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Magnetism and magnets

Magnetic Materials
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Loose and Random Effect of Magnetization
Magnetic Domains Domains Lined-up in Series

spins act as tiny magnetic dipoles

- quantum-mechanical interaction between spins: exchange

In transition metals below the critical temperature, exchange results in local
spin alignment into the ferromagnetic state

magnetic field mediates long-range attraction/repulsion between magnets
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Magnetic ' u _
domains ﬂ%ﬂ

- stray field
frustrates the
ferromagnetic
order

- gives rise to a
great variety of
spin textures

- principle of pole
avoidance

- out-of-plane
magnetization:
more complicated
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Micromagnetic modeling framework

continuum mesoscopic theory QCcR* M:Q—R° M| = M,
A 2 13 K 2 2\ 13
_MO MHd3}"—|—IuO/ V M(I‘)V -M(r/) d3rd3r/
0 R3 JR3 87'("1' — l'/|

L andau and Lifshitz, 1935; Néel, 1944 Kittel, 1949; Brown, 1963; Hubert and Schaefer, 1998
De Simone, Kohn, Muller and Otto, 2006

statics:
the observed magnetization patterns are local or global energy minimizers

dynamics:
the Landau-Lifshitz-Gilbert equation (in the Landau-Lifshitz form)
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Stochasticity can be added




Stray field energy

definition:

// div M(r) div M(r’) By B
R3 JR3 ’1’_1'/’

equivalent to:

E.(M) = “O/M VUgdbr =B [ (S0P d*r AU, = divM

]RS

leading to the static Maxwell’'s equations for Hgq = —VUjy
divBg = 0, curl Hy = 0,
coupled through the magnetization of the material:
Bq = p1o(Hg + M).

Remark: can also use the vector potential: B = curl A, in the Coulomb gauge:

curl (curl Ag) = —AA4 = pocurl M divAg =0




Variational principles for magnetostatic energy

Brown, 1963
James and Kinderlehrer, 1990

1
Es(M)= max ,uO/ (M - VU — —\VUP) d>r
UcH'(R3) R3 2

a minimax principle:

maximize in U at fixed M, then minimize in M

another representation:

1 1
Es(M) = 5/@ (1o|MJ? — M - curl Aq) d°r = 50 Jos curl Aq — poM|? d®r

leads to Asselin and Thiele, 1986

1
Es(M)= min — lcurl A — poM|* &3r
Aiﬁlx@?v_;ﬁi%) Z,UQ R3

new minimization principle: see also Coulomb, 1981

1

1
E,(M) = ~poMZ2V +  min / (—\VA|2 — M - curl A> d>r
2 AcH!(R3;R3) Jr3 \ 210

%immm,ow Sniversity Di Fratta, M, Rybakov and Slastikov, 2020
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Bloch wall fé?ffff:".’ij:: \/2;qi/;/f2fgfiffiifl ~

Bloch wall solution

figure from Bhattia et al., 2019

one-dimensional transition profile in a bulk material Bloch, 1932

- A 2 K 2 2 Ho 2
BuM) = [ (GEIMP + 5 O + 32) + F2IHP ) da

— 00

ansatz: | andau and Lifshitz, 1935
My (x) = M4(0,cos0(x),sinf(x)) V- -My(x)=0 = Hg=0
Euler-Lagrange equation:

A0 — Ksinfcosf =0 f(—o0) =m 0(+o0) =

solution: Remark:
K
A

g = arccos(tanh(z/L)) L= E) =2 [ s

Erq(My) = 4VAK o

Néel, 1944




Sloch wall profile Is energy minimizing

consider M=M.m m:R—§?
mf* =1 = mymo|* = (mim) + mamy)® < (my +m3)(|m[* + [m5]°)
together with the Modica-Mortola trick this yields

Eiq(M) > / (AlVm|® + K(mj + m3))dx
R
/|2
> / (Al‘mz‘ 5 + K(1— m%)) dx
R

— m2
ZQVAK/\m;\d:C
R

> 4VAK = Erq(Mp)

the one-dimensional profile is globally optimal Garcia-Cervera, Ph.D. thesis (1999)

open question: is the Bloch profile the unigue wall solution in 3D?
N JI

an example of a magnetic De Giorgi conjecture




Bloch to Néel transition

thick fiims: thin films:
Bloch wall /////;;/\////71/'—/_’/— M Néel wall ///‘//1\\"‘//// ,,,,, ///’/

figure from Bhattia et al., 2019

surface charges penalize out of plane magnetization, Néel, 1955
forcing in-plane rotation in sufficiently thin film

