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Abstract

Procedures for multiple comparisons with the best are investigated in the context of steady-state
simulation, whereby a number k of different systems (stochastic processes) are compared based
upon their (asymptotic) means u; (i = 1,2,...,k). The variances of these (asymptotically sta-
tionary) processes are assumed to be unknown and possibly unequal. We consider the problem of
constructing simultaneous confidence intervals for p; — max;z; p; (i = 1,2,..., k), which is known
as multiple comparisons with the best (MCB). Our intervals will be constrained to contain 0, and so
they are so-called constrained MCB intervals. In particular, two-stage procedures for construction
of absolute- and relative-width confidence intervals are presented. Their validity is addressed by
showing that the confidence intervals cover the parameters with probability at least some user-
specified threshold value, as the confidence intervals’ width parameter shrinks down to 0. The
general assumption on the processes is that they satisfy a functional central limit theorem. The
simulation output analysis procedures used are based on the method of standardized time series,
of which the method of batch means is a special case. The techniques developed here extend to
other multiple-comparison procedures such as unconstrained MCB, multiple comparisons with a
control and all-pairwise comparisons. Although simulation is the context in this paper, the results

naturally apply to (asymptotically) stationary time series.

Key words and phrases. Stochastic simulation; steady-state output analysis; standardized time

series; multiple comparisons; two-stage procedures.



1 Introduction

Suppose that k systems (ergodic stochastic processes) are to be compared, based upon the processes’
asymptotic (or steady-state) means, where larger is assumed to be better. (The case where smaller
is better can be similarly treated.) In our setting, the process means are to be estimated via
independent steady-state simulations. We do not assume that variances are known nor that they
are equal. For example, the different systems could represent stable but analytically intractable
queueing systems, with certain factors (e.g., the number and type of machines in a production
context) set at various levels. The best system here might be the one with the largest throughput.
Procedures for multiple comparisons with the best (MCB) are considered. Let p; denote the
asymptotic mean of system i (i = 1,2,...,k). Simultaneous confidence intervals are constructed
for the parameters p; — max;;pu; (i = 1,2,...,k). Multiple-comparison procedures have the
advantage over classical ranking-and-selection procedures in that the problem is treated as an
inference problem; the confidence intervals provide information on how close the systems may be
to one another. This is useful when deciding in the context, say, of selecting the best system, which
alternative to actually implement since the system with the largest mean ultimately may not be
picked when other factors not directly reflected in the performance measure are taken into account
(e.g., capital investment).

In this paper, we present procedures for construction of simultaneous, absolute and relative,
fixed-width confidence intervals for MCB in the context of ergodic processes. Asymptotic validity
of these procedures is addressed, in the sense that it is shown that the confidence intervals simul-
taneously cover the parameters of interest with probability at least some prespecified threshold
value (as the confidence-interval-width parameter § shrinks down to zero). We assume through-
out that the k processes satisfy a functional central limit theorem. Continuous-time stochastic
processes are considered, but extension to the discrete-time case is straightforward, as will be dis-
cussed in Section 2. Matejcik and Nelson (1995) and Nakayama (1994) contain the seminal ideas
used in this paper. The procedures proposed are two-stage. (Single-stage multiple-comparison
procedures for steady-state simulations are studied in Nakayama 1997.) In the first stage, system 4
(1 =1,2,...,k) is simulated up to some (large) time 7. Its sample path is then divided up into
a fixed number m of non-overlapping batches, each of length T'/m. We then apply a standardized
time series methodology to “estimate” each system’s process variance. (The double quotes are to
stress that the quantity constructed is not a consistent estimator of the process variance; see Glynn
and Whitt 1991.) The required total number N;(d) of batches for system i is then computed. For
i=1,2,...,k, if N;(0) > m + 1, simulation of system ¢ must be continued until time N;(6)T/m.

Simultaneous confidence intervals are then formed.



Constrained MCB confidence intervals must include the origin, i.e., the origin is the left point,
the right point, or an interior point of the confidence interval; see the first paragraph of Section 3
for an explanation. (Unconstrained MCB confidence intervals may or may not include the origin.)
In the steady-state context, Matejcik and Nelson (1995) propose a (constrained) MCB two-stage
procedure based on Rinott’s procedure for selection of the best system under an indifference-
zone formulation for independent and identically distributed (i.i.d.) populations with a normal
distribution, using the batch means method of steady-state output analysis. Matecjik and Nelson
(1995) show that their procedure is exact under the assumption that the batch means are i.i.d.
with a normal distribution. In our work, we relax this condition and make rigorous the procedure
in the general dependent case, extend the output-analysis method that can be used to the class
of standardized time series methods (of which batch means is a special case), and, in addition
to absolute-width, also include relative-width confidence intervals in the theory. We also propose
related procedures with shorter second-stage simulations. The techniques developed in this paper
extend to unconstrained MCB, multiple comparisons with a control (e.g., the control may be an
existing system), and all-pairwise comparisons (where the systems are all compared to one another
directly); see Damerdji and Nakayama (1996).

We have chosen to focus in this paper on MCB methods over MCA and MCC methods because
the differences p1; — max;; pj (i = 1,2,...,k) in system performance are natural to look at when
selecting the best system among a set of k alternatives since they indicate how close each system’s
performance is to the best of the rest; MCB methods provide direct inference on these quantities.
We have favored constrained MCB over unconstrained MCB because they are sharper in the sense
that the confidence intervals are narrower for the same sample size. They are also more “user
friendly”; e.g., it is immediate to see whether the origin is a right-end, left-end, or middle point of
an interval. See Hsu (1996, p. 82) for a discussion of the merits of constrained MCB.

There has been additional work on MCB for use in simulation besides Matejcik and Nel-
son (1995). Nelson and Matecjik (1995) modified the approach of Matejcik and Nelson (1995)
to apply when the normal random variables from the different systems are no longer independent
but instead are generated using the variance-reduction technique of common random numbers. In
Goldsman and Nelson (1990), a heuristic single-stage batch-means procedure for MCB is presented.
Goldsman and Nelson pick the batch sizes in an interesting way so as to get comparable variances
across systems. Yuan and Nelson (1993) investigated MCB procedures under the assumption that
the simulation output can be modeled as an autoregressive process. None of these studies investi-
gated relative-width confidence intervals, as is done in this paper.

The rest of the paper has the following organization. In Section 2 we define our notation,

state the assumption on the processes being simulated, and provide an overview of the steady-state



output analysis method of standardized time series. We present the two-stage MCB algorithms for
the absolute-width (respectively, relative-width) case and the relevant results in Section 3 (resp.,
Section 4). Section 5 contains some numerical experiments. Finally, all of the proofs are given in

Section 6.

2 Preliminaries
2.1 Assumptions on the processes

Suppose that there are k systems, labeled 1,2,...,k%, that we would like to compare based on
the (asymptotic or steady-state) means of the ergodic processes Y; = {Yi(s) : s > 0} (for i =
1,2,...,k). The asymptotic mean of Y;, or simply the mean if the process is stationary or weakly
stationary (see Anderson 1971 for a definition), is to be estimated from a simulation. The sample
paths of the processes are taken to be in D|0,c0), the space of real-valued functions on [0, 00) that
are right continuous and have left limits. A large number of processes considered in engineering
can be taken as such. (See Chapter 3 of Ethier and Kurtz 1986 for more details on the space
DJ0,00).) We will be working in continuous time, but the theory also extends to discrete-time
processes {Y;(n) : n =0,1,2,...} by taking Yi(s) = Yi(|s]), where | 3] denotes the greatest integer
less than or equal to § € R.

