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Abstract

In this paper we consider the evolution by surface di0usion of material voids in a linearly
elastic solid, focusing on the evolution of voids with large surface energy anisotropy. It is well
known that models for the time evolution of similar material surfaces can become mathematically
ill-posed when the surface energy is highly anisotropic. In some cases, this ill-posedness has been
associated with the formation of corners along the interface. Here the ill-posedness is removed
through a regularization which incorporates higher order terms in the surface energy. Spectrally
accurate numerical simulations are performed to calculate the steady-state solution branches and
time-dependent evolution of voids, with a particular emphasis on inferring trends in the zero
regularization (c → 0) limit. For steady voids with large anisotropy we 5nd that apparent
corners form as c → 0. In the presence of elastic stresses � the limiting corner angles are most
often found to di0er from angles found on the (�=0) Wul0 shape. For large elastic stresses we
5nd that steady solutions no longer exist; instead the void steadily lengthens via a 5lamenting
instability referred to as tip streaming.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Surface roughening of materials caused by elastic stress is now recognized to be an
important mechanism for the formation of islands in strained epitaxial 5lms as well
as the appearance of cracks and defects in solids. Interest in surface roughening has
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been spurred by early studies (Asaro and Tiller, 1972; Grinfeld, 1986; Srolovitz, 1989)
showing that a Dat surface bounding a semi-in5nite elastic solid is unstable to small
amplitude shape perturbations, as long as the wavelength of the perturbation is suE-
ciently large. The instability results from the competition between elastic strain energy,
which tends to destabilize the interface, and surface energy, which has a stabilizing
inDuence. Early investigations mainly considered mass transport of atoms by surface
di0usion, although the instability is qualitatively similar for other mass transport mech-
anisms (Srolovitz, 1989). The stability analyses have been extended to include the case
of an epitaxially strained thin solid 5lm on a substrate (Spencer et al., 1991; Freund and
Jonsdottir, 1993), which has important applications in semi-conductor technology. A
review of theoretical and experimental investigations on surface roughening and related
topics is given in Gao and Nix (1999), Shchukin and Bimberg (1999), and Gao (1994).

More recent investigations of the late time, non-linear stages of the interface mor-
phology reveal some interesting aspects. Chiu and Gao (1993) have analytically cal-
culated the total energy for materials bounded by a one parameter family of cycloid
shapes. They show that the total energy decreases as the cycloid sharpens, suggesting
that a truly cusped shape is energetically favorable under certain conditions. Numerical
studies by Spencer and Meiron (1994) and Yang and Srolovitz (1994) on periodically
perturbed surfaces bounding a semi-in5nite solid indicate that sharp, cusp like features
emerge when the initial perturbation is of suEciently large wavelength. Such behavior
is interpreted as being a mechanism by which a smooth interface can form a crack
front. In addition, experiments (Jesson et al., 1993; Ozkan et al., 1997) suggest that
stress concentration near cusp tips can aid in the nucleation of dislocations in a previ-
ously defect free 5lm or solid. Surface roughening can also lead to island formation in
a strained 5lm when the troughs touch the substrate (Kutka and Freund, 1997; Spencer
and Terso0, 1997; Zhang and Bower, 1999).
Studies of the evolution of voids in elastic solids have been performed in tandem with

these e0orts, and have revealed similar behavior. Gao (1991, 1992) applied perturbation
techniques to demonstrate morphological instability for stressed voids above a critical
radius. The energy calculation described above for cycloids was generalized to a set
of closed shapes known as hypocycloids in Gao (1995). Hypocycloid cusps are found
to be energetically favorable for large enough (unperturbed) radius. Full numerical
calculations of void evolution using a conformal map based boundary integral method
(Wang and Suo, 1997) and a 5nite element method (Xia et al., 1997) provide evidence
that cusps do indeed form during the time-dependent evolution for pore radii above the
critical value. These results have possible rami5cations in the failure of microelectronic
circuits (Arzt et al., 1994).
Clearly, the crystalline nature of materials leads to anisotropy of physical quantities,

such as surface energy, which must be taken into account in theoretical studies. All of
the studies described above have considered either isotropic surface energy or surfaces
with weakly anisotropic surface energy (de5ned more precisely below). For particles or
voids with weak surface energy anisotropy and in the absence of elastic strain energy,
the equilibrium shapes are smooth curves given by the well-known Wul0 construction.
However, highly anisotropic surface energy leads to complications in the description
of both the equilibrium shapes and time evolving surfaces, as is now described.
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The motion of free surfaces in materials is driven by variations in a chemical poten-
tial along the surface. One component of the chemical potential, denoted �s, is related
to the surface energy �. For crystals with anisotropic surface energy � is normally
taken to be a function only of the orientation angle �, de5ned to be the angle of the
outward surface normal n with respect to the x-axis. In this case, the contribution of
the anisotropic surface energy to the chemical potential is described by the well-known
relation (Herring, 1951)

�s = �o
s + 
[�(�) + �′′(�)]�; (1)

where �o
s is the chemical potential at a Dat surface, � is the interfacial curvature,

considered positive for a convex pro5le, 
 is the atomic volume, and the prime denotes
derivative with respect to �. A representative expression for �(�) used throughout this
paper is that for a simple four-fold symmetry

�(�) ≡ �1 = �0[1 + � cos 4(�− �0)]; (2)

where � is a measure of the degree of anisotropy, �0 is the mean interfacial tension,
and �0 gives the angle of maximum surface energy.
The � dependence of �s described in (1), (2) leads to severe diEculties when

�¿ 1=15. In that case there exists values of the angle � for which the expression

�1 + �′′1 = �0[1− 15� cos 4(�− �0)] (3)

is less than zero. (Following convention, such angles will be referred to as unsta-
ble orientations; angles for which expression (3) is non-negative are called stable or
metastable orientations.) At unstable orientations, the coeEcient in front of the largest
derivative term in the equation governing evolution (see (7)) is negative, and the ini-
tial value problem is ill-posed. Additionally, exact equilibrium solutions (Burton et al.,
1951; Mullins, 1962) corresponding to surfaces of constant chemical potential (see (1))
show that the steady (Wul0) shapes of unstressed voids subject to large anisotropy have
‘missing orientations’, i.e., corners with jumps in � along the surface (see Voorhees
et al., 1984, for plots of the Wul0 shapes associated with (2) for a range of �; or refer
to Figs. 6 and 7 of this paper for sample pro5les with missing orientations).
There are two ways of overcoming the ill-posedness associated with the existence

of angles with � + �′′ ¡ 0. One is to eliminate the unstable angles by requiring the
existence of corners. This approach is discussed in detail for the case of unstressed
solids in Angenant and Gurtin (1989) (see also Gurtin, 1993), and stressed solids in
Gurtin and Voorhees (1998). In either case, a force balance argument shows that the
admissible corner angles for an evolving interface with surface energy density satisfy-
ing (2) are uniquely determined by �, and in fact are the equilibrium corner angles on
the Wul0 shape Note that the insistence on corners seems to preclude the possibility
of cusp formation, since a cusp necessarily contains unstable angles. A ‘regulariza-
tion’ of the ill-posedness in unstressed solids, in a way which is consistent with the
assumption of local equilibrium at corners but which is more suitable for numerical
computation, is discussed in Eggleston et al. (2001). There a convexi5ed energy density
�∗(�) is employed for which �∗

′′
(�)+ �∗(�)¿ 0. The convexi5ed energy density leads

to the same equilibrium corner angles as the original surface energy density, but does
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not in itself produce ill-posed evolution. Phase 5eld numerical simulations (Eggleston
et al., 2001) show that an initial interface containing angles for which �+ �′′ ¡ 0 will
quickly wrinkle into a faceted shape with only stable orientations. One disadvantage
of this approach is that even with the convexi5ed energy function, it is not possible
to follow the evolution of an unstable orientation in a physically meaningful manner
when elastic stress is present, due to stress induced ill-posedness at orientations where
�∗

′′
(�) + �∗(�) = 0.
A second approach is to regularize the evolution equations by incorporating curva-

ture dependence in the surface energy, an idea that goes back to Gibbs (1878) and
Herring (1951). Dynamical equations for interface controlled evolution with a curva-
ture dependent interfacial energy 5rst appeared in Angenent and Gurtin (1979) (see
also DiCarlo et al., 1992). Related studies are Stewart and Goldenfeld (1992), Liu and
Metiu (1993), and Golovin et al. (1998). This paper contains the 5rst study of stress
e0ects on the formation of corner angles in the zero regularization limit. Speci5cally,
we consider the steady-state morphology and time-dependent evolution for a void in a
stressed solid focusing on the evolution for large anisotropy. The regularized governing
equations are introduced in Section 2. In Section 3 we reformulate the governing equa-
tions in terms of a conformal map. The approach is similar to Wang and Suo (1997),
although we provide a di0erent derivation of the governing equations which leads to
a more compact form, and which is easily generalized to include the regularization.
This formulation is particularly convenient for numerical computation in cases when
cusps form on the interface, as well as computation of steady-state solutions. Unfor-
tunately, the conformal map formulation does not fare well for long-time (unsteady)
computations with non-zero regularization, one reason being the presence of numeri-
cal sti0ness that is introduced due to the existence of high-order regularization terms.
Therefore, we provide an alternative formulation based on an arclength–angle variables,
which enables an eEcient treatment of the sti0ness. Numerical results are presented in
Section 4, with a particular focus on the steady-state morphology and time-dependent
evolution in the limit of zero regularization. Some discussion and concluding remarks
are presented in Section 5.

