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@ Estimate i and provide computable measure of error, where
wo= / h(u)du = E[h(U)], U ~ upo,1J°
[0,1]

@ Monte Carlo (MC), Quasi-Monte Carlo (QMC), Randomized QMC (RQMC)

] Method H Key ldea \ Error Estimation \ Convergence ‘
MC Random points in [0, 1]° Conf. Interval (ClI) Slow
QMC Deterministic points in [0, 1]° Difficult Fast
RQMC | i.i.d. randomizations of QMC points Cl Fast

o RQMC ClI validity relies on CLT: not proven for many RQMC settings.

@ Goal: General conditions for broad range of RQMC settings to ensure

o Central limit theorem (CLT)
o Asymptotically valid Cl (AVCI)
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Review: Monte Carlo (MC)

e MC: random sampling to estimate u = E[h(U)]
ANc = 1370 h(U), U, Us, ..., U, iid. U[0,1]°
e CLT: If 42 = Var[h(U)] € (0,00), then [Billingsley 1995]

\/;[AMC u} = N(0,1) asn—

o Approximate 100v% CI for u:

~

i

o Y2 =13 [n(U) ﬁm and &(z,)=1—(1—7)/2.
o Asymptotically valid Cl (AVCI):

S = [ﬁ'\"c +z

P(u GIMC) — v, asn-— oo

o Root mean-squared error: RMSE [M¢] = %

Nakayama & Tuffin CLTs for RQMC WSC 2021 4/17



Review: Quasi-Monte Carlo (QMC)
. with low-discrepancy sequence = = (¢ : i =1,2,...)

@ Replace i.i.d. Uy, Uy, ..
is deterministic and evenly fill [0, 1]°
), Digital nets/sequences (e.g., Sobel’, Faure,

o =
o lattices (e.g., Koroboy, ...
MC QMC (lattice)
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Review: Quasi-Monte Carlo (QMC)

e QMC: deterministic points to estimate u = E[h(U)]
Al = i3 hE), E=(&:i=1,2,..)
o Koksma-Hlawka (K-H) inequality [Niederreiter 1992]: for each n > 1,
|3 = p| < Vak(h) Dj(2)

o Hardy-Krause variation Vi (h): “roughness” of h
e Star-discrepancy D;(Z): how unevenly first n points of = fill [0,1]°

Di(Z) = O(n*(Inn)’) ~ O(n'), n—oo.
o If Vi (h) < co (BVHK), then K-H bound shrinks at faster rate than MC rate @(n~1/2)
[Ag —pl = O(n7h).

o BVHK: “bounded variation in sense of Hardy and Krause”
o But K-H bound not practical
o Difficult to compute, often Viuk(h) = oo, often very loose, ...
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Review: Randomized Quasi-Monte Carlo (RQMC)

@ i.i.d. randomizations of = = (§; : i > 1), each yielding =/ = (U] : i > 1)

e Each U/ ~U[0,1]*
e =’ retains low-discrepancy properties of &

o Lattice: random shift [Cranley & Patterson 1976]

=4S, S~Uujo,1p E'=(E+S) mod1

QMC (lattice): =
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o Digital net: nested scrambling [Owen 1995], digital shift [L'Ecuyer & Lemieux 2002], ...
CLTs for RQMC WSC 2021

Nakayama & Tuffin



Review: Randomized Quasi-Monte Carlo (RQMC)

@ RQMC computation budget of n evaluations of h (as for MC)

e allocation (my, r,) with m, x r, = n

e r, = # i.i.d. randomizations

o m, = # points used from jth randomized sequence =; = (U;;: i > 1), j=1,2,....r,
e RQMC: r, > 2 i.i.d. randomizations to estimate u = E[h(U)]

1 n 1 mp

~R /

:u‘m?,rn = - ZXnJ’ where X, = e Z h(U; ;)
ni—1 ni=1

® Xn1,Xn2, .-, Xn, i.i.d.: estimate 02, = Var[X, 1] by

I'n

1 2
~2 _ ~RQ
Um,,,r,, - 1 Z (Xn7j - ’ummrn) :
rn — et
@ Approx ~y-level CI for
RQ = |;RQ O min,rn
Mp,rnyY ’ummrn Zy r
n
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How to choose RQMC Allocation (my, r,) with m, x r, =~ n ?

@ Heuristic: For given budget n, choose r, small and m, = n/r, large to exploit QMC.

. R o -~R a'\mn,rn
o Cl IR = [um?,,n + z, Ioat }

e r, = # i.i.d. randomizations
e m, = # points used from each randomized sequence

@ But heuristic lacks rigorous justification.