We assume that the processes Yi,Ys,..., Y are mutually independent. In practice, this
means that the simulations of systems 1,2,...,k are generated using mutually non-overlapping
streams of uniform random numbers. In a study, it is possible that some of the design points
considered by the analyst lead to non-ergodic processes (e.g., an (s,.S) inventory system may turn
out to be transient for some of the (s, S)-design points). The analyst would typically not know
this until a pilot simulation has been undertaken. It is assumed here that the k processes are
all ergodic. This is quite reasonable if, for example, the analyst is interested in stable systems
only; the number k would then be the number of design points, out of all tried, that lead to a
process that is ergodic. The major assumption on the processes is that they obey a functional
central limit theorem (FCLT). More specifically, letting “=" denote weak convergence (see p. 7 of

Billingsley 1968 for a mathematical definition), we assume the following:
A1l For each system i =1,2,...,k, there exist finite constants p; and o; > 0 such that
Xir = 0B
as T — oo, where T is deterministic, B; is a standard 1-dimensional Brownian motion, and

Xir(t) = VT Yir(t) — i)



with

1 tTr
) = 7 [ ils)ds,

forT >0,t>0.

Since the Y;’s are independent, it follows (see Billingsley 1968, Theorem 3.2 and pp. 26-27) that

Assumption A1l is equivalent to requiring
Xr = TB (1)

as T — oo, where X7 = (X117, Xo7,...,Xi71), B=(B1,Bo,...,B)) is a standard k-dimensional
Brownian motion, and I' = diag(c; : i = 1,2,...,k). (Throughout this paper, we make the abuse
of notation whereby a vector x = (z1,z2,...,)) is meant to denote a column vector. Also, we use
the notation diag(o; : i = 1,2,...,k) to denote a k X k-matrix with diagonal elements o1,09,... 0%,
and zero off-diagonal elements.) By definition, By, Bs, ..., By are mutually independent. Also, we
use the notation u = (1, po, . .., tk)-

Let Y = (Y1,Y2,...,Yg) and Y (s) = (Yi(s), Ya(s),...,Yx(s)). Both the processes X and
Yr = (Yaz,Yar,..., Yer) lie in C[0,00), the space of continuous R*-valued functions on [0, 00); for
further details on the space C|0,00), see Section 3.10 of Ethier and Kurtz (1986). Assumption Al
implies that for system 4, (1/7") fOT Yi(s)ds —p; = 0, as T'— oo, and so the constant p; appearing in
Al is precisely the asymptotic mean of the process Y;. It also follows from A1 that for system i, as
T — oo, VT ((1/T) fOT Yi(s)ds — m) = 0;B;(1). Since B;(1) has a standard normal distribution,
the constant 0?, whose square-root appears in the above central limit theorem, is then the process
variance parameter of Y;. (If the process is stationary or weakly stationary, the process variance
parameter, under a certain regularity condition, is equal to the sum of the covariances at all lags;
see p. 367 of Durrett 1991.) Note that we do not assume that the variances are all equal nor that
their values are known.

The FCLT generally holds for processes that are weakly dependent. These processes are such that
events far apart in time are almost independent. Conditions for the FCLT to hold typically involve
rates on the degree of dependency (decay rates) and boundedness of some moments. Examples of
weakly dependent processes include regenerative (Glynn and Whitt 1987), ¢-mixing (Billingsley
1968, p. 174), strong mixing (Durrett 1991, p. 381), moving averages (Durrett 1991, p. 385),
martingale (Durrett 1991, p. 374), and associated (Newman and Wright 1981) processes. The cited

references contain precise definitions of these processes and conditions under which they obey a

FCLT.



2.2 Standardized time series

The class of standardized time series in the context of steady-state output analysis was introduced
in Schruben (1983). Glynn and Iglehart (1990) is another important reference. A major advantage
for constructing a confidence interval via a standardized time series method is that consistent
estimation of the process variance parameter is not necessary. Instead, a function, called g say,
that satisfies Properties (ii)—(v) of Assumption A2 below is applied to the normalized process
X;7. Glynn and Iglehart (1990) show that a cancellation of the (square-root of the) process
variance occurs in the ratio B;(1)/g(B;), which is the limiting value of both X; r(1)/g(X; 1) and
(Yir(1) — wi)/g(Yir). Hence, the ratio B;(1)/g(B;) is free of the process variance parameter,
and there is, then, no need to estimate this parameter in order to construct a confidence interval
for ;. Because of this cancellation of the variance parameter, standardized time series methods
are also called cancellation methods. To be practical, the function g must also be such that the
distribution of the limiting ratio B;(1)/g(B;) is known. The method of batch means, where the
number of batches is fixed, is a standardized time series method, as shown in Glynn and Iglehart
(1990). There are also other standardized time series methods: the area and maximum methods
(Schruben 1983), the weighted area method (Goldsman, Meketon, and Schruben 1990), the Cramér-
von Mises method (Goldsman, Kang, and Seila 1993), and the L,-norm methods (Tokol, Goldsman,
Ockerman, and Swain 1998).

Let C1]0, 00) be the space of continuous real-valued functions on [0, 00), and let By be a standard
one-dimensional Brownian motion process. For a (measurable) function h : C1[0,00) — R, let D(h)
be its set of discontinuities (see Section 6 for a precise definition). We can now present the class of

“g functions” comprising standardized time series.

A2. The (measurable) function g : C1[0, 00) — R satisfies the following conditions:

(i) For every z € (1[0, 00), the quantity g(x) depends only on {z(s) : 0 < s < 1}. Thus, if
x,y € C1]0,00) and z(s) = y(s) for all 0 < s <1, then g(z) = g(y).

(ii) g(ax) = ag(x) for all @ > 0 and =z € (4]0, c0).

(iii) g(x — Be1) = g(x) for all € R, z € C1]0,00), and where e;(t) = t.

(iv) Plo(B1) >0} = 1.

(v) P{Bi € D(g)} =0.

(vi) P{g(B1) € A} =0 for countable sets A.

As already mentioned, a function g must satisfy conditions (ii)—(v) to qualify as a standardized

time series method (Glynn and Iglehart 1990). (And if the distribution of B1(1)/g(B1) is known, a



confidence interval for the mean can then be constructed.) Nakayama (1994) needed conditions (i)
and (vi) to extend standardized time series to the two-stage setting. (Actually, our condition (vi)
is slightly weaker than that used in Nakayama 1994.) Condition (vi) is not restrictive in practice
since it is satisfied by all the known “g functions,” i.e., the g functions available in the literature
that lead to the construction of confidence intervals.

The methods proposed in this paper are in the spirit of Nakayama (1994), who introduced
Stein-like two-stage procedures for construction of (asymptotically valid) absolute- and relative-
width confidence intervals for the process mean. For system i, the first stage consists of a pilot
simulation of (large) run length 7', which is divided up into m batches so as to compute g(X;r),
usually called an estimate of the process variance (although it is not truly an estimator in the sense
that it is not consistent). The required total number of batches is computed, and the simulation
continued if necessary. The validity of the procedures is shown by appealing to the continuous
mapping theorem. This was the approach in Nakayama (1994), which we will adjust here in the
context of multiple comparisons for steady-state simulation.

To close the section, the “g function” for the batch means method is given; consider

m j z(1)\? s
g(x) = [m_ljz::l (Amx <731> - r<n)> ] )
where Agz(t) = z(t) — z (t — 1/d). Glynn and Iglehart (1990), who introduced this function, also
showed that By(1)/g(B;) follows a Student ¢-statistic with m —1 degrees of freedom. In the context
of this paper, we have that for each system 4,
T 1 & i

1/2 m 2
o) = () {m_l > (zi,jm > zmm)
(=1

j=1

where, for j =1,2,...,
1 JT/m

Zii(T) = ——
’ T/m Jii-1yr/m
and so Z; j(T) is the sample mean of the jth batch (which is of size T/m). Note that S?(T) =

Yi(s) ds, (3)

g*(Xi1)m/T is equal to the sample variance of the m first-stage batch means of system i. Condi-

tions (i)—(vi) of Assumption A2 are easily verified.

