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GLOBAL EXPONENTIAL CONVERGENCE TO VARIATIONAL
TRAVELING WAVES IN CYLINDERS*

C. B. MURATOVT AND M. NOVAGA?

Abstract. We prove, under generic assumptions, that the special variational traveling wave that
minimizes the exponentially weighted Ginzburg-Landau functional associated with scalar reaction-
diffusion equations in infinite cylinders is the long-time attractor for the solutions of the initial value
problems with front-like initial data. The convergence to this traveling wave is exponentially fast.
The obtained result is mainly a consequence of the gradient flow structure of the considered equation
in the exponentially weighted spaces and does not depend on the precise details of the problem. It
strengthens our earlier generic propagation and selection result for “pushed” fronts.
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1. Introduction. One of the most fundamental problems in the theory of reac-
tion-diffusion equations has to do with the long-time asymptotic behavior of solutions
of the associated initial value problem on unbounded domains [6, 38, 39]. In its
simplest form, it may be formulated for a one-dimensional scalar reaction-diffusion
equation

(1.1) Ut = Ugy + f (), u:RxRY —[0,1],

with an unbalanced bistable nonlinearity f(u), i.e., when f is a smooth function which
has precisely three nondegenerate zeros in [0, 1], with

(12)  fO)=f1)=0, f0)<0, f(1)<0, / Flw)du >0,

e.g., f(u) = u(l —u)(u — 1). For such an equation, it was first proved by Kanel’

1
that initial data w(xz,t) = wo(x) with the property that ug(z) = 0 for all x > b,
up(z) = 1 for all x < a, and ug(x) is monotone decreasing for = € (a,b), with

some —o0 < a < b < 400, converges uniformly to a (unique up to translations)
traveling wave solution, i.e., a solution u(z,t) = u(z — ct) of (1.1), with some uniquely
determined speed ¢ > 0, connecting monotonically v = 0 at z = 400 with u = 1 at
x = —00, in a reference frame moving with speed ¢ [14, 15]. In a subsequent work, Fife
and McLeod extended this result to a much wider class of initial data and also showed
that the convergence is exponentially fast [7]. Qualitatively, the conclusion of these
analyses is that the solution of the considered initial value problem with front-like
initial data converges exponentially fast to a traveling front invading the “less stable”
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294 CYRILL B. MURATOV AND MATTEO NOVAGA

equilibrium u = 0 by a “more stable” equilibrium v = 1. We note that a similar result
was proved for a certain class of monostable nonlinearities [31], but it does not hold
(in the reference frame moving with constant speed and in the sense of exponential
convergence) in the case of the Fisher’s equation [17, 35, 4, 16].

In the multidimensional setting, these kinds of results were subsequently obtained
for initial boundary value problems for equations in infinite cylindrical domains:

(1.3) ur = Au+ f(u,y), u(z,0) = up(x),

where u : T xRT = R, & = QxR cC R”, Q C R*!is a bounded domain with
sufficiently smooth boundary and f : R x Q — R is a nonlinear reaction term with
either Neumann or Dirichlet boundary conditions. By = = (y,z) € X, we always
denote a point with coordinate y € € on the cylinder cross section and z € R along
the cylinder axis. More generally, one can consider either Dirichlet or Neumann
boundary conditions on different connected portions of 0f2:

(1.4) 0,  v-Vul,, =0,

“‘azi:
where 0¥+ = 004+ x R and 0%y = 08¢ x R, allowing for more than one connected
component for J€. (For motivation and further discussion of the boundary condi-
tions, see [24, 25].) Note that transverse advection by a potential flow can also be
straightforwardly included in the present treatment, as was done in [24, 25]. For sim-
plicity of presentation, in this paper we do not consider the advection term and we
concentrate on pure reaction-diffusion problems.

Without loss of generality, we may assume that u = 0 is a trivial solution of (1.3)
and consider traveling waves that invade the u = 0 equilibrium, i.e., the solutions of
(1.3) and (1.4) in the form u(z,t) = a(y, z — ct), for some ¢ > 0, which converge to
zero uniformly as z — 400. These solutions satisfy the elliptic equation

(1.5) At + cu, + f(u,y) =0,

together with the respective boundary conditions in (1.4). (By a solution, we mean a
pair (¢, @), with @ € C?(X) N C'(X) being a classical solution of (1.5) and (1.4).) We
refer to [3, 38, 24] and references therein for a comprehensive treatment of the subject
of traveling waves. In particular, under certain specific assumptions one obtains
uniqueness (up to translations) and global exponential convergence to these solutions
for the initial value problem with front-like initial data [22, 29, 30]. (See the end of
section 2 for a more detailed discussion and a comparison with the present results.)
This property, therefore, indicates the ubiquitous role of the traveling fronts in the
behavior of the solutions of (1.3).