——l +‘//
... S
Néel

figure from R. O’Handley, Modern Magnetic Materials (1999)




Micromagnetics of thin films

consider a ferromagnetic film Q2 CR? - film shape
A K
E(M) = VM |? d°r + O(M,) d°r
( ) Ms2 Q2 x(0,d) M32 Q2 x(0,d)
‘M - M(r'
— 0/ M -Hdr + O/ V- M)V (r)d?’rdgr’

T T ,

Qx(0,d) R3 JR3 3m|r — 1|

Here M=M_, M), M, eR*? MyeR M|=M; in 2 x(0,d)cCR

Parameters and their representative values:

- exchange constant A =1.4x 107" J/m film thickness d = 0.5 + 5nm
- anisotropy constant K =1 x 10° J/m? lateral dimension:
- saturation magnetization M, = 1.4 x 10° A/m L =50 + 500 nm

- applied field strength  poH = 100 m'T
N JI

exchange length 7., = 3.37 nm




Need reduced micromagnetic models

analytically, the full 3D problem poses a formidable challenge:

- vectorial

- honlinear

- nonlocal

- multiscale

- topological constraints

need a simplified model which is valid for the relevant parameter range
and still captures quantitatively the physical features of the system

Solution: introduce reduced thin film models that are amenable to analysis

Use the tools from rigorous asymptotic analysis of calculus of variations




Dimension reduction m = (m, ,my)

assume the magnetization m = M /M, does not vary significantly across the
film thickness, measure lengths in the units of ¢, scale energy by Ad

ex’

E(m) = /]R (\vmﬁ +Qer-m, )+ (1+Q)m’ —2h-m, + c(h))d%

! — 218 (r —1')§ | my(r)m rd?
QW(;/]RZ/RQ(I.I., NCETIEETE 2o+ ( )5> | (x)my (x) d*r dr

+5/ Ks(lr — ')V -m (r)V-m  (v)) d*r d*r’
R? JR?

Here:

2K H 24 o d
ILLOMQ M, ,UOMsz B geaz

1 6+ V62 + r? 2 1
— ] 1+ — ~
2@{“( ; ) \/ +52+5} ~ 0K 1

Garcia-Cervera, Ph.D. thesis (1999)




Reduced thin film energy m = (m,,m)

regime § < 1. Taylor-expand in Fourier space

E(m) ~ /R2 (\VmP +Qe; -my)* 4 (1 + Q)mﬁ —2h-m, + c(h))dQT
_|_i V-mL(r)V-mL(’

47 R2 JR2 ]I‘—I‘"

mn —my(r'))?
/|3

d*r d*r’ — —
R? JR2

d°r d*r’

M, Slastikov, 2016

the expression for the stray field energy is rigorously justified via [ -expansion
KnUpfer, M, Nolte, 2019

for bounded 2D samples, extra boundary terms appear Di Fratta, M, Slastikov

(in preparation)

proper definition of the non-local terms is via Fourier:

1 (m —m
1 / | |y (k)| / (x) —my (c)® 5 2 } surface
2 Jr2 27r r2 JR2 \r — /|3 charges
1 ’kfl’\lj_(k V - mJ_ V mL( ) 9 9 volume
5 d“rd-r. }
k| (2m)? r2 JR2 \r — /| charges




Asymptotic development m = (m_,m)

0
1 — V)2
E(m) = = / fmy [Pdr — —— l 777”3( ) 2 ey
0 T, % (0,6) T, JR2 ‘I‘—I“
/ V-my (r)V- / mL(r/)dzr 25
T, JR? ‘I‘ — T |

Theorem There exists a universal constant C' > 0 such that

Es(m) — Ey(m)| < 05/ IVm/|*d*r
TgX(O 5)

the difference between the energies is lower order in § < 1 ~ &(m)d*
NI

KnUpfer, M, Nolte, 2019




thin film parameter
L, — /L()Mszd
Soft thin filims 2\/AK
regime § < 1, Q = 0(6%), |h| = O(6?): m = (my, my, 0)

E(m):lfﬂ(Wm\erml—Qh m) d°r +—//V m(r) V- m(r) d*r d*r'

2

r —r/|

L=\ —
A

lengths in units of L:

Ly [ [ Tmeme) ) e g,

\I'—I"!

vind—t

+ = /m(m(r) -n(r)) dH (r)

Lund, M, Slastikov, 2018
M and Osipov, 2006; Capella, Melcher and Otto, 2007; Kohn and Slastikov, 2005

iNn the whole plane:

m: R? — S!