3 Absolute-width simultaneous confidence intervals

Following Hsu (1984), we are interested in constructing joint confidence intervals for the parameters
i — maxj; i, for i = 1,2,... k. Let 1 — a be the joint confidence level desired. The confidence
intervals will be constrained to contain zero (i.e., zero will be the confidence interval’s left end-

point or right end-point or be strictly within). If the confidence interval for ji; — max;; j1; contains

7



zero as its left end-point, then system ¢ is declared to be the best in the sense that the analyst
is confident that system ¢ has the largest mean. If zero is the right end-point of the interval,
then, with a high likelihood, there is at least one other system that is better than system 7. If
the confidence interval of p; — max;; 1; contains zero in its interior, then, with a high likelihood,
either system i is the best, or it is very close to the best, with means less than ¢ units away in the
case of absolute-width confidence intervals, where ¢ is the required half-width. In this section, a
procedure for constructing absolute-width simultaneous confidence intervals is presented, and their
(asymptotic) validity established.

Before explicitly stating our algorithms, we need to make the following definition. In the spirit
of Rinott (1978), for a given confidence level 1 — «, function g satisfying A2, first-stage number
of batches m (the function g depends upon m), and number of systems k, compute the constant

v = v(k,, g,m) such that

k-1 5 >‘| ) i
) |~i1_[1(1)((1/92(Bi)+1/gQ(Bk))1/2 = l-a (4)

where ® is the distribution function of a standard normal random variable (r.v.) and the B,

i=1,2,...,k, are independent standard one-dimensional Brownian motion processes. Since ® is
continuous and strictly increasing between zero and one, it follows from Assumptions A2(iv)—(vi)
that  exists and is unique. For the batch mean methods, Glynn and Iglehart (1990) showed
that (m — 1)g?(B1) has a chi-square distribution with (m — 1) degrees of freedom (denoted x2, ).
Therefore, in the context of batch means, (4) is equivalent to equation (13) of Rinott (1978). The
constant v can then be obtained from a table (Wilcox 1984, or Bechhofer, Santner, and Goldsman
1995), or, for cases not covered by the tables, from available computer programs such as PROGRAM
RINOTT in Bechhofer, Santner, and Goldsman (1995).

Define (1),(2),..., (k) such that p(y) < p2) < --+ < py- In other words, system (j) has the
jth smallest asymptotic mean, and we are interested in determining the value of (k). The two-stage
algorithm for absolute-width simultaneous confidence intervals presented next is an extension of
Matejcik and Nelson (1995), where we allow any standardized time series method (including batch

means) and consider continuous-time processes.
Procedure A

1. Specify the desired (approximate) absolute half-width of the MCB confidence intervals ¢,
desired confidence level 1 — q, first-stage number of batches m, function g satisfying A2, and

number of systems k. Let v solve (4) with m, k, a, and g.

2. Independently simulate each system i (i = 1,2,...,k) with a (large) deterministic run length



T and group the output of each system into m (non-overlapping) batches. Let
. 1 & 1 (T
MT) = S3240) = 3 [ v
be the first-stage sample mean, where Z; ;(T") is defined in (3).
3. For each system ¢ = 1,2, ..., k, compute
SHT) = ¢*(Xir)m/T,

which, when divided by m, is an “estimate” of the variance of the first-stage sample mean

fi(T). (An explicit formula for calculating g(X;r) for the batch means method is given
by (2).)

4. For each system i = 1,2, ..., k, compute the total number of batches to collect as

N,,i(0) = max {m, {(752‘5(71))1 } ;

where [ 3] denotes the smallest integer greater than or equal to 5 € R.

—
at
~—

5. For each i =1,2,...,k, if N, ;(0) > m+ 1, independently resume the simulation of system 4,
and collect the additional (non-overlapping) batches m + 1,..., N, ;(d), each of size T'/m.
Compute the batch means Z; ;41(1'), Zim+2(T); - - -, Zi N, ,(5)(T) as defined in (3).

6. For each system ¢ = 1,2,...,k, compute the overall sample mean as

1

/la,i((s) = Na 1(5)

Na,i(6)
Z Zi (7).

7j=1
(If Na,i(é) = m, then /lw(é) = /NLZ(T))

7. Form the (simultaneous) constrained MCB (absolute-width) confidence intervals

lail6) = [(ﬂaﬂ-@ o)~ ) (70i0) e +5) | ©)

for p; — maxjz; pj, i =1,2,...,k, where (8)” = min(3,0) and (8)" = max(3,0) for § € R.

As previously mentioned, these confidence intervals are constrained to contain zero. We call the
parameter 0 the approzimate half-width of the confidence intervals (because ¢ would have been the
exact half-width if the lower and upper bounds of the confidence intervals had been constructed
without the positive and negative functions). The main result of the section is now stated. Its
proof is given in Section 6. A definition is needed: a r.v. is said to be proper if it is finite with

probability one.



Theorem 1 Assume Assumptions A1 and A2 hold, and Procedure A is used with first-stage run

length T = (/82 for system i (i =1,2,...,k), ¢ >0 arbitrary but fized. Then,

(i) Na(0) = (Ng1(6), Na2(0),...,Ngi(d)) = Ny as 6 — 0, where N, is some proper random

vector;
(ii) lims_o P {p; — maxjs;pj € In;(9), i=1,2,...,k} > 1 —au.

Part (i) of the theorem states that the total number of batches collected for each system is finite
with probability 1. Under the extra assumption that E[g?(B;)] < 0o, which holds for all the known

)

“g functions,” one gets that the expected total number of batches for the limiting Brownian motion
process is finite; see the remark after the proof of Theorem 1. This of course implies that N, is
proper. (Our study is asymptotic, however, and it is the batch size that gets large as ¢ shrinks
down to 0.) Part (ii) shows that asymptotically (as the approximate absolute half-width of the
confidence intervals 6 — 0), the coverage probability of the MCB simultaneous confidence intervals
is greater than 1 — . Our proof of the theorem requires that the same batch size (¢/6?) be used
for all populations. In practice, it may be desirable to use shorter batches for systems that might
be known to have relatively small autocorrelation, and this can be viewed as a drawback of the
procedure.

In practice, once ¢ is fixed, one must choose the proportionality constant ( large enough so
that the batch means have a distribution that is close to normal and are almost uncorrelated.
However, ¢ should not be chosen too large because the first-stage run length may then be longer

than necessary, as the following argument shows. From the proof of Theorem 1, we get that for

Na = (Na,ly Na,27 v 7Na,k)7

Ngi = max{ m, {Ww } (7)

If ¢ is so large that 02¢%(B;)y?/( is smaller than 1 for most sample realizations, then N, ; = m for
most sample realizations. The first-stage simulation run lengths are then longer than necessary for
most realizations. The choice of a good proportionality constant for the batch sizes is still an open
research problem. We empirically study the effect of the choice of ¢ in Section 5.

Since the parameters of interest here are p1; —max;; s, @ = 1,2, ..., k, simultaneous confidence
intervals are constructed directly for these parameters. One could have of course constructed k
confidence intervals for the parameters p; (i = 1,2,...,k), and then deduced confidence intervals
for the parameters of interest (i.e., the p; — max;; puj). However, longer simulations would have
been necessary. See Hsu (1996, pp. 21 and 26) for a discussion of direct inference versus deduced

inference. Also, for the same confidence level, construction of direct simultaneous confidence inter-

10



vals requires shorter simulation run lengths over methods based on probabilistic inequalities, such
as the Bonferroni inequality.

In practice, when using Procedure A, one may perform the complete simulation of one system,
storing the final overall sample mean, before starting the simulation of the next system. Or, one
may run all the k first-stage simulations, before starting the second-stage simulations. However, the
latter approach requires one to must keep a “snapshot” of each system at the end of its first-stage
simulation so as to be able to resume the second-stage simulations. This involves additional work
on the part of the analyst and the use of more computer memory (main or disk).