Since in general (1.5) may have many solutions, an important question is which
of these solutions, if any, can be a long-time limit of the evolution governed by (1.3)
for a given class of initial data. As was recently pointed out in [23], in the case of
initial data with sufficiently fast exponential decay at z = +oo the relevant class
of traveling wave solutions consists of the so-called variational traveling waves, even
for systems of reaction-diffusion equations in which the nonlinearity is a gradient.
More recently, we showed that a special class of variational traveling wave solutions
that minimize the exponentially weighted Ginzburg-Landau functional (see section 2
for precise definitions and statements) are relevant for the long-time behavior of the
initial value problem in the sense of propagation of the leading edge and, in particular,
determine the propagation speed for front-like initial data [24]. It is then natural to
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CONVERGENCE TO VARIATIONAL TRAVELING WAVES 295

ask whether these special traveling fronts are also the long-time attractors for the
solutions of (1.3) in the moving reference frame. In this paper, we give a positive
answer to this question under a few extra nondegeneracy assumptions to those of [24]
which hold generically in the considered class of problems.

Our paper is organized as follows. In section 2, we introduce the variational
formulation for the traveling waves of interest, state the main result, and compare it
with those available in the literature. In section 3, we list and discuss our assumptions,
as well as state a number of auxiliary results used in the paper. In section 4, we
perform local stability analysis of the traveling waves of interest in the exponentially
weighted Sobolev spaces, and in section 5 we prove convergence to the traveling wave
in the large, completing the proof of the main theorem.

Some notation. For every —oco < a < b < 400 and ¢ > 0, the symbol
LQ(Q x (a,b)) denotes the Hllbert space of all functions u : Q x (a,b) — R with
||u||L2(QX (b)) = f JoeFu*(y, z) dydz. Likewise, by L2(X), H}(X), and HZ(X), we
denote the spaces of functlons Wthh are square integrable with the above exponential
weight, together with their first and second derivatives, respectively, in 3. We also use
the symbol Cj,(A) to denote the space of bounded continuous function on A equipped
with the sup-norm. In all statements and proofs the constants are always assumed to
implicitly depend on f, 2 and the choice of the boundary conditions. In the proofs
the numbers C, M, etc., may change from line to line. We will also use the symbol
Tr to denote a translation by R along the z-axis, i.e., Tru(+,2) = u(-, 2 — R).

2. Variational formulation and main result. The fact that (1.5) possesses a
variational structure in exponentially weighted Sobolev spaces was, to our knowledge,
first pointed out by Heinze [11, 12] (see also [7, 38, 29, 19, 9, 24] in the context of
(1.3), and [23, 20, 27, 8] in the context of its extensions). As we recently showed in
[24], for scalar reaction-diffusion equations considered here the solution of (1.5) which
determines the asymptotic speed of propagation with front-like initial data is a special
variational traveling wave which is the minimizer of the the exponentially weighted
Ginzburg—Landau functional

1
(2.1) D [u] := / e <§|Vu|2 + V(u,y)) dz, c>0,
)
where

“ 1, s€][0,1],

(2.2) V(u,y) /0 f(s:9)xp0,1(s) ds, X[0,1](8) {07 s [0,1],
over all functions lying in the exponentially weighted Sobolev space H}(X). We
point out that such a minimizer can exist only for a specific value of ¢ = ¢! > 0 (see
Theorem 2). Under quite general assumptions on the potential V', in [24, Theorem 5.8]
we proved that the asymptotic speed of propagation of solutions to (1.3) is precisely
given by ¢f, assuming that the initial datum is front-like, i.e., if it stays sufficiently far
away from zero as z — —oo and decays sufficiently fast to zero as z — +oc. In this
paper, we discuss the local and global stability of such variational traveling waves.

Our main result is contained in the following theorem (for the details of the
definitions and hypotheses, see section 3).

THEOREM 1. Assume hypotheses (H1)-(H3) and (N1)-(N2) are satisfied, and
let ct, @, v be as in Theorem 2. Then there exist « > 0 and o > 0, such that if
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296 CYRILL B. MURATOV AND MATTEO NOVAGA
ug € CO(X) NWH=(X) N L2, () satisfies 0 < ug < 1 and

(2.3) liminf ug(-, 2) > v — « uniformly in Q,

Z——00
there exists R € R, such that if u is the solution of (1.3) and (1.4) with initial datum
ug, then

(24) ||TRoo—cTtu('7t) - a”H?,r (%) < Ce—gt

for every t > tg with arbitrary ty > 0 and some C > 0 independent of t.

Note that by Proposition 3.1 we know that (-, ) is bounded in W?2P?(Qx [M, M +
1]) uniformly in M € R and ¢ € [tg, +o0) for all ¢y > 0 and p < co. Since this bound
also applies to u, from (2.4) we get the following.