Uncharged Néel walls

3 ;..,‘u'_-‘»f .;3 g

Oepen, 1991 Cho et al., 1999

two basic charge-free wall types with zero applied field:

a) 180—degree wall b) 360-degree wall
— b=rn ) = Z 7 9=0
Z Z N
______________ / / G:TC
y \ X \
X N =
- S T
d d
1 1

Note: other wall types are possible with non-zero in-plane field  Ignat and Moser, 2017

m = (—siné, cos6)

New Jersey’s Science & Technology University



No stray field: De Giorgi conjecture

Set v = 0 (ultra-thin, not so soft materials, e.g. Co films 1 nm thick):

, ., . . ) Ghoussoub and Gui, 1998
A=V ((9) V(Q) — —sin“ 60 + h1 sin 0 — hg cosf 1in R Ambrosio and Cabre, 2000
2 Savin, 2009

all bounded monotone solutions are one-dimensional

hi1 = 0, ho = 0: only 180°-walls h1 =0, ha > 0: only 360°-walls

~ [
w5
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, T
0, = arcsinh € [O, 5)

Uncharged 180-degree walls

at zero field, 1D minimizers first studied by Melcher in a closely related model
Garcia-Cervera, 1999; Melcher, 2003; see also Garcia-Cervera, 2004; Capella, Melcher and Otto, 2007

v=250 -
M and Osipov, 2006 Berger and Oepen, 1992
variational formulation: m(x) = (—sin ¥ (x), cos ¥ (x)) € S!
. . 2
1 Y sin ¥ (x) — sin ¥
E(ﬁ;R):—f (|ﬁx|2+(sinﬁ—h)2)dx+—// ( ) 5 (y)) dx dy
2 Jr 87 Jr JR (x —y)

minimize in - A:= {9 € H. (R) : © —n;, € H' (R)} m € CP(R; [0, 7))

NJ/I,T* N, =7 — 6, 1n (=00, —1)and n, =6, 1n (1,4+00)  Chermisi and M, 2013



E(9:R) = 1/{\19'|2 (sin ¥ — h)Z}da:

Uncharged 180-degree walls |+ [ [ ™" 05" e

Euler-Lagrange equation lim ¢ (x) = 6y, lim 9(x) =7 — 6,.

X—>+00 X—>—00

1/2
—z?xx+cosz9$inz9—hcosz?+3cosz9 — — siny =0
2 dx?

compare with Palatucci, Savin and Valdinoci, 2013

Theorem (existence, uniqueness, regularity, strict monotonicity and decay) For
every v > 0 and every h € |0, 1) there exists a minimizer of E(9;R) over A, which is
unique (up to translations), strictly decreasing with range equal to (U, ™ — 1) and is
a smooth solution of the Euler-Lagrange equation that satisfies the limit conditions.
Moreover, if 90 is the minimizer of E in the class A satisfying 9 (0) = 5, then
9 (z) = 7 — 90 (—x), and there exists a constant ¢ > 0 such that 90 (x) ~ cx~? as

r — +00. Chermisi and M, 2013

unigueness in the class of monotone decreasing profiles M and Yan, 2016

open guestion: does uniqueness hold in 2D (even in a periodic setting)?

NJ/rL for a result in this direction, see De Simone, Knupfer and Otto, 2006
New Jersey’s Science & Technology University




JT
9 (x) if 9(x) [eh, 5]
p(x) = -
T — 9 (x) if 9 (x) € (E,zr—é’h]

Multiscale structure of the tall

M and Osipov, 2006

1 ¢¢: -
01 |
001 | v =250
0.001 |
0.0001 [ 20nm
® i thick
le-05 |
[ permalloy
16—06 =
le-07 L&
. . - . R .. e— le—08 L— Ll M M M M
0.1 1 10 100 1000 10000 100000 0.1 1 10 100 1000 10000 100000
a X b X

Riedel and Seeger, 1971

for soft materials (v »1) the wall exhibits logarithmic tails Garcia-f/lerlvira, ; 882
elcher,

delicate analysis of decay: write the ELE as L(p(x) — 05) = 2|9'(0)|5(z) + f(x)

2 1 dz\'"?
where L := _F-l_ 2vcos 9;,( 1 2) +00529h . then
X X

p—0, =L f(x)=21¥(0)|G(z)+ /RG(w —y)f(y)dy.| G(x) 3 : In (L>

TV cos? Oy, ||

v o0 te—t|x|0039h
G(x) = —/ dr = i’ x| 72+ O(|x]|™)
0

NJ/IFL T V212 cos? 0, + 4(t2 — 1)? 27 cos? 6,
New Jersey’s Science & Technology University