2. Mathematical formulation

Our formulation follows Spencer and Meiron (1994) (see also Wang and Suo, 1997;
Xia et al., 1997) with appropriate changes introduced to account for the di0ering
geometry and the inclusion of anisotropic surface energy with regularization. Consider
a simply connected void embedded in an in5nite two-dimensional solid. The solid
region is denoted by D, with boundary 9D, and the void region is represented by D′.
The relation between stress and strain in the solid is assumed to be given by Hooke’s
law for an isotropic material. Anisotropy in our study is incorporated solely in the
surface energy, i.e., we neglect anisotropy in the elastic 5elds. This is the simplest
way to add anisotropic e0ects, and reDects the expectation that surface anisotropy is
more important than the volumetric elastic anisotropy. It is further assumed that the
void contains vapor maintained at a stress state Tij = P�ij, where Tij are components
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of the stress tensor for i; j;=1; 2, �ij is the unit tensor, and P is a constant. The
corresponding constant strain state is chosen as a reference for the measurement of
strains. Stress deviations from this constant state are denoted by �ij.
The governing equations for the elasticity problem are simply stated. Mechanical

equilibrium within the solid requires that the stress tensor be divergence free, i.e.,

9j�ij = 0 for (x1; x2)∈D; (4)

where 9j denotes the partial derivative with respect to coordinate xj. At the surface of
the void it is supposed that the tractions are small compared to the bulk stresses and
can therefore be neglected. This leads to the zero traction boundary condition

�ijnj = 0; (5)

where nj indicates the jth component of the outward unit normal to the surface. Finally,
far from the void a state of biaxial stress is imposed

�ij =

(
�1 0

0 �2

)
as
√

x21 + x22 → ∞: (6)

Eqs. (4)–(6) determine the stress distribution throughout the solid for a given interface.
We next discuss the kinematic equation governing the motion of the void surface.

The boundary of the void is allowed to evolve via surface mass transport under the
inDuence of a chemical potential. We shall neglect bulk transport (see Mullins, 1963).
According to the Einstein–Nernst relation, the di0usional Dux of atoms is proportional
to the surface gradient of the chemical potential; by mass conservation the rate at
which material is deposited or removed form the void surface equals the (negative)
divergence of the surface Dux. Thus (see Mullins, 1957),

Vn =
D


92�
92s ; (7)

where Vn(s; t) is the instantaneous velocity of the void surface in the direction of the
outward normal, s is arclength measured in the clockwise direction, and D is a di0usion
constant with units of volume/(energy density · time).
The kinematical description is completed by specifying the dependence of chemical

potential on surface quantities, i.e., on interfacial shape and stress distribution. The
chemical potential is decomposed as

� = �0 + �s + �e; (8)

where �0 is a constant reference potential, �s is the contribution to the chemical po-
tential coming from surface energy, and �e is the contribution coming from the elastic
strain energy. Following our earlier remarks we introduce a regularization by adding
high-order terms to �s. The regularization is given a physical justi5cation following
arguments (Golovin et al., 1998) for an interface below the roughening transition.
We imagine the surface energy of the crystal to be associated with the energy of
(microscopic) steps on the crystal surface (Nozieres, 1992). De5ne � to be the ori-
entation angle of the macroscopic crystal surface. It is clear that taking � to be a
function only of � is equivalent to taking the step energy to be a function only
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of the local number density n of steps. More precisely, for a uniform set of steps
n satis5es the relation n = tan �=�, where � is the step height. However, at points
where the interface curvature is high the surface varies rapidly, implying that dn=ds
is large. In this case it is more appropriate to consider the surface energy not only
as a function of n but also of dn=ds = �=(� cos2 �). We therefore take � = �(�; �) for
the thermodynamically rough interfaces considered here. Alternatively, the curvature
dependence of the surface energy represents the energy associated with corners and
edges.
The contribution of the surface energy to the chemical potential �s is then obtained

by minimizing E=
∫
�(�; �) ds over volume preserving variations of the interface. Upon

forming the Euler–Lagrange equations for this minimization problem and identifying the
chemical potential with the Lagrange multiplier (Mullins, 1963; Coriell and Sekerka,
1976) one obtains 1

�s =

[
�+

92�
9� 2 − �

(
1 +

d2

d� 2

)
9�
9� − 92�

9�2

(
d�
d�

)2]
�: (9)

Details of the derivation are given in Golovin et al. (1998) and, from a di0erent
perspective, Di Carlo et al. (1992). As in Di Carlo et al. (1992), Liu and Metiu
(1993) and Golovin et al. (1998), we describe the dependence of � on curvature by
the simple expression

�(�; �) = �1(�) +
c1
2
�2; (10)

where c1 is a constant and �1(�) is the anisotropic surface tension corresponding to an
oriented plane (low curvature) surface, as given in (2). The factor of two is chosen
for convenience.
The other main component of the chemical potential is the term �e derived from

considerations of the elastic strain energy density. This term takes the form (see e.g.,
Spencer and Meiron, 1994)

�e =−
!; (11)

where

!=
1− �2

2E
(�11 + �22)2 (12)

is the strain energy density evaluated at the interface, i.e., �11 + �22 is evaluated at
the surface. Here E is Young’s modulus and � is Poisson’s ratio. It is noted that
this expression assumes plain strain elasticity. Eqs. (4)–(12) comprise the complete
statement of our problem and are the main result of this section.

1 It is algebraically simpler to perform the minimization in Cartesian (x–y) coordinates by writing the
dependence on orientation and curvature as �(hx; hxx) for a surface given by h(x), and then to transform to
polar coordinates. See Golovin et al. (1998).
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2.1. Non-dimensionalization

The governing equations stated above can be recast in terms of non-dimensional
quantities if we rescale �ij by �1, ! by �2

1=E, � by the mean interfacial tension �0,
lengths by a (the undeformed pore radius) and time by a4=(D�0). The dimensionless
surface energy is then given by (in this section dimensionless quantities are indicated
by a tilde)

�̃= �̃1 +
c̃
2
�̃2;

where �̃1 = 1 + � cos 4(� − �0) and c̃ = c1=(�0a2) speci5es the level of regularization.
In terms of non-dimensional quantities the kinematic relation (7) takes the form

Ṽ n =
92
9s̃2

{
[�̃1 + �̃′′1 ]�̃ − c̃

(
�̃3

2
+
92�̃
9s̃2

)
− "!̃

}
; (13)

where

"=
2�2

1a(1− �2)
E�0

(14)

measures the relative importance of elastic energy to surface energy. In deriving (13)
we have used expression (9), which in turn is simpli5ed by employing (10) and the
identity �s =−�. The non-dimensional strain energy density is given by

!̃= 1
4 (�̃11 + �̃22)2: (15)

Eqs. (4) and (5) governing the elasticity problem are trivially modi5ed into non-
dimensional form. Finally, the far-5eld condition (6) is expressed as

s̃ij =

(
1 0

0 #

)
as
√

x̃21 + x̃22 → ∞; (16)

where the dimensionless variable # = �2=�1 has been introduced. In the following
sections we drop the tildes, with the understanding that all variables are dimensionless.

3. Reformulation of governing equations

We employ two complementary numerical methods in our study of void evolution.
One method is based on a conformal map parameterization of the interface and is
particularly well suited to computations when the interface develops sharp cusp-like
features, as is the case when regularization is absent. The reason is that a zero an-
gled cusp corresponds to a zero of the derivative of the map rather than blow up in
a derivative, and may be resolved with a relatively few discretization points. How-
ever, this method is not eEcient for long time computations in the case c¿ 0, for
reasons which are discussed in Section 3.2. Consequently, for c¿ 0 long time compu-
tations are implemented using a boundary integral method based on an arclength–angle
representation of the interface.
In this section the governing equations of Section 2 are reformulated in a way which

allows the two methods to be readily introduced.
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3.1. Complex variable formulation

We 5rst consider a complex variable formulation of the governing equations. Intro-
duce the conformal map z(%; t) which maps the interior of the unit circle in the % plane
to the material region exterior to the void. The map may be decomposed as

z(%; t) =
a0(t)
%

+ h(%; t);

where a0(t) can be chosen real and positive as allowed by the Riemann Mapping
Theorem. The function h(%; t) is assumed to be analytic in |%|6 1 and is such that
z% �= 0 there, at least for some period of time. We denote the Taylor’s expansion of
h(%; t) by h(%; t) = a1% + a2%2 + · · ·, where the constant coeEcient has been set to
zero—this is equivalent to a speci5c choice of origin for %.
A set of evolution equations for the coeEcients a0; a1; : : : is obtained in Wang and

Suo (1997) by consideration of the free energy variation �G associated with an arbi-
trarily small change in the pore shape. This leads to a system of equations of the form∑

k Hik ȧk =fi where fi=−9G=9ai are generalized forces and where the entries of the
matrix Hik depend on ai and �, which in turn is de5ned by % = ei�. Here we present
a more compact representation for the map z, generalized to include the regularization
term, which is rather simply derived by application of the Poisson integral formula.
Spectral methods based on this formulation are easy to construct, and consequently are
useful in the veri5cation of the more complicated method described in Section 3.2.1.
To begin, note that the outward unit normal to the void surface can be written N=izs,

where the subscript denotes di0erentiation with respect to s, the arclength traversed in
the clockwise direction. Substitution of the relation Vn=Re{zt VN} into Eq. (13) yields,
after a bit of algebra

Re
{

zt
%z%

}
= R(%; t); (17)

which holds on |%|= 1; here

R(%; t) =
%

|z%|2
9
9%

%
|z%|

9
9%

[
(�+ �′′)� − c�3

2
+ c

%
|z%|

9
9%

%
|z%|

9
9% � − "!