COROLLARY 2.1. In the statement of Theorem 1, the inequality (2.4) may be
replaced with

(2.5) 1Tk —etst(s) = Ul o1 @ g ey < CE 7

for all zg < z1, t > tg > 0 and some C' > 0 independent of t and z1.
Let us point out that the upper bound ug < 1 in Theorem 1 can be replaced with
the condition ug(-, 2) < v for every z € R, where v € C%(2) N C1(Q) satisfies

(2.6) v>0, Ao+ f(o,y) <0 Yy e Q,

together with the boundary conditions from (1.4). In this case, the condition f(1,y) <
0 in assumption (H1) below should be replaced by (2.6), the conditions in (H2) should
hold for 0 < w < 9, and the definition of V' in (2.2) should be modified accordingly.
We note that, in particular, one can choose v to be any positive critical point of the
energy functional E associated with ®.:

(2.7) Elv] := /Q <%|Vyv|2 + V(v,y)) dy, ve H(Q), U}aﬂi: 0.

To each such © one can associate a minimizer of ®. in the admissible class of functions
that are bounded above by . Then, under the assumption that the initial datum
approaches ¢ uniformly from below as z — —oo one can make the conclusion (under
generic nondegeneracy assumptions) that the solution of the initial value problem
converges exponentially to the corresponding minimizer. Thus, all front-like initial
data in a more restricted sense of connecting zero to a critical point v of F converges
to the minimizer associated with that critical point. More precisely, we have the next
corollary.

COROLLARY 2.2. Under hypotheses (H1)—-(H3), (N1)—(N2), with the trial function
u in hypothesis (H3) satisfying u < v, where v > 0 is a critical point of E, let u be
the unique (up to translations) nontrivial minimizer of ®.+ over functions u € H' (%)
satisfying (1.4) and 0 < u < v. Letug € CO(X)NWh(X)NLE () satisfy 0 < ug < v
and uo(-,z) — v uniformly in Q as z — —oo. Then the conclusion of Theorem 1
holds.

An important implication of Corollary 2.2 is that v selects the attracting varia-
tional traveling wave solution in the long time limit. This kind of conclusion was made
by us earlier for the propagation speed of the leading edge without the nondegeneracy
assumptions of the present paper [24].
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We note that the problem of convergence to traveling waves for solutions of (1.3)
has been widely considered in the mathematical literature. We refer to [6, 38, 30] and
references therein for a general overview on the subject. Specifically, our result should
be compared with [30, Theorem 3.7] by Roquejoffre, where, in particular, convergence
to variational traveling waves is proved (in our notation) for initial data that approach
zero from above as z — 400 and a nondegenerate local minimizer v > 0 of E from
below as z — —oc.

Roquejoffre makes a crucial assumption that there exists a variational traveling
wave connecting v at z = —oo with zero at z = +00. In contrast, our results do not
require existence of such a traveling wave. Instead, we require that the initial data
decay sufficiently rapidly to zero as z — +oo and stay approximately above the local
minimizer v of E corresponding to the limit at z = —oo for the special variational
traveling wave @ given by Theorem 2 as z — —oo. Under this condition the solution
of (1.3) is attracted to a translate of 4 on compacts in the moving reference frame (see
Theorem 1 for a precise statement). We note that in the class of frontlike initial data
with sufficiently fast exponential decay considered by us global stability of a traveling
wave connecting zero to v is a simple consequence of Corollary 2.2. Indeed, if there
exists a variational traveling wave u,. connecting zero to v, then by Proposition 3.3
we have u. = @, where @ is as in Corollary 2.2. (Note that in this case hypotheses
(H3) and (N2) are unnecessary.) Thus, within the scope of (1.3) and frontlike initial
data decaying sufficiently fast, our results are applicable to more general initial data
than the ones considered in [30] and, most important, provide a selection criterion for
the limit front in terms of the asymptotic behavior of the initial data as z — —o0.
We also point out that our assumptions concerning the nonlinearity f (see (H1)-(H3)
below) are quite general compared to the assumptions usually made in the literature
[3, 36, 30]. In particular, these assumptions can be readily verified in practice (for
examples see [19, 20, 25]).

3. Preliminaries. Throughout this paper we assume ) to be a bounded domain
(connected open set, not necessarily simply connected) with the boundary of class C2.
We start by listing the assumptions on the nonlinearity f which we need in Theorem
1. The function f: [0,1] x Q — R satisfies

(H1) f(0,y)=0  f(1,y) <0 VyeQand

_of

(H2) fecC®(0,1] xQ), fu: o

€ C*7([0,1] x Q) for some v € (0, 1).
Hypotheses (H1) and (H2) are needed to guarantee, in particular, existence and
basic regularity properties of solutions of (1.3). Indeed, from [24, Proposition 5.1]
and [21, Chapter 7] we have the following.
PROPOSITION 3.1. Under assumptions (H1) and (H2), let ug € CO(X)NW > (%).
Let also ug satisfy the boundary conditions (1.4) and assume uo(z) € [0,1] for all
x € X. Then there exists a unique solution (using notation of [5])

u € CE(Y x (0,00)) NCX x [0, +00))
of (1.3) with boundary conditions (1.4) and initial condition u(-,0) = ug, which satis-
fies 0 <u <1 and [[Vullg, 55x(0,100)) < 00- Moreover, letting Xy := Q x [M, M + 1]
for all M € R, we have '