The presence of the ceiling function in (5) ensures that the last batch is of the same size as
the others when the second stage is needed. However, because of this, the simulation is run longer
than necessary. To address this issue, the procedure can be modified in the following way. At the

end of the first-stage simulation of system i, determine the total run length as

T; = max {T,Z; (qu(T))z} .

If T; > T, resume the simulation of system ¢ from time 7" up to time 7;. Compute the overall sample

mean of each system i as (1/T;) fDT’ Yi(s) ds, and construct the confidence intervals as in (6). When
using this procedure, we no longer require the function g to satisfy A2(vi). Also, on the event
{N,:(8) > m}, we avoid running the simulation of each system i from time (T/m) (vS;(T)/8)* to
(T'/m) [(q/Si(T)/é)ﬂ by using 7; to determine the total run length rather than using N, ;(d) to
determine the total number of batches. This could lead to sizable computational savings when ¢ is

small or ( is large.

4 Relative-width simultaneous confidence intervals

The previous procedures are for the case when we want MCB confidence intervals having approx-
imate absolute half-width 6. However, in many instances, we desire confidence intervals having
approximate relative half-width that is § = 5%, say, of the point estimator. Hence, we now develop
algorithms for constructing MCB confidence intervals having approximate relative half-width §.
(Below we use a subscript “r” to denote that a quantity is for the relative-width procedure.) The

first relative-width confidence intervals for the parameters p; — max;; u; will be

firi(0) — rg}g;cur,e(é)’) ,

14(0) = l(ﬂr,i(é) — g (8) — 0

(74(8) — max (5 + 8

fird(8) — ma o (5) +] . (®)

11



For system 4, this confidence interval’s width is relative to fi,;(0) — max.; fi, ¢(6). The confidence

intervals introduced next have widths relative to fi,;(0) and maxy; fi, ¢(9). Consider

+
Jril6) = [(ﬂr,iw)—rg;;{m,e(é)—5rg;;<\ﬂr,e<a>|) (0 9) = e o () + 8170 ] )

These (non-classical) relative-width confidence intervals are wider than those of (8) when the
|firi(0)| are large. However, fewer batches would be required for the second-stage sampling, as

will be seen below. Confidence intervals of the form

+
(08) = o (8) + S e i 5)] ]

(1400) = e (0) — S max 7501
#i J

are theoretically (i.e., when 6 — 0) equivalent to those of (9) but are wider in practice.

Some notation is needed. Let (k) and (k — 1) denote the systems with, respectively, the largest
and second-largest first-stage sample means. Therefore, fi(y(0) = max;= __x fti(T) and fig_1y(0) =
max;y fli(T). Below we will assume that i1y < fi(x), and so with probability 1, fi) (T') # fi:(T)
for i # (k) as T — oo.

Procedure R.1

steps of Procedure A by:

4. For system (k), compute the total number of batches as

Denote the total number of batches required for system i by N, ;(§). Replace the corresponding
¥S ey (T)
[

2
N (0) = max{m’ R(s(ﬂ(m(T) - <k:—1>(T))> } "

if fuy(T) # fip—1)(T), and set N, )(6) = m otherwise. For system i # (k), compute the

} (11)

total number of batches as

. = max 4§ m VSI(T) 2
NT,%((S) - { ’ {(5(/1%) (T) - /lz(T))>

if fig) (T') # [i(T), and set N,.;(5) = m otherwise.

6. Compute the overall sample mean of each system 7 as

1 Nr,i(é)
firi(6) = Zij(T).
N,.;(9) =
7. From (8), form the simultaneous relative-width confidence intervals I, ;(8) (i =1,2,...,k).

Asymptotic validity of this procedure is now addressed.
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Theorem 2 Assume Assumptions Al and A2 hold, and p_1y < pw)- If Procedure R.1 is used
with first-stage run length T = /6% for system i (i =1,2,...,k), ¢ > 0 arbitrary but fived, then,

(i) N-(6) = (Ny1(0), Ny2(0), ..., Ny (6)) = Ny as § — 0, where N, is some proper random vector;
(ii) lims_o P {u; — maxjz; p; € I;(8), i=1,2,...,k} >1—a.
Remarks similar to those following Theorem 1 apply here as well.

When the process-mean parameters are close to one another, and so close to the largest one, the
total number of batches required in Procedure R.1 may be large (see (10) and (11)). The procedure
given next does not require such long simulations when |fi ) (T')| > |fiy (T') — f1i(T')]| for all 4, which

is often the case in practice. (However, the confidence intervals will typically be wider.) We will

assume now that p ) # 0.

Procedure R.2
Denote the total number of batches required for system ¢ by N,’,Z((S) Replace the corresponding
steps of Procedure A by:

4. Compute the total number of batches to collect for system i (i =1,2,...,k) as
+S:(T) \
N, (6) =max{m, || —4 12
' ©) { {<6N(k)(T)> } (12)

if fiey(T) # 0, and set N, ;(d) = m otherwise.
7. From (9), form the simultaneous relative-width confidence intervals J, ;(0) (i = 1,2,..., k).

Asymptotic validity of the procedure is given next. The proof is omitted here, but can be found in

Damerdji and Nakayama (1996).

Theorem 3 Assume Assumptions Al and A2 hold, and py # 0. If Procedure R.2 is used with
first-stage run length T = (/82 for system i (i =1,2,...,k), ¢ >0 arbitrary but fized, then,

(1) Ni(6) = (N} 1(0), N} 5(0), ..., Ny (0)) = N as 6 — 0, where N is some proper random vector;
(i) limg_o P {p; — max;-; [bj € Jr,i(5), i=1,2,...,k} >1—qa.

The total numbers of batches in Procedures R.1 and R.2 (i.e., (10) and (11) for R.1, and
(12) for R.2) involve all k first-stage sample means. Thus, unlike in the absolute-width case,
when implementing these relative-width procedures in practice, one must keep a “snapshot” of
each system at the end of its first-stage simulation so as to be able to resume the second-stage

simulations.
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5 Numerical experiments

The theoretical coverages of the procedures discussed in this paper are, in the limit, larger than 1—ca.
Here, we briefly investigate the actual coverage, and its relationship with the width parameter § and
first-stage run lengths T'. We also examine the total number of batches needed, which according
to our theory, should be finite with probability one; see Theorem 1. To carry out our studies, we
used Procedure A to construct absolute-width confidence intervals for MCB.

We compared simple stochastic processes with known theoretical means so that the actual
coverage for the procedures can be estimated. We considered k = 4 systems, namely, M /M /c
queues with ¢ = 1,2, 3, and 4. These are c-server queues with exponentially distributed service and
interarrival times. The service and interarrival times are all independent. We call system ¢ the one
with ¢ servers, and consider the stochastic processes {L;(s) : s > 0}, where L;(s) is the number
of customers in system i (i = 1,...,4) at time s. The mean u; is, then, the steady-state average
number of customers in system i (i = 1,...,4).

In our experiments, systems 1 through 4 have the same arrival rate A = 1.0, and the service
rates are op = 1.250, ag = 0.645, a3 = 0.500, and ay = 0.360, respectively. Let a; = A/ ay. If m; o is
the (stationary) probability that system 7 is empty, one has that m; ¢ = ( ;-;%)(ag /3 + (iat/(i!(i —
ai)))) ™Y, and g = a; + mio((attt/i)/(i1(1 — (a;/1))?)); see Gross and Harris (1985, pp. 86-88). For
the above rates, we obtain p; = 4.000, ps =~ 3.884, us ~ 2.888, and u4 ~ 3.732. Therefore, if larger
is better, it follows that (4)=1, (3)=2, (2)=4, and (1)=3.

