance of RVs X, Y with means px, uy is C(X,Y) = E[(X — px)(Y — py)] = E[XY] — pxpy .
Sample mean X (n) = 2 37 | X;, and sample variance 5?(n) = 1= Y"1 (X}, — X (n))%

The normal distribution with mean g and variance o2 > 0 is denoted by A(u,0?) and has density
function f(z) =

a\ﬁ ex p{ (x “) } Its CDF cannot be evaluated in closed form.

If Z1,Zay ..., Zn, n > 1, are IID N(0, 1) random variables, then X = Z?+ Z2+ -+ Z2 has a chi-squared
distribution with n degrees of freedom, which is denoted by x?2.

If Z~N(0,1) and V ~ x2 with Z and V independent, then 7' = Z/+/V/n has a Student-t distribution
with n degrees of freedom, which is denoted by ¢,.

If X1,Xo,...,X, are [ID N(u,0?), then (n —1)S?(n)/o? ~ x2_; and ( w)/A/S%(n)/n ~ ty_1.
The uniform distribution over the interval [a,b] has density function f (ac) = [1/(b — a)|ljap)(x), where

Is(z) =11if x € A and 0 otherwise. Its CDF is F/(z) = (x —a)/(b—a) for a <z < b, and F(x) =0 for
r < a,and F(z) =1 for z > b. Its mean is (a + b)/2 and its variance is (b — a)?/12.

The exponential distribution with parameter A > 0 has density function f(x) = Ae™*] 0,00) (). Its CDF
is F(z) =[1— e_’\f"’]l[opo) (x). Its mean is 1/\ and its variance is 1/\2.

The gamma distribution with shape parameter o > 0 and scale parameter 5 > 0 has density function
f(x) = [B7*2* Lexp{—z/B}/T ()| [y ) (), where D(a) = [7°t* e 'dt and (o) = (a — 1)! when o
is a positive integer. In general, its CDF cannot be evaluated in closed form. Its mean is af and its
variance is o32. In the special case that a is an integer k, then the distribution is known as an Erlang,
and a random variable X having this distribution can be expressed as the sum of k£ IID exponentials,
each with mean f.

The Weibull distribution with shape parameter a > 0 and scale parameter § > 0 has density function

f(x) = [af~ % Lexp{—(z/B)" g)oo) . Its CDF is F(z) = [1 — exp{—(2/8)*}|[|,o0) (). Its mean is
(B/a)l(1/a) and its variance is (8%/a)[20(2/a) — (1/a)(T(1/a))?].

If Z ~ N(u1,0?%), then X = e has a lognormal(y, 02) distribution. The lognormal(u, 02) distribution has
density function f(z) = [1/(2V2m0?) exp(—(Inz — 1)?/(20%))]Ijp,00) (2). Its CDF cannot be evaluated in

closed form. Its mean is exp(u + (62/2)), and its variance is e2#19°(¢?” — 1).

A Poisson distribution has a given parameter A > 0 and has support {0,1,2,...}. The probability mass
function is p(k) = e *\¥/k! for k = 0,1,2,.... The mean and variance of a Poisson RV are both ).
Law of large numbers: if X1, Xo, ..., X,, are IID RVs with finite mean y, then X (n) ~ u for large n.

Central limit theorem: if X1, X, ..., X, are IID RVs with finite mean p and positive, finite variance o2,

_ D D
then @(X (n) — p) =~ N(0,1) for large n, where ~ means approximately equal to in distribution. Also,

%(X(n) — ft) 2 N(0,1) for large n.
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e Confidence intervals: if Xi, Xo,..., X, are IID RVs with finite mean p and positive, finite variance o2,

then an approximate 100(1 — «)% confidence interval for u is [X(n) £ z4/95(n)//n], where z,/5 is the
constant such that P(N(0,1) > z,/9) = a/2 =1=P(N(0,1) < z,/5). For example, P(N(0,1) > 1.65) =
0.05, P(N(0,1) > 1.96) = 0.025, and P(A'(0,1) > 2.60) = 0.005.

e c=2718...,¢7 1 =0.368...,Ine =1, In(ab) = In(a) + In(b), In(a’®) = bln(a), and e*™®) = pe,

e Parameter estimation: Suppose Xi,..., X, are IID with distribution Fy, _g,, where 61,...,04 are un-
known and to be estimated.

— MLE: If Fy, . g, is a continuous distribution with density function fy, . g,, then compute the likeli-
hood L(X1,...,Xn) =[1i2; for,..0,(Xi). If Fy, g, is a discrete distribution with probability mass
function pg, .. g,, then compute the likelihood L(Xy, ..., X,) = [ pe,,...0,(Xi). Then choose the
values of 6,...,0, that maximize L(X1,...,X,), or equivalently that maximize In L(X7, ..., X,).

— Method-of-moments: Let p; = £[X7] be the jth (theoretical) moment of Fy, _g,, and let M; =
%Zlﬁ:l X! be the jth sample moment of the data. Then set p; = M; for j =1,2,...,d, and solve
for 917---79d-

e Goodness-of-fit tests: Suppose Xi,..., X, are IID from some hypothesized distribution F'

— Chi-squared test: Divide samples into k& bins. Let O; be the number of observations in the ith
bin, and let E; be the expected number of observations in the ith bin. Compute test statistic
X2 = Z?Zl(Oi — E;)?/E;, which approximately has a chi-squared distribution with v degrees of

freedom, where v = number of bins — (1 4+ number of estimated parameters).
— Kolmogorov-Smirnov (K-S) test: Compute empirical CDF F},(z) = (# observations < z)/n. Then

compute D, = max,ey |F,(z) — F(z)|. We obtain the test statistic by centering and scaling D,,,
where the centering and scaling depend on the hypothesized F'.

LCG: Z; = (aZ;—1 + ¢)(mod m) and U; = Z;/m, for constants a, ¢ and m.

Let U1,Us,...,U, be n successive samples from random number generator. Null hypothesis is Hy :
samples are ITD unif[0, 1]. Fix level o of test, and define z, /o such that P(N(0,1) < z,/5) = 1 — /2.

— Runs-up/down test: Let R, is the total number of runs, u, = £[R,] = (2n—1)/3 and 62 = V[R,] =
(16n — 29)/90. Reject Hy at level o iff Ry, & [pin — 20 /200, fin + Za/200)-

Inverse-transform method to generate sample X having CDF F. Generate U ~ unif|0, 1], and return
X = F-Y(U).

Convolution method: Suppose X = Y7+ Ys+---47Y,, where Y7,Ys,...,Y, are independent, and Y; ~ F;.
We generate a sample of X by generating Y1 ~ Fy, Yo ~ F5, ..., Y, ~ F,, where Y1, ... Y, are generated
independently, and returning X =Y, +--- + Y.

Composition method: Suppose we can write CDF F as F(x) = p1Fi(x) + p2Fo(x) + -+ - + paFa(x) for
all x, where p; > 0 for each ¢ and p; + --- + pg = 1. We then generate a sample X ~ F' as follows.
First generate I having PMF (p1,p2,...,pq). If I = j, then independently generate Y; ~ F}, and return
X =Y,

Acceptance-rejection (AR) method: To generate X having density f, suppose Y is a RV with density g
such that there exists a constant ¢ for which f(z) < cg(x) for all z. Then we can generate a sample of X
using the AR method as follows. (i) Generate Y with density g. (ii) Generate U ~ unif|0, 1], independent
of Y. (iii) If cg(Y)U < f(Y), then return X =Y and stop; else, reject (Y,U) and return to step (i).
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