(31) Hu(-,t)lep(EM) < C(fo,p) Vt >ty >0, p>1.
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298 CYRILL B. MURATOV AND MATTEO NOVAGA

Finally, if up € L%(X) for some ¢ > 0, we also have

(3.2) u € C*((0,+00); H*) N CH*((0, +00); LA(X)) Va € (0,1)
and
(3.3) uy € C((0,+00); HE(X)).

We now turn to the assumption which is both necessary and sufficient for the
existence of the special variational traveling wave solution considered in this paper
[19, 24].

(H3) There exist ¢ > 0, satisfying ¢ + 41y > 0, where

(3.4) vo— min JoUV¥l — fu0y)9) dy

GEH (Q) Jo 2 dy
Ploa, =0

and u € H}(X), such that ®.[u] < 0 and u # 0.
Remark 3.2. As was shown in [24], in the case vy > 0 the hypothesis (H3) is
equivalent to the condition

(3.5) inf Efv] <0.
vEH (Q)
vlon, =0

Under the above assumptions, we can state the existence result concerning the
variational traveling wave which is the minimizer of ®. with a suitably fixed transla-
tion.

THEOREM 2. Under hypotheses (H1)—(H3), there exists a unique value of ¢t > ¢,
where ¢ is defined by hypothesis (H3), and a unique function i € C*(X) N C1(Y),
u # 0, such that (c',a) solve (1.5) and (1.4), and @ satisfies ||u(-,0)||p=() =
ssup.cpla(-, 2)|| L= () and minimizes @+ in HL(X). Moreover t € HZ (S)NW1>° (%),
ﬂzeHé(E), i, <0in X, and

. _ . _ . 1/5
(3.6) zEToo a(-,z) =0, ZEIPOOU(-, z)=w in C*(92),
where v : @ — R is a local minimizer of E defined in (2.7) with Ev] < 0.

For the proof see [24, Theorem 3.3] and [20, Proposition 3.3(ii)]. (The latter
argument also applies to @, by differentiating (1.5) in z.)

Let us point out that the minimizer of Theorem 2 is in some sense the “maximal”
variational traveling wave solution. More precisely, we have the following result.

PROPOSITION 3.3. Let hypotheses (H1)—(H3) be satisfied, and let (c,u) solve
(1.5) and (1.4) with ¢ > 0, u € HX(X), and 0 < u < 1. Then, if v, ¢!, @ are as in
Theorem 2, and
(3.7) 1zlgl ir(g u(-,z) >wv uniformly in €,
we have ¢ = ¢! and u = Tru for some R € R. In particular, the inequality in (3.7)
is, in fact, equality.

Proof. First note that we cannot have ¢ > ¢f. Indeed, if this inequality were true,
by [20, Proposition 3.5] the pair (¢, u) can be taken as a trial function in hypothesis
(H3), contradicting the conclusion of Theorem 2 that ¢! > ¢. On the other hand, it
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is easy to see that ¢ < cf is also impossible. Indeed, arguing as in the proof of [24,
Proposition 5.5, for any ¢’ € (¢, ') there exists a nontrivial minimizer @ of ®. in the
class of functions in HY, () which stay below v and vanish outside £ = Q, x (—R, R),
with Q, = {y € Q : dist(y,0Q4+) > o}, where R > 0 is large enough and o > 0 is
small enough.! Furthermore, 1. is a classical solution of (1.5) with ¢ = ¢’ in X and
e < max(0,v — ¢) for some € > 0. Therefore, by (3.7) the function Tru- < u in
Y for some R’ € R sufficiently large negative, and by parabolic comparison principle
[26] we have @ < T(._cy—pu for all t > 0. However, the latter is impossible,
since the right-hand side of this inequality converges to zero in H}(X). Thus ¢ = cf,
and hence v is a minimizer by [20, Proposition 3.5], and the result follows from
[24, Theorem 3.3(v)]. 0

We note that, in particular, the result in Proposition 3.3 allows us to extend the
statements about monotonicity and uniqueness of traveling waves established in the
classical work of Berestycki and Nirenberg [3] for (1.3) and (1.4) (see also [36, 37]), in
the class of variational traveling waves, under only an assumption that the traveling
wave approaches a limit from below as z — —oo and zero from above as z — 400
and is sandwiched between these two limits. Indeed, suppose (¢, u) is such a traveling
wave with u(-,z) — ¥ as 2z — —oo with 0 < o < 1. Then by the argument of
[20, Proposition 6.6] v is a critical point of E, and by [24, Proposition 3.5] we have
c?+4vy > 0. So by Proposition 3.3 this traveling wave is a nontrivial minimizer of ®..
in H!(X) over all positive functions bounded above by #, and the result follows from
[24, Theorem 3.3]. In particular, we do not require any nondegeneracy assumptions
for the limits of u(-, z) as z — %00, as is done in [3]. Thus, we have the next corolllary.