We constructed confidence intervals at level a = 10% and estimated the actual coverage by
the observed coverage, obtained from 200 independent replications, thereby yielding a theoretical
standard error of /(1 — a)a/200 ~ 2.2%. The four systems were simulated independently, and
we used batch means as our standardized time series method. In the context of fixed-sample-
size simulation of a single system, Schmeiser (1982) recommends a number of batches between 10
and 30 for this method, while for a two-stage procedure applied to one system, Nakayama (1994)
suggests a first-stage number of batches between 5 and 15. In the MCB context, Matecjik and
Nelson (1995) recommend an initial number of batches between 10 and 40. We picked m = 10.
The parameter 7 is Rinott’s constant and can be obtained from Table 2.13 of Bechhofer, Santner,
and Goldsman (1995): using their notation, P* = 0.90, n; = 10, and ¢ = 4, and so 7 = 2.913.
To avoid contamination from the initial bias problem, we started the simulations in steady-state
(the stationary distributions of these simple stochastic processes are known). In practice, this is of
course not feasible, and one should expect a further degradation of the observed coverages.

We considered the absolute half-widths § = 0.05, 0.1, and 0.2. Theorems 1-3 hold with the

first-stage simulation run-length 7" = (/&2 for any ¢ > 0, and in our experiments, we varied the
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Table 1: Observed coverage for first-stage run lengths 7. Standard error is 2.2%. Theoretical
coverage is larger than 90% .
MCB T

§ | 40006~% | 150062 | 50002 | 1006 >
0.05 94.0% 92.0% | 91.5% | 91.5%
0.10 97.5% 94.0% | 92.0% | 85.0%
0.20 96.5% 89.5% | 94.0% | 86.0%

proportionality constant ¢ over the values 100, 500, 1500, and 4000. The results from these 12
experiments are given in Table 1.

Note that for the smallest value of § (0.05), the observed coverages are all roughly the same
for different values of . By examining the proof of Theorem 1 (specifically, the last step when
applying Lemma 8), we see that the theoretical limiting coverage probability, which is greater than
1 — «, does not depend on the value of ¢, and so the experiments seem to agree with the theory.
The degree to which the observed coverages are over the nominal value of 90% for small 6 may
indicate that our methods are somewhat conservative.

We now study the effect of varying § for fixed ¢. For the largest value of ¢ (4000), the coverages
for large § are close to 1, and they seem to decrease as ¢ gets smaller. The reason for this is as
follows. If one chooses a very large first-stage run length and a fairly large desired half-width §,
then the variance estimator from the first-stage will probably be small, and so a second stage most
likely is not needed. Since the half-width of our resulting confidence intervals is always § (regardless
of the variance estimate), the intervals probably will be wider than necessary, and so the resulting
coverages should be much larger than the nominal value. On the other hand, for the smallest value
of ¢ (100), the coverage for large § is below the nominal level, and seems to increase as § becomes
small to what appears to be approximately the limiting value. In both these cases, we see that the
asymptotics do not seem to be in effect when § = 0.20, but they do appear to hold for § = 0.05.
Now for ¢ = 500 and 1500, it seems that the asymptotics already hold for § = 0.20. Hence, it seems
that ¢ affects the rate of convergence of the coverage probability to its limiting value.

Thus, we make the following recommendations for applying our methods. When simulating
queueing systems, one may be able to use some of Whitt’s (1989) calculations to try to determine a
value for ¢ that will hopefully result in a “good” convergence rate; see Section 6 of Nakayama (1994)
for a related discussion. If one is not in the queueing setting or one cannot apply Whitt’s formulas,
then we recommend that the user chooses, once § is fixed, a first-stage run length (i.e., ¢) such
that the user feels the assumptions underlying the batch means method (approximate normality

and independence of the batch means) would be in force for the k systems.
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Table 2: Observed coverages for first-stage run lengths T of different orders relative to §. Standard
error is 2.2%. Theoretical coverage is larger than 90% .
MCB T

§ | 500/8 | 500/6% | 500/83
0.05 | 87.5% | 91.5% | 98%
0.10 | 88.0% | 92.0% | 97.0%
0.20 | 87.0% | 94.0% | 91.0%

Recall that our theory required the first-stage run length T' to be proportional to 1/6% when the
desired half-width is 6. This makes sense since the central limit theorem implies that in general the
half-width of a confidence interval is asymptotically proportional to the inverse of the square root
of the sample size. We now analyze, for a given desired half-width 9, the effect of not choosing T
proportional to 1/§2. First, if T is proportional to 1/d, then the coverage should degrade as § — 0
because one would be using a confidence-interval approximate half-width § in lieu of /¢ as required
by the central limit theorem (and § < v/§ for § < 1). If the first-stage simulation run length is of
order 1/6% instead, the confidence-interval half-width should be of order 63/2, but we are using 4.
Since §%/2 < § for § < 1, the actual coverage will increase to 1. We now examine this empirically.

To do this, we considered first-stage simulation run lengths 7' = 500/3, 500/62, and 500/83 for
§ = 0.05, 0.1, and 0.2. We ran 200 replications for the six new cases (the case T = 500/ was
considered previously), and Table 2 contains the observed coverages. Results for the cases 6 = 0.05
and § = 0.1 agree with our discussion above. On the other hand, the results may not appear to
be consistent when § = 0.2; however, since the standard error is of order 2.2%, the discrepancy
that 94 £ 91 can be attributed to statistical variability. For the case § = 0.2, we then ran 1000
replications, yielding a standard error of less than 1%. The coverages obtained were then 85.3% for
T = 500/8, 92.6% for T = 500/62, and 94.2% for T = 500/63, completely in line with the theory.
Because of prohibitive computing times, it was impractical to run a large number of replications
for the case § = 0.05.

We then studied empirically the average total run lengths (ARL) and total number of batches
collected (ANB) by Procedure A, and the results are given in Table 3. By examining the ARL
columns, it appears that halving the absolute half-width when § is small results in a quadrupling
of the total run length, which agrees with the central limit theorem. Also, for each system, the
total number of batches for each ¢ seems to be fairly stable as ¢ decreases, in line with part (i) of

Theorem 1.
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Table 3: Average total run lengths (i:ARL) and average total of batches (i:ANB) for system i with
first-stage run length T' = (/2 for all systems. Times are in multiples of 10° time units. Averages
are over 200 replications.

1) ¢ 1:ANB 1:ARL 2:ANB 2:ARL 3:ANB 3:ARL 4:ANB 4:ARL
0.05 | 4000 | 30.1 48.16 19 30.40 10 16.00 10 16.00
1500 | 80.9 48.54 47.6 28.56 10.5 6.30 13.7 8.22
500 249 49.80 150 30.00 21.2 4.24 36.5 7.30
100 1260 50.40 674 26.96 107 4.28 166 6.64
0.1 | 4000 | 30.6 12.24 19.2 7.68 10 4.00 10 4.00
1500 | 83.3 12.50 47.9 7.19 10.6 1.59 13.3 2.00
500 241 12.05 143 7.15 22 1.10 33.5 1.68
100 1210 12.10 660 6.60 110 1.10 160 1.60
0.2 | 4000 30.1 3.01 19.7 1.97 10 1.00 10.1 1.01
1500 84 3.15 54 2.03 10.7 0.40 13.4 0.50
500 242 3.02 130 1.62 23.1 0.29 34.5 0.44
100 1060 2.65 512 1.28 104 0.26 101 0.25

6 Proofs

First, some introductory results are stated. The continuous mapping theorem will be used repeat-
edly, and for easy reference, is given below in the context of interest to us (where the processes
are in C[0,00) and the functional is ®*-valued). A definition is needed. Let D(h) be the set of
discontinuities of the functional h : C[0,00) — R*, i.e., D(h) = {z € C[0,00) : I{zr} C C[0,00)
such that, as T — oo, we have that d(zp,z) — 0 but |h(zr) — h(z)| 4 0}, where d is a metric
in C[0,00), e.g., the metric induced by the uniform norm on compact subsets, and || - || is the

Euclidean norm in R*.

Proposition 4 Suppose X1, X € C[0,00) are such that X7 = X as T — oo. Consider a (mea-
surable) function h : C[0,00) — R*. If P{X € D(h)} =0, then h(Xr) = h(X) as T — oc.