@ AVCI relies on CLT: not established for many RQMC settings.

o Nested scrambling of digital nets: CLT as m, = n — oo, fixed r, =1 [Loh 2003]
o Randomly shifted lattices: no CLT as m, = n/r, — oo, fixed r, > 1 [L'Ecuyer et al. 2010]

@ Goal: Sufficient conditions to ensure CLT and AVCI (as n — o).
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How to choose RQMC Allocation (my, r,) with m, x r, =~ n ?

@ Heuristic: For given budget n, choose r, small and m, = n/r, large to exploit QMC.
o Cli IRQ = [ﬁﬁQr + z, a\’"/"r;"’"}
e r, = # i.i.d. randomizations
e m, = # points used from each randomized sequence
@ But heuristic lacks rigorous justification.
@ AVCI relies on CLT: not established for many RQMC settings.
o Nested scrambling of digital nets: CLT as m, = n — oo, fixed r, =1 [Loh 2003]
o Randomly shifted lattices: no CLT as m, = n/r, — oo, fixed r, > 1 [L'Ecuyer et al. 2010]
@ Goal: Sufficient conditions to ensure CLT and AVCI (as n — o0).
@ Assumption 1. “Simple allocation”: (my, r,) = (n¢, n1=¢) for constant ¢ € (0, 1).

e Main Issue: How to choose c?
o More general allocation (my,, r,): r, = oo with m, X r,~n as n — oco.

2 pu—
m, —

@ Assumption 2. o Var[X, 1] > 0 for all n large enough.
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RQMC CLT

If Assumptions 1 and 2 hold, then RQMC estimator ﬁﬁgrn satisfies CLT

%[ﬁﬁ?, —p] = N(0,1), as n— o0
o2, T

under either

E[(Xml —u)?; [Xog — pf > t\/rno.r2nni|

Lindeberg condition:
B[ (X1 — 2]

—+ 0, as n—o0, Vt>0;

or

B[ X1 = ]

Lyapounov condition: 572 i
iy oy

— 0, as n— oo, for some b’ > 0.

o 0',277” = IE[()<n,1 7#)2]
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RQMC Asymptotically Valid Cl (AVCI)

@ Recall Lyapounov condition:
B [ X1 — ™|

b'/2 _24b!
' Om,

— 0, asn— oo, for some b’ > 0.

~ N 2. . .
052 =1 j”zl (Xnj — 182, )7 is unbiased estimator of 02, = Var[X,1].

Mp, Iy rp—1

@ Approx. y-level Cl for

RQ _ | ~RQ I m,,r,
Dy = {Nmn,rn * z,

NG

If Assumptions 1 and 2 hold, along with Lyapounov condition for b’ = 2, then CLT

n [ARe —pu] = N(0,1), as n— oo

= mp,r,
0—1271 , nsfn
nyrn

and AVCI

P(pelf® ) 5 ~, as n— oo.

Mpn, Y
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Corollaries Ensuring CLT or AVCI

@ For estimator X, ; from single randomization of m, points,

In(om 1
Om, = y/Var[X,1] = O(m,;%*) as m, — oo, where a, = — lim n(om,) > -
n 5 mp—00 |n(mn) 2

o a, > 1 when Vyk(h) < oo (BVHK).

@ Under Assumption 1 [ (m,,r,) = (n°,n'=¢), c€(0,1)],

RMSE [aRQ, ] = % ~ 6 (n—V(a*,C)) as n— oo, with v(ay,c) = clon— 3] +1.
n

Nakayama & Tuffin CLTs for RQMC WSC 2021 12 /17



Corollaries Ensuring CLT or AVCI

@ For estimator X, ; from single randomization of m, points,

In(om, 1
Om, = 1/Var[Xp1] = O(m,“*) as m, > oo, where «a, = — lim n(7m,) > -
n 5 mp—00 |n(mn) 2

o a, > 1 when Vyk(h) < oo (BVHK).

@ Under Assumption 1 [ (m,,r,) = (n°,n'=¢), c€(0,1)],

RMSE[ARQ ] — Im @(n—V(a*,C)> as n — 0o, with v(a.,c) = C[a*—l]+%,

anyrn \/E
@ Corollary k =1,2,...,6: ensure CLT or AVCI under constraint
c < ck(ow)

o cx(ax) € (0,1], sometimes cx(aw) = 1.
e Optimal RMSE: take ¢ < cx(a) with ¢ = cx(aw)

RMSE [aRQ ] ~ © (n={@)) as n— oo, with vk(aw,c) = o) [ — 3] +3 >

,u’m,,,r,,

N|=

—> RQMC better than MC.