COROLLARY 3.4. Under hypotheses (H1) and (H2), let ¢ > 0, and let u € HL(X)
be a solution of (1.5) and (1.4) satisfying u(-,z) — U uniformly in Q as z — —o0,
where 0 <0 <1 and 0 < u < v. Then c® + 4vg > 0, the value of ¢ is unique, u, < 0,
and u is unique up to translations.

We now list two additional technical assumptions (see also [30]), which are gener-
ically satisfied and are needed to prove global exponential stability of the minimizers
of @, for initial data bounded below by v as z — —oc.

(N1) For v as in Theorem 2 we have

(3.8) 5o~ min JeUV¥P = fulv.y)u?) dy

peH (2) Jov?dy
Yloa, =0

> 0.

(N2) For v < 1 as in Theorem 2 there is no solution (cf, ) of (1.5) and (1.4)
with ¢! as in Theorem 2, such that v < @ < 1 on X.

Conditions (N1) and (N2) are generic in the sense that the set of nonlinearities
f such that (N1) or (N2) do not hold is a meager subset of all f’s obeying (H1)-
(H3) in the natural topology. (For similar notions related to perturbations of §2 see
[13].) Indeed, condition (N1) is generic, since by the results of [24] we have 7y > 0,
so that (N1) only excludes the degenerate case of 7y = 0. Similarly, condition (N2)
excludes the nongeneric possibility of existence of a traveling front invading v from
above with the same speed ¢! as the front invading zero by v. To see that the only
nontrivial alternative would be to have a front invading v with lower speed, consider
the following variational problem. Given ¢ > 0 and h € H}(3) satisfying (1.4), let

(3.9) Ul[h] = /Eecz <|V;1| +Vw+hy) —V(v,y) —V'(v,y) h) dz,

IThis choice of ¥ also corrects a minor inaccuracy in the proof of [24, Proposition 5.5].
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where we used the notation V'(s, y) := 8V (s, y)/ds. Notice that if h is a critical point
of WY, then % = v + h is a solution of (1.5) and (1.4). We set

(3.10) ¢l = inf {c >0: U[h] >0 Vh > o}.

Then the following result concerning ¢ holds.

LEMMA 3.5. The functional W7 is weakly sequentially lower semicontinuous and
coercive in HX(X) for all ¢ > ci, and cf < T, where ¢t is as in Theorem 2. Moreover,
under hypothesis (N2) we have c], < cT

In other words, under hypothesis (N2) it is only possible to have such a system
of stacked waves [38] invading zero that the front connecting zero with v moves faster
than the front invading v from above.

Proof of Lemma 3.5. First, reasoning as in [20, Proposition 5.5] and using the
fact that 7y > 0, where Iy is defined in (3.8) [24, Theorem 3.3(iv)], one can see that
WY is weakly lower semicontinuous in H}(3) for all ¢ > 0, so the results of [24] apply
to UYU. Moreover, reasoning as in the proof of [20, Proposition 6.9], we also get that
WY is coercive in HL(X) for all ¢ > ¢f.

Let us now prove that cl < ¢f. Assume by contradiction that there exists w > v
such that ¥, [w —v] < 0. Slightly perturbing w, we can ensure that w = v for z > z,
with zp € R big enough. Let @ be the minimizer of ®.+ given by Theorem 2, and
let ¢ < =W [w —v]/2. Since u(-,z) — v in H'(Q) as z — —o0, up to a suitable
translation we can perturb @ into a function u € Hclf (X) such that @ = v for z < 2
and ®.;[a] < e. Define @ € H', (X) as

- R ’UJ(y,Z) 1f z S 20,
iy, 2) = {ﬁ(y,z) it z > 2.

Letting h = w — v € HST(E) and satisfying (1.4), after an integration by parts and
using the Euler-Lagrange equation for E satisfied by v, we get

/ / (|Vv+h)| +V(U+h’y)) i
/+OO/ ('wz +V(ﬂ,y)) dy dz

/ / (Ivhl2 SV +hy) = Viv,y) — V(v 7y)h> dyde
T (T ) e
L (5 )

1]
2

dy dz

=Ul[h| + @.(u] < <0,
which contradicts the minimizing property ®.:[@] = 0 of @ [20, Proposition 3.2].