We will also be using the continuous mapping theorem for real-valued functionals. See Ethier and
Kurtz (1986, p. 103) for a statement of the continuous mapping theorem in the general case. The

so-called Slepian’s inequality (Slepian 1962) is given next.

Lemma 5 Let W = (W1, Wa,...,Wi_1) be a multivariate normal random vector with mean vec-
tor 0 and covariance matric © = (0;; : 1,7 = 1,2,...,k —1). Suppose that ©;; = 1 for all
i=1,2,....k =1, and that ©;5 > 0 for all i,j = 1,2,...,k — 1. Then, for any (51,52, ..
Br-1) € RV,

*)

k—1
P{W; < B, i=1,2,....k—1} > [] P{W: <5}
1=1
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Some more notation is needed. Recalling from Section 2 the definition of the “g functions,”
let F, denote the o-field generated by (g(B1),9(B2),...,9(Bk)). The next lemma is proven in
Nakayama (1994) in the case of a single system (i.e., k = 1). The (conditional) independence will

follow from the fact that the Brownian motion processes Bi, Bs, ..., By are independent.

Lemma 6 Let R = (R1, R, ..., Ry) be an Fy-measurable random vector such that 1 < R; < 00 a.s.
fori=1,2,... k, and the R; are independent. Then, given (9(B1),9(B2),-..,9(Bk)), 0iBi(R;)/R;,
i=1,2,...,k, are normally distributed with mean 0 and variance o2/R; and are (conditionally)

mutually independent.

Lemma 7 Let R = (Ry, Ra, ..., Ry) be an Fy-measurable random vector such that 1 < R; < 00 a.s.
fori=1,2,...,k, and the R; are independent. Define the random vector U = (U1,Us, ..., Ug_1),
where, fori=1,2,...k—1,

b = ZoBalle) _ owBuw(Bw)
R Rk

Then, U has a continuous distribution function.

Proof. We show that for each i = 1,2,...,k — 1, the distribution function H; of U; is continuous.

Start by defining
7 } ] .

By Lemma 6, it follows that given (g(B1),9(B2),...,9(Bk)), 0iBi(R;)/Ri, i = 1,2,..., k, are nor-

By (B By (R
Hi(x)=FE| P 9(i) ()'( ())_U(k) ) (B(r)) <z
R Rk

mally distributed with mean 0 and variance o2/ R; and (conditionally) mutually independent. Con-
sequently, letting ®5 denote the distribution function of a normal r.v. with mean 0 and variance 3,

we see that
oo
(@) = E| [~ @ @+ 1) Bya (@)
The continuity of ®3 and the bounded convergence theorem (Ethier and Kurtz 1986) imply that

H;(-) is continuous. [ |

The following lemma is in the spirit of Rinott (1978).

Lemma 8 Let R = (R1, Ra, ..., Ry) be an Fy-measurable random vector such that 1 < R; < 0o

a.s. fori=1,2,... k, and the R; are independent. Then,
P{fz < ni, ’iIl,Q,...,k—l} > 1—aq,

where, fori=1,2,... k—1,

o) Bw (R) /Ry — o) B (Ruy) /R

& =
(08y/ By + 00/ By )2
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and
_ v
(1/92(B@)) + 1/92(By))/?
Proof. Let ¢g=P{&{, <mi, i=1,2,...,k—1}. We have that ¢ = E[ P{& <my, i =1,2,...,
k—11] F4}]. From Lemma 6, the 0;B;(R;)/R; (i =1,2, ..., k), given (g(B1),9(B2),...,9(Bk)),

Ui

are normally distributed with mean 0 and variance 02/ R; and (conditionally) mutually independent.
Thus, given (¢(B1),9(B2),...,9(Bk)), £ = (&1,&2, ..., &k—1) has a multivariate normal distribution
with mean 0 and covariance matrix © = (©;; : 4,5 =1,2,...,k — 1), where ©;; = 1 for all ¢ and
o/ B
1/2 1/2
ot/ Rw) + (of/Buo) | (o) Bin) + (o Bav) |

for i # j. Note that ©; ; > 0 for all + and j, and so Lemma 5 implies that

O =

k—1 k—1
qg > E HP{§i<77i‘]:g}] = ElH‘P(m)l = l-a
i=1 i=1
by the definition of v in (4). [ ]

Proof of Theorem 1. We first prove part (i). Define the function h, : C[0,00) — R¥ as
ha = (ha,la ha72, ey ha,k) with

1 mg?®(z;)y?
has() = - max {m [gg)ﬂ } (13)
for i = 1,2,...,k, where ( > 0 is deterministic and is the proportionality constant for the first-

stage run length (see Theorem 1). Note that hgi(X¢/52) = Nai(0)/m and D(hg;) C D(g) U {z :
mg®(z;)y2/¢ € {m,m+1,m+2,...} }. Assumption A2(v) implies P{o;B; € D(g)} = 0 since o; is
finite. Also, using Assumptions A2(ii) and A2(vi), we have

P{mg*(o;B;)¥*/¢ € {m,m+1,m+2,...} }
(m¢)'? ((m+1)QY? ((m+2)0)"/?
- P{Q(Bi)e{ml/%ﬂ’ m'2oiy T moy 7T
- 0

fori =1,2,...,k. Thus, P{T'B € D(hq;)} =0 foralli=1,2,...,k, and so P{I'B € D(h,)} = 0.
It then follows from (1) and the continuous mapping principle that h,(X¢/52) = ha(I'B) as 6 — 0.
Hence, we have shown that N,(0) = N, as 6 — 0, where N, = mho(I'B).

Now we have to show that P{N,; < oo, i =1,2,...,k} = 1. Since 0 < 0; < 00, {g(0:B;) <
oo} = {g(B;) < oo} by Assumption A2(ii). Assumption A2(v) states that g is continuous at B; with
probability 1, and so P{g(B;) < oo} =1 (since a continuous function must be finite). Therefore,

P{h,i(I'B) < oo} =1 for each i, and N, is a proper random vector, thereby establishing part (i).
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We now prove part (ii). We will accomplish this by constructing an event G,(d) such that

Gu(®) © {u — max iy € Li(0), 1= 1.2, k) (14)
Ve
and showing that
}iII(l) P{G,(8)} >1—«a. (15)

We first define the event G4 (0) as
Gal8) = {ua( Xes0) < 1) (16)
where 1 is the (k — 1)-dimensional unit vector and the function u, : C[0,00) — R¥~1 is defined as
Ug = (Uq,1,Uq,2, - - -, Uqk—1) With

() = T (@) 2 (ha, (7))
wil?) ha,(i)(x)\/z ha,(k)($)\/§ ’ (17)

fori=1,2,...,k —1. Note that

Ga(0) = {fta,x)(0) = fra,)(0) — (Bw) — @) > —0, i=1,2,....k —1}.

We will establish (14) by following a line of reasoning developed by Hsu (1984) (also see pages 150~
151 of Hochberg and Tamhane 1987). Define the sets

+
Eqo1(0) = {m —max i < (ﬂa,i(‘s) rygxﬂa,z(5)+5) ,i= 12k}
J7 7

EG,Q((S) = Mg — MaxX [y > (Iaa,i(d) _ma.xlaaﬁ((s)_(s) ) = 1>2>"'7k )
J#i i
and note that
Eur(8) N Eas(6) = {m ~ max iy € 1,4(6), i=1.2,.. k;} .
JF1
In order to show that G (d) C Eq1(6) N E,2(5), we first prove that G (0) C Eq1(6):
Ga(0) C Anw) — Hp—1) < fla,k)(0) — flai(6) +6, i # (k)}

= {M(k) = e=1) < fla,(k)(6) — max fla,e(0) + 6 }

+
_ _ <[ _ y
{M(k) u(k—1)_<ua,(k)(5) em;é%uaj(fs)Jr(S) ,}
- Ea,1(5)7

where the penultimate step follows since (- )* > 0 and p; — pr—1) < 0 for all i # (k). We now
show that G,(0) C E42(6):

Ga(0) = {n@ — By > fa(i)(0) = fla,)(0) =6, 1=1,2,...,k—1}
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C Awi —p@ = fa,i(6) — f?jz?(ﬂa,zw) =4, i#(k)}

= {pi—pu > (ﬂa,i(5) - Hglggiﬂa,e@) - 5>_ , i# (R}
- Ea,Z((S)a

where the penultimate step follows since (- )~ < 0 and p; — i) < 0 for i # (k). Hence, we have
established the validity of (14).

