Math 240 – Spring 2005

Homework #5
Due date: February 28
All work must be shown in order to receive full credit
1. In this problem you will examine how loss of confidence leads to function evaluation errors. Recall the simple trigonometric identity 
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. In general, it is easy to see that 
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, where n is an odd integer. However, due to loss of significance, 
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, where 
[image: image4.wmf],

nx

e

 denotes the error in this calculation, and depends on the values of x and n. 
a. For x=1 radian, find the error as n varies from 1 to 21. Show that you can express the absolute error in the form 
[image: image5.wmf],1

||

n

e

=m 2-53, for each value of n. which means that the 53rd  bit is the bit where the round-off error first appears.

b. The errors you found in part “b” are pretty small, since n wasn’t too large. However, this error becomes progressively bigger at greater values of n. From your knowledge of double precision accuracy, explain how high n can go, before the above equation will fail miserably due to a complete loss of significance. Check your conclusion using Matlab.
c. Modify the Taylor series-based sin(x) function you created in the previous homework, so that the argument value is normalized to always lie between –π and π, before the series is summed. Now, make a table comparing the values of 
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 obtained from the built-in Matlab sine function, and your own function. Choose x=1, and increase n as 10m+1, with m varying from 0 to 17. Plot the logarithm of each error versus m.
2. Apart from summing the Taylor series, exponential function can also be calculated using the limit
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a. Prove the above limit analytically, by taking the logarithm of the above result, and using the Taylor approximation 
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b. Create a Matlab function that evaluates exp(x) using the above limit. Namely, pick N in the form N=2m, and evaluate the above formula for increasing values of m, until the results for successive values of m differ less than an error tolerance of 10-6 (use while or if conditional statements to check whether the tolerance condition has been met). Make sure your program produces an error message if an NaN or infinity is encountered. 

c. Check your function by comparing the result with the built-in exponential function, for values of x from 1 to 10. Finally, find numerically how high x can go before this method fails, and explain your finding.
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