To conclude the proof, it remains to prove that ¢}, < ¢! under hypothesis (N2). If
cl = ¢l then for every ¢ € (0, c), there exists a function h. # 0 such that ¥[h.] < 0.
Hence, the analog of hypothesis (H3) holds for ¥, and, therefore, there exists a non-
trivial minimizer h of vY for some ¢ > cf. On the other hand, by the argument of
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[24, Proposition 5.5], we have ¢ < ¢l. So ¢ = ¢f, and since &t = v + h > v is a solution
of (1.5) and (1.4) with ¢ = ¢, this violates assumption (N2). O

Finally, we note that if either (N1) or (N2) is violated, one would no longer expect
exponential stability of @ in the reference frame moving with speed ¢f. Therefore, in
some sense these conditions are also necessary for the results obtained by us.

4. Local stability in L2 (X). In this section we prove stability of the varia-
tional traveling wave @ minimizing ®,.+ in the reference frame moving with speed ¢t
up to perturbations which are small in the Lgf—norm and stay approximately above v
behind the front.

THEOREM 3. Assume hypotheses (H1)—(H3) and (N1)—(N2) hold, and let 4 and
ct be as in Theorem 2. Then there exist a > 0 and o > 0 such that for every uy as in
Theorem 1 and for every w > 0 there exists € > 0 such that if

(4.1) [luo =l 2, (v) <&

the solution u(z,t) of

(4.2) up = Au+ clu, + f(u,y)

with boundary conditions in (1.4) and u(zx,0) = uo(x) satisfies
(4.3) lu(t) = Troull2 () Swe™,  |[Ruo| < w,

for some Ry, € R.

We note that our approach differs somewhat from the conventional approach to
the studies of front stability [32, 2, 28, 29] in the way we treat translations along the
cylinder axis. We track the front position by minimizing the LET-distance between the
solution of (4.2) and a translate of 4. As a consequence, the deviation between the
solution and the closest translate of u is automatically orthogonal to the null-space
of the linearization operator, allowing us to readily establish the exponential decay of
the Lgf—distance. Thus, our method is more variational. Let us also point out that,
in contrast to the usual approach, our initial data do not need to be close to w in L™
in the whole cylinder; they may be significantly larger than @ at large negative z.

Throughout the rest of this section, hypotheses (H1)-(H3) and (N1)-(N2) are
assumed to hold, and ¢, 4, v always refer to the minimizer in Theorem 2. We begin
with the following basic lemma concerning the linearization around .

LeMMA 4.1. There exists K > 0 such that

(4.4) / e’z (IVw|® = fu(t, y)w?) dz > K/ e u2da
) )

for all w € H% () satisfying [y, e 2wit,dr = 0.
Proof. First, observe that by choosing R; and R, sufficiently large, we have
-R ctz _
ffool er (|vw|2 _fu(uay)wz) dydz
Jo e w? dy de
f;oo fQ ec's (|Vw|2 — fult, y)w2) dy dz

2
+oo + 2
Ry JoeFwrdydz

2K1>07

> Ky >0
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for all w € H) (X). Indeed, if z is large enough negative, then (-, z) is sufficiently
close in L*>(Q2) to v. Hence, (4.5) holds in view of (3.8). On the other hand, by the
estimate of [20, Lemma 5.1], we have

/ / e (|Vul? = £u(0, y)w?) dy dz
2/ / < w? + |V w|* + £.(0,y)w )dydz
<—+1/0>/ /Qecfzuﬂdydz.

So, by hypothesis (H3) and (3.6), the inequality in (4.6) holds for some Ko > 0 and
Ry large enough.

Let us now show that the inequality in (4.4) holds with K = 0 for all w € H', (%)
and that equality holds if and only if w is a multiple of u,. (The proof essentially
follows the ideas of concentration compactness principle in the case of exponentially
weighted Sobolev spaces [18, 33] and relies on the maximum principle.) Indeed, denote
by H[w] the left-hand side of (4.4) and let (w,) be a minimizing sequence for H
subject to the constraint ||w,|| 12,2 = 1. By coercivity of H on the constraint,
ensured by hypothesis (H2), we have w, — wo in H}(X). In fact, wy # 0, since
otherwise w,, — 0 in L} (), and so f:oljl Jo e 2w dx + f;;o Jo e Fwldr > 1—¢
for any € > 0 and large enough n. Therefore, by (4.5) and (4.6) we would have
Hlw,] > K > 0. However, this contradicts the fact (first pointed out in [1]) that @, is
an eigenfunction associated with zero eigenvalue of the linearization of (1.5) around
@ (related to the translational symmetry in the z-direction [1, 32, 2, 28]), which can
be seen by differentiating (1.5) with respect to z and noting that u. € HZ (X) by
Theorem 2.