]
: (18)

In deriving the above we have used the identity zs = i%z%=|z%| on |%|=1. The curvature
�(%; t) and surface energy density � are determined from the map z(%; t) using the
relations �=−(1=|z%|)Re(1 + (%z%%=z%)) and cos 4(�− �0) = Re{(%z%=|z%|)4e−4i�0}. Note
that the quantity within braces in (17) is an analytic function of % for |%|6 1. From
the Poisson integral formula (Mikhlin, 1957), it follows that for |%|¡ 1

zt = %z%[I(%; t) + iQ]; (19)

where Q is a real constant and

I(%; t) =
1
2/i

∮
|%′|=1

d%′

%′

[
%′ + %
%′ − %

]
R(%′; t):

Examination of (19) as % → 0 indicates that Q = 0.
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Eq. (19) is extended to the unit circle %=ei� by deforming the contour in the usual
way. This results in a principal value integral and contribution from a residue, i.e.,

zt =−(H[R](�; t) + iR(�; t))z�; (20)

where R(�; t) is given by (18) after the substitution %= ei� and the operator H is the
Hilbert transform, de5ned by

H[F](�; t) =
1
2/

PV
∫ 2/

0
F(�′; t) cot

(�′ − �)
2

d�′:

The singular integral is de5ned in the Cauchy principal value sense. Eq. (20) gives
the 5nal form for the time evolution of the map. It is coupled to the elasticity through
the strain energy density term ! in (18).
The elastic stresses for a given interfacial shape z(%; t) may be determined by em-

ploying well known techniques in the complex variable formulation of two-dimensional
elasticity (Muskhelishvili, 1953). The elasticity problem is 5rst restated in terms of the
Goursat functions f(z) and g(z), which are de5ned to be analytic functions in the ma-
terial region z ∈D, for z= x+ iy. The stresses are determined in terms of the Goursat
functions as

�11 + �22 = 4Re{f′(z)}; (21)

�22 − �11 + �12 = 2[ Vzf′′(z) + g′′(z)]: (22)

An expression relating the displacements to f and g can also be determined, although
it is not necessary for our purposes (in the following we need only ensure that displace-
ments are single valued). The functions f(z) and g(z) must also satisfy appropriate
boundary conditions as stated below.
First consider the boundary conditions at in5nity. From (21) and recalling that

stresses are non-dimensionalized by �1 it follows that

f(z) ∼ 1 + # + iC1(t)
4

z + C2(t) + O
(
1
z

)
as |z| → ∞;

where C1(t) is a real and C2(t) a complex constant to be speci5ed later. The behavior
of g′(z) at in5nity is determined from (22), with the result

g′(z) =
# − 1
2

z + C3(t) + O
(
1
z

)
as |z| → ∞; (23)

where C3(t) is a complex constant. The possible presence of ln z terms in (23) arising
from the integration of g′′(z) is ruled out by the requirement of single-valued displace-
ments. The remaining boundary condition is the zero traction condition (5), which is
written in terms of the mapping variable % as (Muskhelishvili, 1957)

f(%) + z(%)
f′(%)
z′(%)

+
g′(%)
z′(%)

= C4(t); (24)

where |%| = 1 and C4(t) is a constant. The latter may be arbitrarily prescribed on a
simply connected component of the boundary and thus we set C4(t)= 0. Note that the
choice of constants C1(t)− C3(t) does not a0ect the stresses; for convenience C1 and
C3 are set to zero, with C2 then determined from (24) (see Muskhelishvili, 1957).
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Eq. (24) is employed to derive an integral equation for f after the elimination of g
by projection onto an appropriate function space. For a function F(%; t) with Laurent
series expansion F =

∑k=∞
k=−∞ ck%k we denote by F+ =

∑k=∞
k=1 ck%k the projection onto

positive powers of %, F− =
∑k=−1

k=−∞ ck%k is the projection onto negative powers, and
F0 = c0 is the projection onto the constant component. In terms of these projections,
the operator H has the form (Mikhlin, 1957)

H[F] = i(F+ − F−) (25)

from which it follows that 1
2 (−iH[F] + F) = F+ + F0=2. Note also that g′(%)=z′(%) =

((# − 1)=2)a0%+ O(1=%) so that application of the ‘+’ operator to Eq. (24) yields the
desired integral equation for f

f + z(%)
f′(%)
z′(%)

− iH

[
f + z(%)

f′(%)
z′(%)

]
=−(# − 1)a0% (26)

where we have utilized the comment following (25) to write the projection in a simple
form using the Hilbert transform. 2 The strain energy density is computed from f using
(15) and (21), giving

!(%; t) = 4
[
Re

f%

z%

]2
: (27)

In summary, the system of Eqs. (20) and (26) with ! determined from (27) make up
the conformal map formulation of our problem.

3.1.1. Numerical method for conformal map formulation
The system of Eqs. (20), (26) are in a particularly convenient form for numerical

computation. Given the solution znj = z(�j; tn) and fn
j = f(�j; tn) at N node points

and at time tn, the right-hand side of the map evolution equation (20) is evaluated
in O(N lnN ) operations by using the Fast Fourier Transform (FFT) via relation (25).
Derivatives are computed using the FFT in the usual way. It is then straightforward to
update the map to time tn+1. Once the update of z is obtained, the integral equation
(26) is solved to obtain f at time tn+1. This can be done directly, i.e., by writing
as a linear system and inverting, or by employing an iterative technique such as the
Generalized Minimum Residual algorithm (GMRES) (Saad and Schultz, 1986). (A
method involving the direct application of (24) to form a linear system of equations
for the coeEcients in a truncated Laurent series for f is given in Muskhelishvili (1957)
and implemented numerically in Wang and Suo (1997).) We have tried each of the
above methods with comparable results, although the iterative technique has a speed
advantage, since the linear operator in (26) can be applied to an iterate f(j) in only
O(N lnN ) operations.
Unfortunately, explicit methods for updating (20) su0er from severe time step con-

straints due to the presence of high-order terms. These constraints are alleviated by
employing a simple semi-implicit method as described in Press et al. (1992), at the

2 The Fredholm alternative is satis5ed by enforcing a requirement that the coeEcient of the 1=% term in
the Laurent series for f is real.
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expense of having to do a single matrix inversion per time step. The inversion is im-
plemented here using Gaussian elimination involving O(N 3) operations, although this
could be improved to O(N 2) by employing iterative techniques. The algorithm as im-
plemented is spectrally accurate in space and 5rst order in time, which was suEcient
for our purposes.
The conformal map formulation is also useful for the computation of non-linear

steady states. Setting Vn = 0 in (13) and integrating twice with respect to arclength,
we 5nd that the steady states satisfy

(�+ �′′)� − c�3

2
− c

1
|z�|

9
9�

1
|z�|

9
9� � − "!= K1; (28)

where, since we are looking for solutions periodic in arclength s, the term K2s(�) that
would appear on the right-hand side is set to zero. The constant K1 is an unknown.
In general there are N unknowns associated with the real and imaginary parts of aj

for j=0; : : : ; N=2− 1, plus one unknown corresponding to the constant K1. The N +1
equations to be solved are (28) at the N independent nodes, and the conservation of
mass equation 5xing the area of the void at /. The non-linear equations are solved using
a Newton iteration; at each iterate the elasticity and hence ! is updated by solving
(26) in the fashion described above. It is noted that the number of unknowns may
be reduced to N=4 + 2 by making use of the bilateral symmetry of the void. Initially
we employ " as a bifurcation parameter, beginning the iterations at " = 0 with an
approximate steady solution from the time dependent code for a given value of � and
c. The iterations are restarted after incrementing " using the converged solution at the
previous value. At a turning point we change parameters, using a0 as a bifurcation
parameter and incorporating " as an unknown.

