MATH 331-001
Final Examination
December 14, 2007

1. (24) Solve the Laplace’s equation in a half-disk<R, 0<O<x:

2
Vi :}ﬁ[r@}r—lz 0 Li =
ror\ or r< o6

u(0,0) <; URG)=T, sing
u(r,0)=u(,7r)=0

a) Separate the variables to find the two ODEs
b) Which of the two ODEs is a boundary value probl&o®e it.

c) Complete the solution of this PDE, and determiheafficients. Check that your
solution satisfies the given boundary conditions

2. (24) Consider the heat equation for a 1D rod witkeish boundary conditions:
u, =ku,, t>0, O<x<L
u0,t)=0,t>0

%(L,t):ihu(L,t), t>0 « BC of 3rd kinc
X

u(x,0)=1
a) Assuming thab>0, find the correct sign in the boundary condit@®=L, in
order for the boundary condition to make sense iphijg.

b) Separate the variables and solve the boundary yaief the problem. Indicate
geometrically the eigenvalues using a function lyramd find the asymptotic
value ofi, for largen

c) Complete the solution of this PDE, and computectiefficients G in terms ofi,.
Finally, use the large-approximation you found in part (b) to estimate C

3. (22) Consider the following Sturm-Liouville problem

A, 999 s
dx[xdxj 4x+ﬂx¢ 0

#(0)=¢(1)=0; ¢ (XY /x bounded at=

a) Prove that the eigenvalues are non-negative byidgrthe Rayleigh quotient.
Write down the orthogonality condition for the enfienctions.

b) Find all eigenfunctions and eigenvalues [hint: mpljtthe equation by. If you
still can’t recall the solution, use the substitatp(X)=f(v/2 x)/v/x ]

c) Check the orthogonality of the eigenfunctions.



4. (24) Consider the heat equation on an infinitewdtti heat loss along its length:

u =ku,—auU, —o<X<+o
u(x,0)=e*""
a) Write down the ordinary differential equation siéid by U(w,t), the Fourier
transform ofu(xt)
b) Solve this equation to find l&(t).

c) Findu(xt) by taking the inverse transform
d) Check that your answer satisfies the initial caodit

5. (10) Which of the following functions satisfies/sdy the two-dimensional Laplace’s
equationuwt Uy = 0 ? [Hint: note the curvature]

Some facts you may find useful:
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