M ath 335-002
Homework #17
Due April 14

1. Convert the Cartesian vector field v = (y, 0, Z) xyz INto the cylindrical coordinate
system, V=(VRg, V¢, V2) Roz and the spherical system, v=(v, Vo, Vo) roo (Wedid a
similar problem in class; see note on the last page if in doubt)

2. Derivethe expressions for the divergence in cylindrical coordinates, starting with
the general expression
@_\7 _ 1 5(hzhsV1) + a(nhsvz) + 5(hlth3)
hhh, oy, ou, ou,
where u1=R, U=, Us=z. Make sure to simplify whenever possible. Check your result
against Eq. 6.15on p. 109

3. Repeat for the spherical coordinate system. Check your result against Eg. (6.23)
onp. 111.

4. Convert the Cartesian components of the vector field v = (2, 0, 0) xyz INtO
spherical components, v = (Vr, Vg, Vo) roe- 1hen, find the divergence of this
vector field using spherical coordinates (Eg. 6.23 on p. 111), and show that the

result agrees with the simple Cartesian calculation, V- v = 2x

5. In Cartesian coordinates, the basis vectors (ey, ey and e;) have constant direction
everywhere, and therefore they have zero divergence (and curl). Thisis not
always the case for the curvilinear coordinate basis vectors. Calculate the
divergence of unit vectors e,, e and e,, in spherical coordinates, using the
expression obtained in problem 3 (Eqg. 6.23 on p. 111). Explain why two of the
vectors have a non-zero divergence, using a simple sketch.



Note on converting vectors between different coordinate systems
A vector should not depend on a coordinate system we choose to use, so
V=V &tV 6 +V;6,=V1 €+ V6 + V363

where e, , 3 are the unit vectors of any curvilinear orthogonal coordinate system.
We may re-write the above equation in component form as

V= (Vy, Vy, V) xXyz— = (V1, V2, V3) u1w2u3

where the subscripts indicate the coordinate system of the components. The vector
components in brackets are found by projecting the vector onto each of the unit
vectors:

Vyiyz=V- €yzand Vyp3=V-€ 23

where the relationship between the curvilinear basis vectors e; , 3 and the cartesian
basis vectors g, y ,iSgiven by

1o li( X, Y,2) 1=1,2,3

hou h oy Xy

or
&= ou

or

ou

For cylindrical coordinates, we have (see page 108)

er=(1,0,0)ro,=(cOS®, SiNQ,O)xy, VrR=V-Eeg
ep (0,1, 0)rpz=(-sing,cos @, O)xy, Ve,=V-&
=(0,0,)ry,=1(0, 0, 1)yy, V,=V - &

For spherical coordinates, we have (see page 111)
&=(1,0,0)0,=(siNBCOSQ, SINOSINQ, COSO)xy, V,=V- &

&=(0,1,0)9,=(cOSO COS®, COSOSINQ,-SINO),y, Vo=V &
e‘P:(O’ O’ l)re(p:('Sin(P, COS(P, O)Xyz V(p:V'e(p