3060-degree walls

from Hubert and Schafer, 1999

360—degree wall
A \/9:0
Z AN
s 2
. S v=10
_______________ e p=m/2
S 0=2T7 \L
d
! & M and Osipov, 2008
minimize
1 [ (sin(d(z) — B) —sin(d(y) — B))’
Eg(V) = = |2 19 d / / dx d
5(V) 2/_OO(I [* + sin® ) dv + —— ) rdy
over

A={9ecH (R):9—nc H'R)}, nx) =0 z>1, n)=2r z<-1.

9 varies in the direction (cos (8, sin f) topologically nontrivial!

New Jersey’s Science & Technology University




3060-degree walls

existence not a priori clear: no solutions for v = O!

need to exclude splitting into two 180-degree walls

for B = /2 symmetric decreasing rearrangement
of 1 - cos 9 reduces energy => monotonicity of 9(x)

3T @
for x1,x2 such that J(z;) = T and 9(xy) =
X / / 00819 —cosq?( ))? drdy > _/ /oo dg;dy Zln( To )
27'(' ) s To — 1
Theorem (existence of 360° domain wall minimizers). Let 8 € [ ,5]. Then the

following holds
(1) If B =0, then the infimum of Ez is not attained in A.

(i) If B € (0,%), then there is vy = vy(B) > 0 such that for every v € (0,vy) there
exist a minimizer of Eg over A.

(i) If B = 5, then for every v > 0 there exist a minimizer of Eg over A.

%::;mwm,ogy Sniversity Capella, Kntpfer and M, 2021 see also Ignat and Knupfer, 2010; Ignat and Moser, 2017



Walls with higher winding

example: ort-wall, B =1/4, v =5

—-60 —-40 =20 0 20 40 60

different 2m segments carry like dipoles => attract each other

%ience&ﬁchnology University See alSO |gnat and Moser’ 201 7



easy
axes

Four-fold anisotropy

bulk cubic crystals exhibit 4-fold magnetocrystalline anisotropy

Theorem (90°-walls: existence, uniqueness, regularity and strict monotonicity).
For 8 = —m/4 and each v > 0, there exists a minimizer of the energy Eg(6) over
the admissible class Arj2. The minimizer is unique (up to translations), strictly

decreasing with range equal to (0,7/2), and is a smooth solution of the EL equation
satisfying the limit conditions

lim A(z)=0, lim 6(x)==/2.

T—-+00 Tr——00

Moreover, if Opin : R — (0,7/2) is the minimizer of E_,4(0) over Az)s satisfying
Opmin(0) = 7/4, then O, (x) = 7/2 — Opin(—x).
() / () / (=2) Lund and M, 2016

| ) AN
0=—0.+ 7 sin 40 + 5 cos(0 — B) (—a) sin(f — )

2

Oépen, 1991




easy
axes

Four-fold anisotropy

Theorem (180°-walls: existence, regularity and strict monotonicity). For =0
and each v > 0, there exists a minimizer of the energy E3z(0) over the admissible
class A,. The minimizer is strictly decreasing with range equal to (0,m), and is a
smooth solution of the EL equation satisfying the limit conditions

lim f(x)=0, lim 6(z)=.
T—r+00 T——00

Moreover, if O,,in : R — (0, 7) is the minimizer of Ey(0) over A, satisfying 0,,i,(0) =
/2, then Oin(x) = T — Opin(—1).
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New Jersey’s Science & Technology University



Charged Néel walls

180-degree wall carries a net line charge

energy per unit wall length is infinite:

Consider a finite strip of width w

If mg =mjcosf+mysinf then

1 w Y w w B
Eo(m) =5 [ (i g4 md) s+ 22 [ [l — 30l e ) ey

at x = 0 and x = w enforce m = +(—sin 3, cos #). Then a 180-degree wall

IN the middle will have

Eﬁyw(m)zg(4811125111%—81112511110)—>oo as w — 00
7

a suitable renormalization of energy Is necessary: open problem!

for a semilinear problems of this type, see Chen, M, and Yan, 2017

%ience&&chnology University fOI’ a I’eCeﬂt asymptOth StUdy, See Kﬂupfel’ aﬂd Shl, 2020



—dge walls

simulations of a 20.7 ym x35.2 pm x4 nm permalloy

the issue persists even without domain walls in the bulk

m = (—sin6,cost) , set 0(x) =3 forall x¢& (0,w)

the 1D energy on a strip Is

Esul0) = - / " (P + sin 9) da
. B TR

(z —y)?