In view of lower semicontinuity of H with respect to the weak convergence in
H' (%), which follows from [20, Proposition 5.5], hypothesis (H3), and Theorem 2,

we have H[wg] < liminfnﬁoo Hlw,] < ||uz||L2 E)H[ﬂz] = 0. Then, since wy # 0,
the function @ = ||wol|; 2 L2, ( |w0| >0is a rmnumzer of the considered constrained
minimization problem. In fact, H[w] = 0, since otherwise @ must be orthogonal to

@i, which is impossible because @, < 0 by Theorem 2. So H[w] > 0 for allw € H} (%).
Moreover, H[w] = 0 implies that w is a multiple of @, (compare also with [2, 28, 30]).
If not, there exists a minimizer w’ which is orthogonal to @, in LgT (X) and, therefore,
changes sign. But |w’| is also a minimizer, hence both w’ and |w’| satisfy the linearized
version of (1.5) in the classical sense, thanks to hypothesis (H2) and Theorem 2. So
by strong maximum principle |w’| = 0, leading to a contradiction.

To complete the proof of the lemma, suppose, to the contrary of its statement,
there exists a sequence (w,,) with the properties that ||w,|| 12,(x) = 1 [, e 2w, do =
0 and H[w,] — 0 as n — oo. Hence w,, is a minimizing sequence and converges to a
nontrivial multiple of 4, weakly in HclT (X). But this contradicts the orthogonality of
wy, to U, which is preserved in the limit as n — oco. 0

Let us note that one may naturally think that the result of Lemma 4.1 may be
used to show that the minimizer @ is, in fact, a strict minimizer of ®.; on a suitable
subset of H (¥). This, however, proves difficult, since the functional ®.[u] is not a
priori twice continuously differentiable in H}(¥). We will get back to this question
after Proposition 4.4.
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Our next result shows that if a solution to (4.2) with initial datum satisfying (2.3)
with o sufficiently small is close enough to a suitable translate of @ in L2 (), then
it is also close in L*>° on some growing portion of ¥, provided that ¢ is small enough.
More precisely, let R : [0,00) — R. For a given § > 0, we define 25 : [0,00) — R as

(4.7) zs(t) :=sup{z € R: |lu(-,z,t) —a(,z — R(t))| =) > 6} vt > 0.

Then the following result holds true.

PROPOSITION 4.2. There exists b > 0 such that for every § > 0 sufficiently small
there exist a = () > 0, a = a(0) > 0, Zo = Zo(0,uo) € R, and n = n(d,ug) > 0 such
that for every zo < Zo there exists € = €(0, z9) > 0 such that for all T >0

(4.8) zs5(t) < zo+a— bt vt € 10,7
whenever
(4.9) [R()] <6 and [ju(,t) = Treullr2, ) <n - VE€[0,T],

where ug, u, o, € are as in Theorem 3.
Proof. By (4.9) and the uniform Lipschitz continuity of u(-,¢) in X, reasoning as
in the proof of [20, Proposition 3.3(iii)], we have the following L>-estimate:

< CnQe—cTzo

(4.10) 1€ 1) = TROUIE G g, 400y

for any zo € R, any ¢ € [0, 7], and some C > 0 depending on [|Vul|c, 540, +00)) (S€€
Proposition 3.1). On the other hand, by Theorem 2 for any « > 0 there exists zp € R
such that

(4.11) l[a(-, 2 = R(t)) = vllcom <o Va<Z VE€[0,T]
Recalling (2.3) and possibly reducing Zj, we can also assume that
(4.12) uo(+,2) > v — 2« Vz < Z.

Now, choosing 7 > 0 sufficiently small, the right-hand side of (4.10) can be bounded

by a"*2 at zy = Zy, so we have

(4.13) lu(-t) = TryUlle, @xizo 400y <@ VEE[0,T].
Therefore,

(4.14) lu(, z,t) —a(, 2 = R(t)llcomy <0 V2= 2Vt €[0,T]

as long as a < §, so that z5(t) < zj for all t € [0, T].

It remains to show that the inequality in (4.14) also holds for z € [z9 + a — bt, Zo]
for some positive a and b for small enough o and €. We proceed by constructing
explicit upper and lower barriers for (4.2) in  x (—o0, Zo] x [0, T].

Subsolution. First, consider the case of 00+ = @, i.e., pure Neumann boundary
conditions in (1.4). Then, it is straightforward to verify that by hypotheses (H1)-(H2)
and (N1) the function vy = v — C&EO, where 1y > 0 is an eigenfunction associated
with 7 in (3.8) and C' = ||| =} is the desired subsolution, provided that ¢ is

sufficiently small.

coQ)’
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The construction is more delicate in the presence of Dirichlet boundary conditions,
since we do not wish to put any restrictions on the derivative of the initial data near
the Dirichlet portion of the boundary. So, let us now assume that 02+ # @, implying,
in particular, that v < 1in Q. We construct a subsolution in the form of a nonnegative
local minimizer of E that lies sufficiently close to and below v and vanishes identically
within some small distance to 9.