3.2. Arclength–angle formulation

The numerical method based on the conformal map formulation incurs diEculties
when computing the long time evolution for positive regularization c¿ 0. The cause is
a 5ngering instability for which the emerging 5ngers are poorly resolved. This is due
to inadequate point spacing on the physical interface z for equally spaced points on
the unit disk in the % plane—a common problem for conformal map parameterizations
in cases involving 5ngering type behavior (Siegel et al., 1996; Ceniceros and Hou,
2000). Rather than adopt nonuniform spacing or local remeshing, we overcome this
diEculty by reformulating the problem in terms of arclength and angle variables. This
formulation provides more uniform point spacing on the physical interface, and has an
important added bene5t. Speci5cally, since the highest derivative term coming from the
regularization appears linearly in � with a constant coeEcient, implicit time integration
methods may be eEciently implemented (i.e., involving only the inversion of a diagonal
matrix at each time step). The advantages of using the arclength–angle formulation in
other problems are discussed in Kessler et al. (1987), Hou et al. (1994), Jou et al.
(1997), and Akaiwa et al. (2001).
The interface is parameterized in terms of an equal arclength variable 5∈ [0; 2/].

More precisely, 5 has the property that if s measures arclength along the interface,



1330 M. Siegel et al. / J. Mech. Phys. Solids 52 (2004) 1319–1353

then s5(5; t) is independent of 5, and depends only on time. The dependent variables
in the scheme are �(5; t) and s5, rather than the x and y positions. For any evolving
two-dimensional curve with normal velocity Vn(5; t) and tangential velocity T (5; t),
these variables satisfy the system of equations (Gurtin, 1993; Hou et al., 1994)

�t =
Vn5

s5
+

T�5
s5

; (29)

s5t = T5 − Vn�5; (30)

where in our application an expression for Vn is given by (13), with �=−�5=s5. Note
that there is some arbitrariness in the assignment of T (5; t); here this term is chosen
so that the right-hand side of (30) is independent of 5. This leads to (see Hou et al.,
1994)

Ȧ(t) ≡ s5t =− 1
2/

∫ 2/

0
Vn�5 d5; (31)

T (5; t) =
1
2/

∫ 5

0
V�5 d5− 5

2/

∫ 2/

0
�5 d5; (32)

where for convenience T (0; t) has been set to zero and the notation A(t)= s5 has been
introduced. The key attribute of this formulation is that the highest order term in the
equation of motion for � (coming from the third term on the right-hand side of (13))
appears linearly with constant coeEcients. This fact is exploited in the construction of
an eEcient numerical method, i.e., one that has no time step constraint associated with
the regularization term yet is explicit in Fourier space.
We also need to solve the elasticity problem to obtain the stresses on the boundary.

The method of reduction of the elasticity problem to an integral equation that was used
in Section 3.1 is not applicable here, since it relies on knowledge of the conformal map
which is now not available. Instead, we employ a method based on Cauchy integrals.
It is 5rst convenient to de5ne the function 7(z) by

7(z) = f(z)− 1 + #
4

z; (33)

i.e. where the unbounded component of f at in5nity is removed. Denote the void
boundary by z(5), and write 7(5)=7(z(5)). An integral equation for 7(5) is obtained
by adapting the derivation for elastic particles (Mikhlin, 1957; Muskhelishvili, 1957)
to the case of holes in an in5nite solid. The equation takes the form

7(5)
2

− 2Re

[
1
2/i

∫ 2/

0

7(5′)z5(5′)
z(5′)− z(5)

d5′
]
+
∫ 2/

0

V7(5′) Vz5(5′)
z(5′)− z(5)

d5′

− 1
2/i

∫ 2/

0
7(5′)

d
d5′

z(5′)− z(5)
Vz(5′)− Vz(5)

d5′ =−1
2
F(5) +

1
2/i

∫ 2/

0

F(5′)
z(5′)− z(5)

d5′;

where F(5) = (1 − #)z(5)=2 − (1 + #)z(5)=2 and the dependence on t has been sup-
pressed. All integrals with singular kernels are in the Cauchy principal value sense.
From knowledge of 7 the stress function f is recovered from (33), and the strain
energy density ! follows from the relation ! = 4[Ref′(z)]2. An alternative approach
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to obtain 7, based on the so-called Shermann–Lauricella formulation, is presented in
Greengard et al. (1996). We have implemented numerical schemes based on both ap-
proaches and 5nd no di0erence in terms of numerical eEciency or accuracy.

3.2.1. Numerical scheme based on arclength–angle formulation
The method is conveniently expressed in terms of the Fourier expansion �(5; t) =∑N=2−1
k=−N=2 �̂k(t)eik5. The Fourier transform of (29) gives an equation for �̂k(t) which is

written in the form

d�̂k
dt

=−ck6

A6 �̂k + N̂ k(5; t): (34)

The second term above is the Fourier coeEcient of the highest order contribution which
is dominant at small scales; the third term refers to the Fourier coeEcient of the portion
N (5; t) that remains after extracting the highest order term. In particular,

N (5; t) =
1
A3

93
953

[
−(1− 15� cos �)

�5
A

+
c�35
2A3 − "!

]
+

T�5
A

:

The system of Eq. (34) is combined with the ODE for A in (31). The location of
the interface is recovered from knowledge of �(5; t) and A(t) by integrating (x5; y5) =
A(cos �; sin �).

An implicit time integration method can be applied to system (31), (34) in a straight-
forward manner. We experimented with a number of time discretization methods; a
mixed implicit/explicit method was found give a desirable measure of control over
relative degree of smoothing (which provides stability) versus level of accuracy. The
scheme is given by

�̂n+1
k − �̂nk
Xt

=−ck6
[
8

�̂n+1
k

(A6)n+1 + (1− 8)
�̂nk

(A6)n

]
+XtN̂ n

k (35)

from which an explicit formula for �̂n+1
k follows. Here the superscript n denotes eval-

uation at time tn. The di0erential equation for A is discretized with an explicit method
and updated before �, so that An+1 can be used in the � discretization. It is useful to
de5ne the ampli5cation factor 5m(k)=|(1−Xtck6(1−8)(An)−6)=(1+Xtck68(An+1)−6)|;
from this de5nition and (35) it follows that a discrete mode of wavenumber k grows
like [5m(k)]n upon neglecting the lower order terms N (5; t). The adjustable parame-
ter 8∈ [0; 1] sets the degree of smoothing; 8 = 0 corresponds to a standard 5rst-order
forward Euler scheme and 8 = 1=2 to second order Crank–Nicholson, whereas 8 = 1
corresponds to fully implicit backwards Euler. The integration scheme is most stable
for 8 = 1, in which case the ampli5cation factor 5m decreases linearly with k, while
the most accuracy but least amount of smoothing occurs for 8 = 0:5, so that 5m → 1
as k → ∞. For most of the calculations reported in this paper 8 is set at 0.6.
Other details of the method are as follows. Derivatives are computed using the

FFT, singular integrals are evaluated using alternate point trapezoidal rule (Sidi and
Israeli, 1988) and other integrals by trapezoidal rule, so that all spatial discretizations
are spectrally accurate. Spectral 5ltering (Krasny, 1986) is applied to suppress the
spurious growth of short-wavelength modes generated by round-o0 error. In some cases
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an aliasing 5lter as described in Hou et al. (1994) was found to prevent the premature
onset of aliasing instabilities.
The present method was checked against the conformal map method (which was

independently validated as described below) and found to give identical results. During
simulations the number of modes is doubled and the time step decreased until there are
no detectable di0erences in the solution within plotting accuracy, nor any signi5cant
changes in other quantities of interest.
The arclength–angle formulation may also be used to compute steady-state solutions.

The variable A is used as the bifurcation parameter, since this is expected to be mono-
tonically increasing along the response curve. In general there are N +1 unknowns for
N discretization points, corresponding to �(51); : : : ; �(5N ) and ". The number of un-
knowns is reduced to N=4 by employing the reDection symmetry in the x- and y-axis.
Eq. (30) then provides N=4 − 1 equations for the unknowns, one for each grid point
in the interior of the 5rst quadrant. The constraint of 5xed area provides the 5nal
equation. This method is used to 5nd highly deformed steady shapes lying on the up-
per branch of the response curves for c¿ 0. Otherwise, the conformal map method
is more accurate for a given number of discretization points, since the map tends to
cluster points near regions of high curvature.

3.3. Validation

Exact equilibrium solutions (Burton et al., 1951; Mullins, 1962) for �¿ 0 and c =
0 are used as a check on the numerical computation in the absence of elasticity.
Equilibrium solutions computed using the time-dependent conformal map method (see
Section 3.1.1) with N = 128 node points, starting from a circular initial pro5le, were
found to be indistinguishable (to plotting resolution) from the exact solution for � up to
0.065, just below the value for which corners are present on the steady interface and the
initial value problem becomes ill-posed. It has also been veri5ed that the exact solution
is indeed an equilibrium pro5le for our steady-state algorithm (see Section 3.2.1).
As a check on our numerical method for solving the elasticity problem we computed

the stress at the interface using 5xed void shapes for which there exist exact analytical
solutions (Muskhelishvili, 1957; Gao, 1995). One such class of shapes are ellipses, for
which exact solutions are available for arbitrary #. In the case of uniaxial tension #=0,
the stress function corresponding to the family of ellipses z(%)=1=%+m% for real m is
given by f(%)=[1=%+(2−m)%]=4. Exact solutions also exist in the case #=1 for a family
of curves known as hypocycloids, de5ned by z=1=%+�%n−1=(n−1) for positive integer
n, where � parameterizes the family. For � = 1:0 the hypocycloid interface has four
zero-angled cusps. The elasticity solution is given by f(%) = 1

2 ((1=%)− �=(n− 1)%n−1).
For a given ellipse or hypocycloid pro5le, we veri5ed that the numerically computed
stress function coincided with the exact solution up to round-o0 error. (In the case
of hypocycloids n6N=2 is required for this agreement, since the largest wavenumber
mode that can be represented by N grid points is ei(N=2−1)�.) The agreement up to
round-o0 was veri5ed even for cusped pro5les with �=1:0. The ability to compute the
elastic stresses accurately in the neighborhood of a zero angled cusp is one advantage
of the conformal map representation.
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An additional check on the numerical accuracy is provided by conservation of void
area. For the simulations reported in the next section the area is typically conserved
to within 10−6, falling to 10−3 for the very late stage evolution like that shown in
Fig. 12. The reason for the decline can be attributed in part to the large number of
derivatives (i.e., 6) on the highest order term, which leads to ampli5cation of round-o0
error and a loss of accuracy in 5xed precision calculations when N is large.