Now to show (15) is true, we will prove that P{uq(X¢/52) <1} — P{ua(I'B) <1} as§ — 0 and
that P{u,(I'B) < 1} > 1—a. We first show that ua(X¢/52) = u.(I'B) as § — 0 by appealing to the
continuous mapping theorem. Note that h,;(z) > 1 for all « by (13). Then, since each x; is assumed
to be continuous, we have that D(ua;) C D(hg,;)) U D(hgm) for all i =1,2,...,k — 1. From the
proof of part (i), P{I'B € D(hq;)} =0 for all i = 1,2,...,k. Therefore, P{T'B € D(u,)} =0, so
ua(X¢/52) = ua(0B) as § — 0 by (1) and the continuous mapping principle.

Now observe that

(B — (i) Bi) (ha, (i) (TB))  o(k) Bk (ha, ) (I'B))
uqi(I'B) =
ha,i)(TB)V/C ha, (k) (TB)V/C

for i =1,2,...,k — 1. Also, note that h,;(I'B) is F,-measurable for all i = 1,2,...,k, and that

we showed in the proof of part (i) that 1 < hq;(I'B) < oo a.s. It then follows from Lemma 7 that
uq(I'B) has a continuous distribution function, and so Theorem 2.1 of Billingsley (1968) implies
that

P{ua(X¢/52) < 1} — P{u,(TB) < 1} (18)

as 0 — 0. Now it remains to show that
P{us(I'B) <1} >1—q. (19)

To do this, we first define

(i) By (ha,(5) (T B)) / (ha, (i) (T B)VC) = (1) By (ha, (k) (T B)) / (M, (k) (T B)V/C)
(0% /ha,i)(TB) + 00y /ha, (k) (T B)) /2

fa,i =

and

1
Rai =

7 (U%i)/ha,(i) (PB) + O-(Qk)/ha,(k) (PB))1/2
fori=1,2,...,k — 1. Notice that
{a(i)B(i)(ha,(i) (I'B)) o B (ha,w(I'B))

ha,(i) (FB) \/Z ha,(k) (FB) \/Z
= P{faﬂ' < KRa,, 1= 1,2,...,]€—1}.

P{uy(TB) < 1} <1,i:1,2,...,k—1}
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Also, since hq ;(TB) > g?(0;B;)¥*/¢ for all i by (13), we obtain

WM@
(77180 Bo) + 07y /9% (00 Bo)) 72
_ v/V¢ _
- (1/92(3(1‘))+1/g2(B(k)))1/2 =M (20)

for i =1,2,...,k — 1, by Assumption A2(ii). It then follows from Lemma 8 that

Rai >

P{u,(I'B) <1} > P{& i <mi, i=1,2,....k—1} >1—q,

thereby proving (19). Putting this together with (18) establishes (15), and so the proof of part (ii)

is complete. [ |

Remark 1 In the previous proof, in the last step before applying Lemma 8, the 1/1/C terms cancel
out; hence, the limiting coverage probability is independent of (. The same remark applies to the

proof of Theorem 2 below.

Remark 2 In the proof of Theorem 1, it follows from the bound max {m, [mg?(0;B;)7?]} <
m +mg?(0;B;)y? + 1, that E[N,i] <m+ 1+ my2?02E[g?(B;)]. If we assume that E[g?(B;)] < oo,
which holds, for example, for the batch means and area methods, it is obtained that the expected

total number of batches E[N, ;| is finite.

Proof of Theorem 2.  First, we prove part (i). Define the function e € C[0,00) as e(t) =
(t,...,t), and let M be a diagonal k x k-matrix with diagonal elements (u1, po, ..., ux). By (1),
Ye52 — Me = (6/VC)X¢j52 = 0 as § — 0. Consequently, YC/(gz = Me as 6 — 0. Since Me is
deterministic, (X¢ 52, Y¢/52) = (I'B, Me) as § — 0 by Theorem 4.4 of Billingsley (1968).

Now define the functions v; and vy from C]0,00) into R such that, for y = (y1,92,...,Yk),
v1(y) and va(y) are the largest and second largest values, respectively, of (y1(1),y2(1),...,yx(1)).
Since the functions y; are continuous, it follows that the functions v and v are continuous because
of the continuity of the projection and maximum mappings. Because of the relationship between
the first-stage run length (7" for system i) and the width parameter §, we write fi;(d) in lieu of
fi;(T). Note that v1(Yy/52) = figy(6) and va(Ye/52) = fig—1y(8) are, respectively, the largest and

second-largest first-stage sample means. Consider now the function w : C[0,00) — R* defined for

w = (wi,ws,. .., wg) as
vi(y) —wi(1) if (1) <wvi(y)
Wy = . . 21
) { vi(y) — valy) i (1) = viy) (21)
The functions w; are continuous. Also consider the function h, = (hy1,hr2,..., k) : C[0,00) X

C[0,00) — R* defined as
1 mg?(zi)7?
hyri(z,y) = —max{m, | ————
T { [ cu?ly)
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if wi(y) # 0, and hy(x,y) = 1 if wi(y) = 0. Note that hy;(X¢ /52, Ye/52) = Npi(6)/m.

To apply the continuous mapping theorem, we need to verify that P{(I'B, Me) € D(h,)} = 0.
It suffices to show that P{(I'B, Me) € D(h,;)} = 0 for each i. We have that D(h,;) C Aj; U
Ay U Az, where A1; = {(z,y) : ;7 € D(g)}, A2 = {(z,y) : wi(y) = 0}, and A3; = {(z,y) :
mg*(xi)y?/(Cw2(y)) € {m, m+1,...} }. Assumption A2(v) implies P{o;B; € D(g)} = 0, and so
P{(T'B,Me) € Ay1;} = 0. Since w;j(Me) = py — pi for i # (k), wyy(Me) = puy — fig—1), and
it is assumed that ju,_1) < pi(y), it follows that P{(I'B, Me) € Ag;} = 0. Finally, we have from
Assumptions A2(ii) and A2(vi) that, for ¢ # (k),

P {g(Bi) . { |4 (r) —17;!(77?4)1/2, |y — Mill(/(zm + 1)()1/2’”_}} _
m/ 20y m/2oy
A similar relation holds for g(B), but with |1 — px—1)| replacing |y — pil-
Hence, P{(I'B, Me) € D(h,;)} = 0 for each i, and so P{(I'B, Me) € D(h,)} = 0. Consequently,
hT(XC/(;z,}_/C/(;Q) = h(I'B, Me) as § — 0, by the continuous mapping principle, where, for i # (k),

mg?(o;B;)y?
hri(I'B,Me) = XAM, | —————5 | ¢
mhril °) e {m {C(ﬂ(k) _Mi)g—‘}

and

mh, (DB, Me) = max{m {mg () By H

Clhry = Br—1))?
We have thus shown that N,(6) = N, as 6 — 0, where N, = mh,(I'B,Me). Using similar
arguments to those used in the proof of Theorem 1, it follows that P{N,; < 00,i=1,2,...,k} = 1.