Euler-Lagrange equation:

d20 2\
O:@—smﬁcose—icos(ﬁ ﬁ)( dx2> sin(6 — ) x € (0,w)
with Dirichlet “ooundary” conditions
W — 00

New Jersey’s Science & Technology University



Renormalized energy

problem: the nonlocal term blows up as w — o0

define

1 0. @)
E3(0) - —/ (\9’\2+sm 6’)dm+—><

ST

/ / (sin(0(x) — B) — sin(0(y) — B))” — (sin(ng(z) — B) — sin(ns(y) — #))’

smooth non-increasing cutoff 7z : R — |0, 5]

775(36):5Wh€nx<0, ng(x) =0 when x > 1

hence

00 ) )
Eﬁ(e):/ ( |(9/|2 lSlIl 0_|_ v _ S1I (9_5)_Sln2(776_6))dx

47 X

L/ / im — —iTﬂW—ﬁWﬁﬂw
-2 / / Sm(nﬁ(x)_ﬁ() —ysm(ma(y) B))*

_ y)2

dx dy,




N

Minimizers

admissible class
A= {9 c C(RT):0— B¢ ﬁlg(Rﬂ}
Theorem 1. For each (€ (0,7/2] and each v >0, there exists 6 € A such that

Eg(0) = infz_ 4 E(0). Furthermore, we have 6 € L>(R™) and lim,_, o 0(x) = 0o for some
0. € T/

Euler-Lagrange equation (in the classical form):

v sin(0(x) — B) cos(0(x) — B)

6" (x) = sin 0(x) cos O(x) +

27 X
% *sin(f(x) — ) — sin(6(y) — B) (%)
+ > cos(f(x) — ) (][o (—y) dy) Vx > 0.

Theorem 2. For each 8 € (0,7/2| and each v > 0, let 6 be a minimizer from theorem 1.
Then € C*(RT) N CY(R+) N WE(RV) and (%) holds. In addition, we have |0’ (0)| = sin 3
and lim,_,o+ [0" (x)| = .

J .
Kw]ers:;ience&ﬁchnology University Lund, M and SlaSUkOV, 201 8




Further remarks

given v > 0, for all O < B < Bo(v) the minimizer is unique and goes to zero

=> No winding for all B « 1

/2 72 /2 7
v =1 (a) v =10 (b)
D 7/4 A D 7/4 A D 7/4 A
0 - . 0 .

0

(c)

 ~—

20 25

; ] 0
10 15 0 5 10 15 0

(d)

10° 1
107" 1 107" 1
S S
1072 1 . 1072
N
N
N

- - - 1073

10?2 103

100-

N

v =230
~N
5 10 ) 15
100-\ (f)
\\

1073 - - - - - - - - - -
10° 10" 10° 10" 102 103 10° 10" 102 103
T T T

NI ... dashedlineindicates 1/ decay | o s 20



Monotonicity”? Winding?

57/2 1
27

37/2 7

Figure Edge domain walls exhibiting winding and lack of monotonicity obtained by
solving () for v = 10 and different values of (. In (a), 8 = —n/2,7/2,37/2,57 /2.
In (b), 8 = —3n /4,7 /4,57 /4,97 /4. In (c), the non-monotone decay in the tails of the
solutions for g = —57/8 (red), 5 = —37/4 (green) and S = —77/8 (blue) at large x
1s emphasized.

NJ I
New Jersey’s Science & Technology University LUﬂd, M and S|8_SJ[”(OV, 2018



Charged walls in strips
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reduced two-dimensional thin film energy

E.(m) — % /Z mp /E /2 V- (em)(®) V- em)(r') o o

2| In €] r—r/

cutoff function at the edge of the unit strip 2 = (-e0, +o0)x(0,1):
n.(r) = n(ds(r)/e), dx(r) := dist(r, R2\Z)
after a suitable relaxation on

M :={me H(5;S") : Vm € L*(Z;R?), my € L*(X)}

Theorem (existence of 180° walls). Let v > 0 and k € N. Then there exists g > 0
such that for all e € (0,eq) there exists a minimizer m = (cosf,sinf) of E. over
all m € M such that lim, o 0(x,-) = 0 and lim,_,_, 0(x, ) = km if and only if
k=1.
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