4. Numerical results

4.1. The well-posed case: �¡ 1=15

We 5rst consider results for the well-posed case, �¡ 1=15. Results are reported
for both zero regularization and small positive regularization; the latter case is used
for comparison against the interfacial evolution when �¿ 1=15 (Section 4.2), where
regularization is required. The conformal map method is used for all results reported
in this section, with the exception of transient calculations in the case c¿ 0.

4.1.1. c = 0
The steady solution branch is 5rst calculated for isotropic surface energy � = 0

starting from a circle at "=0. The computed solution branch is represented in Fig. 1a
by plotting the deformation D of the void versus ", where D is de5ned by

D =
Rmax − Rmin

Rmax + Rmin
:

Here Rmax and Rmin are the maximum and minimum distances from the origin to a
point on the void surface. The interfacial shapes at representative locations indicated
by ‘+’ markers on the solution branch are presented in Fig. 1b. The main feature
of the solution branch is the presence of a turning point at " = "c ∼ 0:54, which
divides the response curve into a lower and upper branch. Our numerical simulations
of the time-dependent evolution show that the lower branch corresponds to stable steady
states, in that the evolution starting from a circular void eventually reaches a stationary
pro5le on the lower branch. In contrast the upper branch is found to be unstable.
It is interesting to contrast the steady-state response curve with that for the stress

driven instability on the surface of a semi-in5nite solid as reported in Spencer and
Meiron (1994). There, the problem is non-dimensionalized by de5ning a characteristic
length l= �0=!0 where �0 is the (isotropic) surface energy and !0 = �2

1(1− �2)=(2E)
is a characteristic value of the strain energy density. Periodic steady solutions are
then calculated using the wavelength of the periodic box as a bifurcation parameter.
The formulation is essentially equivalent to ours if one associates the non-dimensional
wavelength �=l with the parameter ". Like the current study, there is a critical value
�c=l of the bifurcation parameter above which steady states no longer exist. However,
in contrast to Fig. 1a the solution branch is found to terminate at �c=l, with the termi-
nation point corresponding to a cusped pro5le. This di0erence is ascribed to geometry.
More precisely, the steady solution along the upper branch in Fig. 1a is approaching
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Fig. 1. (a) Steady-state response curve showing the deformation D versus " for zero anisotropy (� = 0)
and c = 0. The crosses (+) denote positions on the curve for which surface pro5les are plotted in (b). (b)
Steady-state interface shapes at locations on the response curve denoted by crosses in (a). The steady void
becomes more elongated as one moves along the curve from the origin (0,0) to the end at (1,0). Note the
5gure has been rotated by 90◦.

an in5nite vertical ‘crack’ with planar faces, which is an exact solution at " = 0.
Geometrical constraints rule out such a solution in the semi-in5nite solid.
The form of the solution branch in Fig. 1a suggests that there is no steady solution

for "¿"c. 3 Evidence from our numerical calculations shows that for supercritical "
(i.e., "¿"c) the void is driven to form transient cusps. Fig. 2 presents our evidence
for transient cusp formation in the case " = 1:0. Fig. 2a shows a semilog plot of
the tip radius Rtip versus time for an increasing collection of node points. The trend
suggests convergence of the Rtip versus t curve as N is increased, and furthermore
predicts that Rtip tends to 0 in 5nite time. The surface velocity near the emerging cusp
tips becomes very large near the critical time (e.g., reaching O(105) by t = 6:53 for
N =256), consistent with expectations that the tip velocity diverges at the critical time.
A set of pro5les for the simulation at N=256 including one at the approximate critical

3 E0orts to 5nd other solution branches were not successful, although an exhaustive search was not
undertaken.
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Fig. 2. (a) Plot of tip radius of curvature Rtip(�=±/=2) versus time for an evolving void. Parameter values
are � = 0:0, " = 1:0, and c = 0:0. Curves are shown for N = 32, 64, 128 and 256 discretization points. (b)
Void pro5les for the numerically computed evolution. Parameter values are as in (a), and N = 256. The
5nal (cusped) pro5le corresponds to the terminal point on the branch shown in (a).

time is shown in Fig. 2b. The void pro5le at the critical time (as well as the value
of the time) di0ers from that in the study by Wang and Suo (1997); it is suggested
that the number of nodes employed in that study (i.e., 16) is insuEcient to resolve the
interface. In contrast, the void shapes and critical time obtained in the 5nite element
study Xia et al. (1997) very closely match those found here, although slightly di0erent
far-5eld conditions are employed. Interestingly, we 5nd a critical value "c ∼ 0:54 for
cusp formation is close to the value predicted by Suo and Wang (1994) using a simple
model based on a purely elliptical void shape.
Similar results are obtained when 0¡�¡ 1=15. In particular the form of the com-

puted steady solution branches is qualitatively the same as for � = 0. Transient cusp
formation is still observed for " large enough, although the time to cusping is reduced
as " is increased (see also Wang and Suo, 1997). This is to be expected, since sur-
face energy at the poles of the void is lower (for increased ") in the early stages of
evolution.

4.1.2. c¿ 0
Our steady-state calculations for �¡ 1=15 and c¿ 0 show that the form of the steady

solution branch is qualitatively similar to that for c=0. For given c, the branch exhibits
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Fig. 3. Void evolution for a decreasing sequence of c in the isotropic case �=0, for "=1:0. The times the
5nal pro5les are t = 0:092 (c = 0:025), 0.0456, 0.0273, and 0.0178 (c = 0:0025). Shown for comparison is
the 5nal cusped pro5le from Fig. 2b.

a turning point which again suggests there is no steady solution for " greater than a
critical value "c(c) that depends on the regularization. However, calculations of the
transient evolution do not show the development of cusps for supercritical ", but rather
display a surprising 5lamenting instability. For example, the interfacial evolution at the
supercritical value "= 1:0 is depicted for a decreasing sequence of c in Fig. 3. Also
shown for comparison is the c = 0 cusped solution from Fig. 2b. The void is seen
to emit slender high speed 5laments which lengthen inde5nitely as time progresses;
this behavior is referred to as tip streaming. The tip streaming occurs for arbitrarily
small c, as long as "¿"c(c → 0). Interestingly, away from the tip streaming 5lament
the interfacial pro5le is increasingly more faithful to the c = 0 cusped solution as c
is reduced; this is suggestive of convergence of the dynamics to the cusping solution
as c → 0. We discuss the signi5cance of theses results in more detail in Section 4.2,
when evolution for �¿ 1=15 is considered.

4.2. The evolution for �¿ 1=15

We now examine the steady-state solution branches and time-dependent evolution for
�¿ 1=15, for which regularization is required as the initial value problem is ill-posed
in its absence. Attention is focused on ascertaining information concerning the limit
c → 0.
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Fig. 4. (a) Steady-state response curve plotting D versus " for �=0:08¿ 1=15 and c=0:1. The crosses (+)
denote positions on the curve for which surface pro5les are plotted in (b). The ‘×’ markers illustrate the
deformation D in time-dependent simulations. The time intervals between markers is Xt = 0:5 for " = 0:4
and 0:7; for "= 1:0 the 5rst three intervals are Xt = 0:1, the next 5ve are ;= 0:2 and the 5nal interval is
Xt = 0:078 (b) Steady-state interface shapes at locations on the response curve denoted by crosses in (a).
The void becomes more elongated as one moves along the curve starting from the origin (0,0). Note the
5gure has been rotated by 90◦.