Nakayama & Tuffin CLTs for RQMC WSC 2021 12 /17



Corollaries Ensuring CLT or AVCI

Suppose that Assumptions 1 and 2 hold, and 3 b >0 and k; € (0,00) such that

]E[ | Xo,1—pul2 ]

2+b/
Omn

< ki V m, sufficiently large. (1)

Then CLT holds for allocation (my, r,) = (n¢, n*=¢) with any
c <1=c(a),
and optimal RMSE ~ ©(n=*(®+)) as n — oo with

vi(aw) = .

If (1) holds for b’ =2, then AVCI holds for ¢ < c¢i(cw), and RMSE rate exponent is vy ().

@ CLT/AVCI with r, — oo since ¢ < 1.

@ RMSE rate same as o,, = ©(m, “*) for single randomization of m, = n points.
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Corollaries Ensuring CLT or AVCI: Tradeoffs

Instead of condition (1), impose alternative conditions on integrand h
e Assumption 3.A: Vyk(h) < oo (BVHK)
o Assumption 3.B: h is bounded
e Assumption 3.C: E[|h(U) — u|>*?] < co for some b > 0, where U ~ U[0, 1]°.

Proposition 1

@ Assumption 3A — 3.B — 3.C,
leading to successively smaller cx(cw.) for Corollaries k (next slide).

@ Under Assumption 3.x, for cx(cw) ensuring CLT and cy/(au) ensuring AVCI,

ck(aw) > cw(ax) (often > ).

@ Assumption 1: (ma, r,) = (n°,n*™), c € (0,1)
@ Corollary k: ¢ < cr(ax)
O omy = O(my®), 0w >1/2
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Corollaries CLT or AVCI: Tradeoffs

Cor. k || Ensures | Assumption on h ¢ upper bd ¢ () RMSE rate exp vy (o)
2 CLT 3.A (BVHK) T > 1 >
1 20y
3 CLT 3.B (h bdd) a1 > 20:—0—1 >
1 1 200 (1+1) 1
4 CLT 3.C(b>0) 200 (1+2)+1 € (O’ 2) 2000 (1+2)+1 Z 2
1 3o —2
5 AVCI 3.A (BVHK) s > 103 >
_ 1 1 3os 1
6 AvCl 3.C(b=2) w1 € (0:3) Tant1 > 3
@ 3A — 3B = 3.C
o Assumption 3.A: Vi (h) < oo (BVHK: = a. > 1)
e Assumption 3.B: h is bounded.
o Assumption 3.C: E[|h(U) — u*"™] < oo for some b > 0, where U ~ U[0, 1]°.
@ Comparisons for fixed a, > 1/2
o (mp,ra) = (n°,n'"°), ¢ < c(ax), opt RMSE ~ ©(n~ ")),
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Conditions Ensuring CLT or AVCI: Tradeoffs

é 1 * c. =1 Esi 1[ xoxoo-0-o- [ v, =1
g ~o- o) s ‘ ~o- vy(ay)
- 0.75 o
c —o—  cz(a) 5 ——  va(au)
3 05 o gfan,d) | @ 075 o v, 4)
Qo : A\ sy 5 4\
“Z 0.25 —be (o, 14) uj - vy (g, 14)
5 -5 cs(aw) ) -5 ws(ow)
S 05
o -o- ce(aw) x -o- velaw)
*o VMC = 1/2

0 All ck(ax) } as ay 1

o Corollary k: ¢ < ck(ax) in (ma,ra) = (n°, n*7°).

® om, = O(m; %), a. > 1/2 (>1BVHK)
@ Most vi(ay) T as ay T

e Optimal RMSE ~ O(n~*(®)) n = oo

@ Larger a. usually yields better RQMC performance.
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Concluding Remarks

e Sufficient conditions for RQMC CLT and AVCI for p = E[h(U)]
o Corollary k: ¢ < ck(aw) for allocation (m,, r,) = (n¢, n'=¢).
o Tradeoffs: Weaker conditions on integrand h
—> stronger restrictions on c.
o AVCI imposes (often strictly) stronger restrictions on ¢ than CLT.
o RMSE: RQMC outperforms MC.

@ Current work

Estimate cx(a.).

o Weaker conditions.

o CLT and AVCI for biased estimators, e.g., quantiles.
o Alternative Cls: Bootstrap-t, etc.

Thank you!
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