Let us now turn to (ii). Consider the sets

+

E.1(0) = {Mz‘ — max p; < (ﬂr,i(5) — max fly¢(0) + 0|/iri(6) — ma?(ﬂr,e(5)|> ,1=12,..., k}

Jj#i i LFi
= — U—1) < by (0) — max fi,¢(6) + 0|y (1)(0) — max i, (8
{M(k) L(k—1) < fhr, (k) (9) max fi 2(0) + 61, (1) (0) ma N )!}

and

Er,2(5) = Mi — Max [y > (ﬂr,z((s) — max /lr,f((s) - 6|/lr,z(6) — max ﬂr,Z(6)|> =12,k
j#i i i

= {m — W(k) > firi(6) — ngzx/lr,zz@) — 0| fir,i(8) — I?Qf(/lr,f(é)‘ , i (k’)} 7

constructed so that E,. 1(8) N Ey2(6) = {p; — maxj; p; € I;(5) , i =1,2,...,k}. We will proceed
as in the proof of Theorem 1: we construct a set G,.(9) such that G,(§) C E,1(6)NEy2(6), and then
use the continuous mapping theorem to show that P{G,(d)} converges, as § — 0, to a probability

that is larger than 1 — . Consider

Gr(6) = {M(k) — i < fip (1) (6) = fri(0) + 0(fbr (1) (6) — f1ri(0)) 5 fbr () () > firi(0), i # (K);
(k) =(k); (k—1)=(k—-1)}.
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The event {(k) = (k); (k—1) = (k— 1)} is equivalent to {v1(Y¢/52) = fip, 1) (6) 5 v2(Ye)52) =
[Lr,(k,l)(é)}. The latter notation will be used when we apply the continuous mapping theorem.

To show that G(6) C E,1(0) N E;.2(d), we first show that G,(6) C E,1(d). We have that

Gr(8) C Ly — 13 < iy (0) = 10 (0) + O 1) (8) = i i(8)) 5 fin iy (0) > fini(8) i # (k) }
c {nw - < (14 )i 1 (8) = (14 0)fini(8) firiy(8) > iri(0) i # (k) }
= {u pe-) < (1 )iy (0) = (10) 10 i1 (6); iy (8) > or(9) i £ <kz>}
= {M f(k—1) < fr (k) (0) — max fir,e(8) + 6]y, (1) (0) — max fire(S);

fir i (0) > iri(0) , i # () }

C QHE) — Pk-1) < A k) (0) — max i ¢(6) + 6|ty (1) (0) — max MM(W}

e#£(k) £#£(k)
= Erl

We now show that G, () C E,2(6). We have that
Grl6) i gy = (L4 O)inald) — (L4 o (0): ino(0) > irgl0), 1 £ (1))
c { o 2 (14 0)7ed(0) = (14 0 ma s (0), iy (8) > i), 7 ()}
{Ul H(k) = fir, i(0) — H}Qfﬂr,e@) - 5(%§§(ﬂrl(5) - [‘T,i(é))a ﬂr,(lc) () > ﬂr,z’(&» i # (k)}

= {uz try = firi(0) —rggfﬂne@) — 0|, (0) —rggfﬂr,z@)\, fir () (0) > firi(0), i # (k)}

sy 2 rd9) — 0 5) = Bl a(6) — i n(O)] 1 ()]
= ET2

It follows, then, that G,(d) C E,1(d) N Ey2(0).

We can rewrite

G (6)
- {(15 ((’lm'(d) = 1) = (fir (k) (9) = M(k))) — (fur (1) (6) = firs(6)) <0,
fir ) (0) = firi(8) > 0, i # (k)3 (k) = (k) ; (k—1) = (k= 1)}
_ {Xi,</52( Nyi(0)/m) X(k /62 (Ny 1y (8)/m) <Y(k)</62( (k) (0)/m) _K‘,g/&?(Nr,z'@)/m)) <0
VN, (8)/m VN, o (6)/m N, (8)/m Na@ym )=
Voo Wen@)/m) Vg Nos@fm)
N, 0 (6)/m N@ym i W

ni(Ye52) = figey (0)5 va(Yesa2) = fig) (9) } -
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Consider the functions wuy ;(z,y), ug,i(x,y), us(z,y), and ug(z,y) (for ¢ # (k)), defined as

uy (JZ‘ y) xz(hrz(m y)) _ IL’( ( r,(k) ( )) <y(k)(hr,(k)(x7y)) . yz(hr,z(xuy))>
! \fh”(:v Y) VCh, k)(m Y) hr,(k)@vy) hm-(m, ) ’
z( rz(x y)) y(k)(hr,(kz)('rvy))
hr,z :v,y) hr,(k) (nc,y)
uz(z,y) = v1(y) — ya) (1),

u2,’i($7 y)

and
ug(z,y) = va(y) — y(kfl)(l)'
Consider the set
A= (—00,0" x (—00,0) 7 x {0} x {0}.

We have that G(J) is equivalent to

{ <U1,i(X</52,374/52), i 7 (k); uo,i(Xeys2, Yes2), i # (k); us(Xess2, Yey52); u4(X</52,374/52)) €A }

Note that h,;(z,y) > 1 for all 2 and y. Since x and y are assumed to be continuous, D(u;;) C
D(hyi) U D(hy ) for j = 1,2 and i # (k). In the proof of part (i), we showed that P{(I'B, Me) €
D(hy)} = 0, which implies that P{(I'B, Me) € D(u;;)} = 0for j = 1,2 and i # (k). The continuity
of the maximum and projection mappings ensures that ug and w4 are continuous. Also, Lemma 7
implies that P{u; ;(I'B, Me) =0, i # (k)} = 0, and so the boundary of the set A has probability 0
under the limiting measure. Thus, from the continuous mapping theorem and Theorem 2.1 of

Billingsley (1968), we get that, as § — 0,
P{G,(0)} = P{ (u1i(I'B,Me), i # (k); u2;,(I'B, Me), i # (k); us('B, Me);us(I'B, Me)) € A }.

We have that uz(I'B, Me) = ppy — ppy = 0 and ug(I'B, Me) = 1) — pr—1) = 0. Therefore, the

above limiting probability is equal to

P {u(DB, Me) <0, us (B, Me) < 0, i # (k)
P{UiBi(hr,i(FB,Me)) B O‘(k)B(k)(hn(k)(FB,Me))
\fghhi (FB7 Me) \/Zhr,(k:) (FB7 Me)
— iy <0, i # (B) }
0iB;(hyi(T'B, Me)) U(k)B( )(hr(k)(FB Me)) o
P{ Vohma(CB.Me)  NChyg(TB,Me) = 1o~ Hir 17 ()

— (Hwy — i) <0,

0183y (T B, Me)) / (/G (B, Me)) — 04y Bty (1o (T B, Me))/ (Gl iy (B, Me)) _

= P ) ) 1/2 =
(02 /hs(B, Me) + 02, /1,4 (T B, Me))

Hik) — Ha - i (k)Y (22)
(02/hei(TB, Me) + 0% [y 4 (T B, Me))
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where the second equality follows from our assumption that p_1) < pg). Call &; the left-hand
side of the inequality in (22). By the definition of the function h, and by Assumption A2(ii), we
have that mh,.;(TB, Me) > (molg*(Bi)y?)/(C(puwy — i)?) for i@ # (k), and mh, (B, Me) >
(Mo 9 (Bay)r*)/(C(kwy — kea—1))?)- Hence, for i # (k),

o} o) < (kg — 1i)? N gy — B—1))?
hri(UB,Me) ~ h,.y(I'B,Me) —  g*(Bi)y? 9*(Bx))v?
)2
< C(M(k)2m) 21 ‘e 1
gl 9*(Bi) ~ 9*(B))
Consequently,
Ky — Hi
P ér,ig (k) 1/2° ’L#(k;)
(02 /hi (DB, Me) + 0%, [y 4 (T B, Me))
> P §T,i < V/\/Z 1/2° i 7& (k)
(1/92(B)) +1/9°(Byy) )

>1—-«
by Lemma 8, which completes the proof. [ |
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