4.2.1. Nonlinear steady states
Fig. 4a shows the steady-state response curve for the representative case c=0:1 and

�=0:08¿ 1=15. Like the c=0, �=0 steady state, there is a turning point in the curve.
This suggests that there is no steady solution for " greater than a critical value "c.
However, unlike the zero regularization case for �=0, we do not expect the evolution
for "¿"c to result in transient cusp formation. The behavior for "¿"c is deferred
until Section 4.2.2 where we consider transient evolution.
Steady-state shapes corresponding to the marked locations on the response curve are

shown in Fig. 4b. The steady void pro5les lengthen without limit as the upper branch
is followed for decreasing ". Simulations of the transient evolution (for values of c
down to 0.0025) verify that the lower branch corresponds to stable steady states. In
contrast, the solutions represented by the upper branch are unstable.
An interesting question is whether steady solutions for all " are recovered in the

limit c → 0. This would be the case if for example "c → ∞ as c → 0. However, Fig. 5
shows that the critical value "c actually decreases as c is lowered. The 5gure indicates
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Fig. 5. Location of the turning point "c versus regularization c, for 5xed �=0:08. The value of "c decreases
as c is reduced.

that "c approaches a 5nite non-zero value near 0.68 as c → 0. Due to the large slope
near c = 0 we cannot rule out the possibility that "c → 0 as c → 0. However, one
might argue that this is not likely since the existence of steady states for "= 0 leads
us to expect that they exist for small positive ". Regardless, the important feature is
that our computations imply that steady solutions (at least on this particular branch)
no longer exist when "¿"c(c → 0) and c is suEciently small.

One of our main interests is in the nature of steady solutions as the regularization
c tends to zero. Figs. 6 and 7a depict the steady interfacial pro5les for a decreasing
sequence of c and 5xed anisotropy � in the absence of elasticity (Fig. 6) and with
subcritical elasticity (Fig. 7a). These solutions are computed using continuation in c,
for 5xed � and ". Fig. 6 shows that the expected behavior is realized in the absence of
elasticity. More precisely, for small regularization the void shape resembles that of the
exact zero regularization solution, but with rounded corners. As the regularization is
further reduced the interface uniformly approaches the c=0 shape. The trend suggests
that in this case the c → 0 steady solution equals the c = 0 exact solution, with
admissible corners (Spencer, 2003, provides analytical justi5cation for this behavior).
The presence of corners in the limit c → 0 avoids ‘unstable’ orientations i.e., those
which are ill-posed in the zero regularization evolution.
When " is positive the trend likewise suggests that the interface develops corner-like

regions as the regularization is reduced, suggesting the formation of true corners in the
zero regularization limit. For example, Fig. 7a shows a sequence of steady-state pro5les
for decreasing c, one set of three curves each for the values "=0:3 and 0.6. However,
now there is no clear indication that the angles of the emerging corners will necessarily
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Fig. 6. Steady-state void shapes for � = 0:15 and " = 0, at di0erent levels of regularization. Curves are
shown for c=0:01 (innermost curve), 0.0025, 0.00025 and 0.0 (outermost curve). The pro5les approach the
zero regularization solution as c is reduced. It is noted that the four curves have the same area; the slight
increase in area at the corners as c is reduced is compensated by a decrease in area along the edges.

correspond to that predicted by local equilibrium. Indeed, the trends indicate that the
emerging corner angles at the uppermost and lowermost positions on the void surface
are di0erent than that of the local equilibrium solution, as depicted by the " = 0
curve. The lack of agreement between the predicted local equilibrium angle and that
approached in the regularized problem is enhanced as " is increased, as is illustrated in
the 5gure. As a further illustration, in Fig. 7b we plot normal angle � versus arclength
s for the pro5les at "=0:6 and 0 shown in Fig. 7a. The 5gure provides strong evidence
of a jump in � in the limit c → 0 which is di0erent from the jump in � for the local
equilibrium solution. In contrast, the emerging angles at the two side corners do appear
to correspond to that predicted by local equilibrium.
We interpret the above results as follows. At any given 5xed value of c, the regu-

larized steady interface is smooth. Following Gurtin (1993) and Gurtin and Voorhees
(1998) the force balance on smooth portions of the interface may be written in terms of
‘con5gurational forces’ and a generalized capillary force C, de5ned by C=�(�)t+�′(�)n
(zero regularization is assumed). Balance of forces on smooth portions of the inter-
face is trivially satis5ed. Force balance at a corner implies C(�+) = C(�−), where +
and − denote the right and left-hand limits to the corner. (The admissible angles are
derived from the latter balance.) Therefore, even though each regularized interfacial
pro5le satis5es the force balance at all points, the pro5le de5ned in the limit c → 0
may not. This behavior may be surprising, yet cannot be ruled out in view of the
potentially singular nature of the zero regularization limit. It is noted that numerical
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Fig. 7. (a) Comparison of steady shapes for "=0:3 and 0.6, for a decreasing sequence of c. Here �=0:08.
Curves are shown for c=0:01 (innermost of a set of three curves at "=0:3 or 0.6), c=0:0025 and 0.0001
(outermost curve). Also shown for comparison is the " = 0 solution exhibiting local equilibrium corner
angles. (b) Plot of � versus arclength s for the solutions at " = 0:6 in (a); for reference the " = 0 plot is
included. The regularization values are (left to right at jump) c = 0:01, 0.0025, and 0.0001. The curves are
di0erent lengths owing to the di0erent total arclengths of the steady voids.

considerations limit the extent to which c may be reduced. Of course, it may be that
for still smaller values of c than have been considered here the local equilibrium result
will be approached in a small neighborhood of the corner.
At a true interfacial cusp or corner the elastic energy density diverges. However,

the contribution to the total energy in a small neighborhood of the corner from the
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Fig. 8. Semi-log plot of ratio of third (‘elastic energy’) term in (13) to the 5rst (‘interfacial energy’) term,
versus regularization c.

(volumetric) elastic 5eld is asymptotically smaller than that due to (interfacial) surface
energy. This is the basis of arguments (Gurtin and Voorhees, 1998; Srolovitz and Davis,
2001) that elastic e0ects cannot modify the local equilibrium angle of a sharp corner.
Such considerations do not preclude stress e0ects from inDuencing a corner angle in
the zero regularization limit, since the regularization may act as a singular perturbation.
However, these arguments do motivate us to consider the dominant balance between
terms in Eq. (13) for steady-state voids in the limit as c → 0, at an emerging corner.
Speci5cally, we evaluate the ratio R1 of the third term on the right-hand side of (13)
(referred to as the ‘elastic energy’ term) to 5rst (‘interfacial energy’) term; this ratio is
plotted on a semi-log scale in Fig. 8. The ratio is evaluated at �=/=2, corresponding to
the emerging upper corner, and for parameter values �= 0:08 and "= 0:6. The 5gure
shows that the relative magnitude of the elasticity term is slowly diminishing when
compared with the surface energy term as c is reduced. Since the terms comprising
(13) sum to zero for steady-state voids, the ratio of the second (‘regularization’) term
to 5rst (‘interfacial energy’) term approaches one.
We have 5tted a line to the data in Fig. 8 (R1 versus ln c), with the best 5t given

by R1 = 0:309 + 0:008 ln c. This equals zero for c ∼ 10−17, which is consistent with
the notion that the dominant balance in Eq. (13) at an emerging corner (for c → 0
steady state voids) is between surface energy and regularization terms. The results of
Fig. 8 are therefore suggestive of an ‘inner region’ where the surface energy term and
the regularization term balance at leading order in c, with the elasticity contribution
occurring at higher order. We surmise that the e0ect of elasticity on the emerging
corner angle then comes from matching to an ‘outer’ solution for which the elas-
ticity contributes to leading order. It must be cautioned, however, that the data are
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Fig. 9. Steady shapes for �0 = /=4. Parameter values are " = 0:6, � = 0:08, c = 0:01 (more rounded pro5le
at corners) and c = 0:0001 (sharper corners). Included for comparison is the " = 0 solution exhibiting the
local equilibrium angle at corners.

also consistent with a small but 5nite relative contribution from the elastic energy
term as c → 0, so a conclusive interpretation of our data awaits further analytical
investigation.
Finally, we consider the e0ects on the steady void shape of changing the angle of

maximum surface energy, �0 (see Eq. (2)). Fig. 9 depicts the steady shapes correspond-
ing to �0 = /=4, with the other parameters being the same as in Fig. 7a. Interestingly,
the corner angles appearing as c is reduced seem to coincide with the local equilibrium
angles. E0ectively, as " is increased from zero the void is able to create new surface
‘area’ transverse to the applied stress (thereby reducing total elastic energy) simply by
altering its aspect ratio, all the while preserving the "=0 equilibrium angles, i.e., the
admissible angles. However, this appears to be a special case. More precisely, for other
�0 we observe that the deformation induced by increased elasticity is accompanied by
alterations in the c → 0 orientations, leading to non-admissible angles.

4.2.2. Transient dynamics for c¿ 0
The time-dependent behavior of the interface for �¿ 1=15 is 5rst considered in the

representative case c=0:1. We use a circular void as the initial shape for all transient
calculations. Consulting Fig. 4a, it is observed that for subcritical " the transient so-
lution locks onto a steady-state solution on the lower branch of the response curve.
This is depicted by the ‘×’ markers which give the deformation of the void at equally
spaced time intervals. A more pressing question concerns the dynamics for "¿"c. In
this case we have been unable to 5nd a steady solution; the transient evolution depicted
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Fig. 10. Comparison of void evolution for a decreasing sequence of c, indicating ‘tip-streaming’ behavior.
Parameter values are "=1:0 and �=0:08. Also shown for comparison is the "=0, �=0:08 steady solution
(innermost pro5le in all but the c = 0:1 plot). This steady solution is scaled so that the diameter along the
x-axis matches that of the time evolving void.

in Fig. 4a reDects the nonexistence of a steady limit by indicating that the deformation
grows at an increasingly greater rate as time progresses.
The interfacial evolution at supercritical " is shown for a decreasing sequence of c

in Fig. 10.
For comparison we have also included in all but the 5rst plot the "=0 steady solution

depicting the local equilibrium corner angles. The plots indicate that at supercritical
" the void eventually emits 5laments (tip streaming), as was observed for � = 0 in
the case of positive regularization. It is noted that to accurately capture this behavior
very small time steps are required—on the order of Xt = 1 × 10−7. The number of
nodes required to resolve the onset of the phenomenon increases as c is lowered, e.g.,
N = 1024 for c = 0:005 and N = 2048 for c = 0:0025.
Since the critical value "c for tip streaming decreases as c is lowered (cf. Fig. 5),

it follows that the tip-streaming will be observed for arbitrarily small c, as long as
"¿"c(c → 0). Furthermore, reducing the regularization c causes the tip-streaming
5lament to occur at earlier times, as can be seen by noting that the times for the 5nal
pro5le in each subplot of Fig. 10 are given by t=0:4; 0:103; 0:0486; 0:028 and 0:01628
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as c ranges from 0:1 to 0:0025. Reducing c also causes the tip-streaming 5lament to
be thinner at its onset. At the same time the main body of the pore remains essentially
‘frozen’ in time. These observations suggest that in the limit c → 0 the width of the
tip-streaming 5lament tends to zero and the time dependent dynamics converge (almost
everywhere) to a 5xed closed pro5le.
Interestingly, as c is reduced the frozen main body of the pore (i.e., away from

the tip-streaming 5lament) is becoming more faithful to the "= 0 equilibrium pro5le,
even though "¿ 0 in the simulations. This is perhaps surprising, although a possi-
ble explanation is as follows. The behavior observed in the numerical simulations is
distinguished by two time scales. There is a fast time scale, apparently dominated
by surface anisotropy, in which the interface quickly gets rid of ill-posed angles by
forming (smoothed out) ‘corners’. This makes it evolve very quickly into something
resembling the Wul0 shape, as seen in Fig. 10. 4 Over longer times the e0ect of elas-
ticity becomes apparent, and the corners at the top and bottom of the void get stretched
out, eventually leading to tip streaming.
The above observations may be roughly quanti5ed by appealing to linear stability

theory. Consider 5rst unstable interface motion driven by anisotropy only (i.e., "=0).
The wavenumber km of the fastest growing disturbance to a locally Dat pro5le is easily
seen to be proportional to c−1=2, with a maximum growth rate �m(km) ∼ c−2. This
gives a time scale <a for motion due to anisotropy satisfying <a ∼ c2. On the other
hand, when the motion is driven by elasticity only (i.e., neglecting anisotropy) then
km ∼ c−1=3 and �m(km) ∼ c−1. This gives a time scale for the inDuence of elasticity
on a locally Dat pro5le, <e ∼ c, which for small c is larger than the time scale <a. Our
numerical simulations give results which are consistent with these time scales, even
for large interfacial deformations. For example, consider the times of the 5nal pro5le
in each subplot of Fig. 10 or Fig. 3 as a measure of the time scale <e. These times
scale roughly like c, consistent with the above argument. Conversely, simulations of
the evolution for "=0 show that the time for the development of signi5cant wrinkling
scales roughly like c2.
As c is reduced the elasticity seems to a0ect a more and more localized region, i.e.,

the tip streaming 5lament is becoming thinner. This gives the impression of conver-
gence to the Wul0 shape. However, on the basis of the numerical results one could
argue for convergence to other shapes, for example a cusped con5guration, as c → 0.
Similarities between the interfacial evolution in the tip streaming region for the isotropic
case (see Fig. 3), in which convergence to a cusped pro5le is expected in the zero
regularization limit, and the evolution for �¿ 1=15 (Fig. 10) provide some pictorial
evidence for this latter assertion. Unfortunately, we are restricted as to how far the
regularization may be reduced due to the ill-posedness of the c = 0 evolution; as the
regularization is reduced the large number of fast growing modes places increasing
demands on the numerical simulation. Some of the numerical issues involved in com-
puting for small regularization, in cases where the underlying problem is ill-posed, are
discussed in the context of Duid dynamics in Siegel et al. (1996) and Ceniceros and

4 For relatively small c or large � the interface wrinkles with multiple corners localized near regions where
the initial orientations are ill-posed, cf. Fig. 14.
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Fig. 11. Tip streaming of void for �0 = /=4. Other parameter values are � = 0:08, c = 0:005, and " = 1:0.
The time increment between curves is 0.04 for the 5rst two increments, 0.0102 for the third, 0.0003 for the
fourth and 0.0001 for the 5nal two increments.

Hou (2000). Future analytical investigation is therefore warranted to con5rm the nature
of the zero regularization limit.
It is interesting to also consider the interfacial evolution in the case when the angle

of maximum surface energy is rotated. Fig. 11 presents numerical results for the case
�0 = /=4 and c = 0:005; the other parameter values are as in Fig. 10. At early stages
in the evolution the pro5les feature near corners with ‘angles’ that are similar to the
local equilibrium angles. Eventually the two upper and lower corners begin to merge,
at which point tip streaming occurs (note that immediately prior to tip streaming the
interfacial shapes bear little evidence of the anisotropy). The indications then are that
tip streaming is a generic feature of the evolution at large enough ".
To the best of our knowledge, tip-streaming of material surfaces evolving under

surface di0usion has not been previously observed. We therefore further examine some
of the features of this phenomenon during the long time evolution. Fig. 12 shows the
development of the void during late stages in the evolution for c = 0:1 and " = 1:0.
A ‘frozen’ main body is still present. Two smaller rounded voids have developed and
are separated from the main body by thin 5laments, which progressively narrow as
the voids propagate away from the main body. An interesting question is whether the
interface pinches o0, leading to the formation of multiple voids possibly accompanied
by dislocations formed during the pinch o0 event. Fig. 13 plots the width W of the
neck at its thinnest point versus time. The 5gure shows that the neck width roughly
decreases linearly in time for t¿ 0:404. For a 5xed number of discretization points W
eventually saturates to a 5xed value (e.g., W ∼ 0:03 for N = 512). However, closer
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Fig. 12. Long time evolution of the solution for � = 0:08, " = 1:0, c = 0:1, illustrating the trend towards
pinch-o0. The pro5les are plotted at the times 0.4070–0.4078 in time increments of 0.0002. The inset gives
details of the tip-streaming 5lament.

inspection shows that the neck width is equivalent to approximately 2–4 grid points
at the time of saturation. Studies of the accuracy of boundary integral methods done
within the context of Duid dynamics (Baker and Shelley, 1986) show that such methods
typically lose accuracy when di0erent portions of the interface approach to within a
few discretization points. The behavior observed here is consistent with this study.
After doubling the number of grid points and restarting the simulation from a point
prior to saturation, the neck width continues to decrease at the prior (linear) rate, i.e.,
the saturation is delayed for a time. Although the ejected voids are slowly shrinking
in time, the numerical evidence indicates that they will not shrink to zero area before
pinch-o0. In summary then, the evidence as presented in Fig. 13 is suggestive of the
appearance of a topological singularity in 5nite time.

4.3. Wrinkling

The time-dependent simulations of Section 4.2.2 are limited in the extent which c
can be reduced (or equivalently � increased) for positive ", due to the numerically
intensive operation of solving the elasticity problem when there is a large number of
fast growing modes. Therefore, we consider here a particle evolving under anisotropic
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Fig. 13. Minimum neck width versus time during long time evolution. Parameter values are � = 0:08 and
c = 0:1. Results are shown for N = 512, 1024, 2048 and 4096 points.

surface energy only, i.e. with "=0, for which a very small value of the regularization
c can be implemented in the time-dependent simulations. The results here complement
the steady-state calculations presented in Fig. 6 and show that the regularization gives
the expected result (i.e., admissible angles) in a dynamic situation when " = 0. We
note that these results are similar to calculations of the decomposition of an unstable
planar interface into stable orientations (Liu and Metiu, 1993).
The result of a numerical simulation employing the arclength–angle method with

c=0:001 and �=0:3 is shown in Fig. 14. A very small time step, Xt=10−9, is necessary
to adequately resolve the motion. This can be explained by the presence of very fast
growing modes due to the large anisotropy and small regularization. Starting from an
initially circular interface the void develops wrinkles at orientations corresponding to
unstable directions in the zero regularization problem. The pattern coarsens over time;
the 5gure shows a transition from a three crested pattern (repeated due to the bilateral
symmetry) to one with two crests. The wrinkling is qualitatively similar to that shown
in Eggleston et al. (2001), although we do not observe the retardation of motion at
the most unstable orientations, as reported there.
The formation of wrinkles is qualitatively explained by appealing to linear theory.

Consider a portion of the initially circular interface oriented at the unstable angle �0.
Since the local interface is unstable, perturbations will grow, at least in a neighborhood
of �0. Writing �= �0 + �̃ and performing a ‘frozen coeEcient’ linear analysis of Eqs.
(29), (30) (i.e. where the frozen coeEcient �0 is used in place of a more general
function of 5) shows that a(local) mode with wavenumber k will be unstable pro-
vided that k ¡

√
(15� cos 4�0 − 1)=c. Wrinkling should occur in regions for which this
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Fig. 14. Formation of wrinkles followed by coarsening. Parameter values are �=0:3, c=0:001. First pro5le
is at time t=0:0002; time increment for plots is Xt=0:0004, with the last two increments being Xt=0:0002.
Inset: computed half-wavelength (�=(2a)) of small amplitude wrinkles plotted versus c, shown as a log–log
plot. Here � = 0:3. Shown for comparison is the curve y = c1=2, which is a line of slope 1/2 in the 5gure.

inequality is satis5ed for some k¿ 1. Additionally, the most unstable (non-dimensional)
wavelength �m=a is given by

�m
a

= /

√
6c

15� cos 4�0 − 1
(36)

(see also Gurtin, 1993). Thus spatial patterns of wavelength �m=a should be most
prevalent in the wrinkled interface.
Fig. 14 (inset) shows that this corresponds to what is observed in practice. The

5gure indicates the computed relationship between the wavelength of small amplitude
wrinkles and the regularization c. The c1=2 dependence embodied in (36) is exhibited
by the data, as is apparent through comparison with the ‘curve’ y= c1=2 (note the plot
uses log–log coordinates).
Similar calculations for very small c and "¿ 0 are numerically expensive and there-

fore have not been considered. Nevertheless, one may extrapolate the above behavior
to the case "¿ 0: the expectation is that for small enough c the interface would
similarly wrinkle with local shape (near a corner) resembling the Wul0 shape. Over
longer times the inDuence of elasticity would become apparent and each corner would
be susceptible to tip streaming.
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5. Discussion and conclusions

We have considered the motion of voids in an elastic material in the presence of
large anisotropy; the ill-posedness inherent in the usual models is regularized through
the incorporation of explicit curvature dependence in the surface energy density �. At
small enough ratios of elastic energy to surface energy (i.e., small ") we 5nd steady
state pro5les that appear to develop corners in the zero regularization limit. However,
the emerging corner angles depend on the elastic energy and can di0er from the angle
predicted by the (" = 0) Wul0 shape. This result is contrary to predictions of the
angle based on a force balance at a true corner. In contrast, when " = 0 we 5nd the
emerging (c → 0) corner angles correspond to the Wul0 shape in both steady and
dynamic situations.
The conclusion to be made from these results hinges on the question of what is the

‘correct’ physics to employ in the case of large anisotropy and " �= 0, i.e., what is the
correct physics at corners. We discuss the two main possibilities:

1. The correct physics requires the existence of corners with the Wul0 angle (thus
avoiding the ill-posed directions). In this case, one must proceed with care in ap-
plying other regularizations, e.g., those based on higher order terms such as consid-
ered here. In particular, only regularizations which yield the Wul0 angle in the zero
regularization limit would be desired.

2. The correct physics requires a regularization, such as one based on the incorporation
of higher order terms in the governing equations. In this case one must be open
to the possibility that the physically relevant corner angle, corresponding to the
zero regularization limit, is di0erent form the Wul0 angle. This raises the additional
possibility that the angle may depend on the speci5c nature of the regularization.
If so, then it is critical to employ only physically based regularizations. Careful
modeling (even at the atomic scale) may be required to obtain such regularizations.

There is another point of view worth discussing concerning steady states with the
non-Wul0 angles and it is related to the results presented in Fig. 5 for the dependence
of "c on c. As discussed earlier, our numerical results have implied that as c tends
to zero, "c tends to a positive number. The implication of this is that these steady
states should be observable for any value of c as long as the applied strain is small
enough. Notice that there is a rapid decrease in "c as c tends to zero. Suppose that "c

actually does go to zero as c tends to zero. Then since c is expected to be small for
most physical systems, it is likely that the applied strain in an experiment would be
greater than the critical value, so a tip-streaming event would occur. From the behavior
presented in Fig. 11, we would then expect the void to evolve into a shape where the
Wul0 angles are approximately satis5ed except for a small region in the neighborhood
of the actual corner. Hence an experiment would report that the Wul0 angle is observed
even for small applied strains.
In addition to the results summarized above, we also 5nd that when " is suE-

ciently large that there are no longer steady-state solutions and the void continuously
lengthens in a 5lamenting (tip-streaming) instability, eventually leading to a topological
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singularity. Although we have been primarily interested in the nature of the zero reg-
ularization limit, our tip-streaming results may be compared to behavior in physical
systems after obtaining a representative estimate for the value of c. The dimensional
regularization c1 measures how large a change in surface energy is possible for a given
change in curvature (see Eq. (10)). A reasonable estimate allows for a 10% change in
surface energy for a change in curvature of 0.1–1 nm. Using the representative value
�0 = 103 ergs=cm2, Eq. (10) then implies that 10−14 ergs¡c1 ¡ 10−12 ergs. This in
turn is consistent with the estimate (Stewart and Goldenfeld, 1992) c1 = 10−13 ergs,
using c1 = �0d2 where d=10−8 cm is a (representative) lattice parameter. Through the
de5nition of c, the dimensional quantity c1 sets the length scale of the void. Thus if
c=10−3 then the radius a of the void equals 10 nm, whereas if c=0:1 then a=1 nm,
assuming c1 = 10−12 ergs. The width W of the channel that connects the tip-streaming
void to the larger void is a small fraction of the void radius. Roughly, our numerics
show that representative values at the onset of tip-streaming are W ∼ a for c = 0:1,
W ∼ 0:1a for c = 0:01 and W ∼ 0:01a for c = 0:001. Thus W is approximately the
radius of an atom (0:1 nm), and consequently the channels are extremely thin, if they
exist at all. However, this may not be the case for some systems, i.e., those with
relatively low surface energies (such as solid–solid interfaces and certain solid–liquid
systems).
It is unclear if there is any experimental evidence for tip streaming. Recent exper-

iments (J. Mirecki Millunchick, private communication) investigating the stability of
stepped surfaces show structures with a similar morphology. These structures are a
result of an instability occurring at the step face (terrace); the terrace evolves in such
a way to create a cusplike interface pointing into the material (viewed from above the
step) with a void connected at the ‘tip’ of the cusp. The lateral scale of this structure
is much greater than its depth, suggesting that it is e0ectively a two-dimensional phe-
nomenon. This rules out the Rayleigh-instability as a possible cause. However, it is
not clear if the mechanism of formation is related to that considered here. In addition,
the voids that are shed can be quite small leading to the possibility that these voids
emit vacancies and thus dissolve into the matrix.
It has been hypothesized (Grilhe, 1993) that a mechanism analogous to tip streaming

followed by topological singularity formation may be a way of creating dislocations by
surface di0usion. The plausibility of creating a particular dislocation type (i.e., hollow
dislocation core with a super Burgers vector) by this mechanism is discussed in Grilhe
(1993), although neither quantitative theoretical nor experimental evidence for such a
creation scenario is given. We mention here the plausibility of a somewhat di0erent
type of dislocation formation: namely that the rejoining of the channel surfaces at
pinch-o0 is accompanied by a shift in atomic positions in a direction perpendicular
to the xy plane, leading to a form of screw dislocation. Although this paper provides
quantitative theoretical calculations suggesting the feasibility of such a mechanism in
certain systems, we are aware of no experimental evidence for this particular type of
dislocation formation. Other possible mechanisms for dislocation nucleation near a free
surface cusp are reviewed in Gao and Nix (1999).
Conversely, dislocation nucleation may impede the tip-streaming process. Speci5-

cally, the non-dimensional stresses at the tip of a streaming 5lament are found to be
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O(10) for the values of c considered here. The dimensional stresses can be calculated
from Eq. (14) using the representative values E = 1:2 × 1012 ergs=cm3, " = 1:0 and
a = 10 nm. This gives stresses of the order of 1010 ergs=cm3. This stress is on the
order of 0.01 E and thus is close to the stress thought to be necessary to nucleate
dislocations (Hirth and Lothe, 1982). Thus, the formation of small voids at the tip
may not occur if the stresses at the tip exceed that required to nucleate dislocations
prior to the formation of the voids. In this case, the stresses will be relieved by dislo-
cation formation and the driving force for streaming will be reduced (Hirth and Lothe,
1982).
As described, the tip-streaming phenomena observed in our calculations may be

unphysical for systems with relatively high surface energies �0, due to the narrowness
of the required channels. In this case the void evolution might ‘stall’ in a terminal
steady pro5le not unlike that shown in Fig. 10 before the emission of the very thin
5lament. There is some experimental evidence for such morphologies in dislocation free
5lms (J. Floro, private communication), but a quantitative comparison awaits further
studies.
One diEculty in the current study involves modeling the curvature dependence of �,

i.e., Eq. (10). The truncation involved in obtaining this equation, i.e., keeping only up
to �2 terms, is not formally valid when regions of high curvature develop. Nevertheless,
we feel that the qualitative behavior uncovered using this expression is generic, i.e.,
independent of the details of the particular regularization. More physically realistic
expressions for the dependence of � on curvature require 5rst principles calculation of
the energy of a corner or edge, and this is a topic of future investigation.
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