We proceed in the usual way by introducmg the modified energy E, given by (2.7)
in which V' is replaced by V(u — fo (s,y)ds, where f is obtained from f by
the odd extension for u < 0 and the C1 linear extrapolation for |u — v| > ¢ for some
fixed 0 < § < 1 and each y € Q. We note that f(u,y) = f(u,y) whenever |u —v| < §
and v > 0. Now, by hypotheses (H2) and (N1) the energy F is strictly convex for all
functions vanishing on Q4 and, hence, admits a unique minimizer v; € H*(Q) in
the class of functions vanishing outside Q, = {y € Q : dist(y, 9Q+) > o} with ¢ > 0
sufficiently small. Moreover, we have |vy —v| = O(0) in ,. Indeed, testing E with
© = max(0,v — Co) for C' > 0 so large that ¢ = 0 in Q\Q, and using coercivity of
E and the fact that v satisfies the Euler—Lagrange equation for E in the whole of €,
we obtain that |[vy — v|[z2() = O(0). Therefore, by elliptic regularity theory [10]
and possibly reducing o, we have [|[uy — v|| ) = O(0) <6, and so vy satisfies the
Euler-Lagrange equation for the original energy F whenever vy > 0.

In fact, vy > 0 in 2 and is strictly positive in {);. Indeed, by its definition the
function V (u, -) is even, whenever [u—v| < §. Hence, if v; is a minimizer satisfying the
latter inequality, so is |vy |. But by uniqueness the two must be equal. On the other
hand, this implies that vy is a critical point of the original energy E. Therefore, by
strong maximum principle we have vy > 0 in §},. Similarly, we must have vy < v in
Q, since v = v+ aio is a strict supersolution for any 0 < a < 1 and, therefore, cannot
touch v; from above. Thus, we constructed a function vy which is a nonnegative
subsolution of the Euler-Lagrange equation for £ and 0 < vy < v. In particular, by
construction

(4.15) v—0 <wvy <max(0,v—2a)

in  for « sufficiently small, depending only on 6. Finally, extending this function
to ¥ x [0,7] by defining u~(y, z,t) := vy (y), we obtain a subsolution on the desired
domain.

Supersolution. Let o > 0 be sufficiently small. By the same type of argument
as in the construction of vy above, there exists a local minimizer v;r of F such that
U;(y) = for all y € 904, and we have v + 8 < U;_ <wv+ %5 for some 8 > 0.

+
Now, let ¢ € (cl,cl), and consider W¢* defined in (3.9) with v] in place of v.
Then, by an extension of the argument of Lemma 3.5 it is not difficult to see that

_ ’U+
there exists a minimizer h of ¥.° in the set
X = {heHg(z);oghgl—v;,hzl—v; in Q x (—o0,0],
Ay, 2) = (1 = v ()n(=) for (y,2) € O x R},

where n € C*(R) is a cutoff function with the property that n(z) =1 for all z < 0

+
and 7n(z) = 0 for all z > 1. Indeed, semicontinuity and coercivity of Uo? depend

only on the behavior of the functional for large values of z. Since vgr is still a local

minimizer of F, the functional ¥.° is lower semicontinuous by [20, Proposition 5.5].
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Furthermore, by hypothesis (H2) and the Taylor formula

+
Vs

+/E/Ohecz(fu(v+s7y)_fu(vgf_f_s,y))(h—s)dsdx

> W)~ Cllef — vl s, // h— s)dsda
> YR - C87[hl B,

T
for some C > 0, implying coercivity of W.* for small enough § by the argument of
R U+ . R . .
[20, Proposition 6.9]. So the minimizer h of ¥.° exists, and A(:,z) — 0 uniformly in
Q, as z — +oo (indeed, the convergence is exponential by [20, Proposition 3.3(iii)]).
Therefore, there exists a > 0 such that h(-,z) < 16 for all z > a.

We finally let u*(y, 2,t) := vj (y) + h(y, 2 — 20 + bt) with b := ¢l — ¢ > 0, which
is a supersolution for (4.2) on ¥ x [0, T]. Notice that

(4.16) ut(-,0) =1 on ) x (—o0, 2]
and
0
(4.17) u*(-,z,t)§v+§ on {2 Vit >0 Vz>zp+a—bt

Comparison. From (4.12) and (4.15) for « small enough we have
u (-, 0) <wug on Q x (—o0, Zp] .
Also, by (4.11), (4.13), and (4.15) for  small enough we have
(4.18) u” (-, 2o, t) < u(-, 2o,1) on Vit € 10,T).
Therefore, by parabolic comparison principle [26] we obtain
(4.19) u” <u on Q x (—o0, Zg] x [0,7T].

In particular, by (4.15) and the fact that by Theorem 2 we have u(-, z) < v for every
z € R, it follows that

(4.20) u(yz,t) > Al 2 — R(t) =6 Yz < Z Vit > 0.

On the other hand, in view of (4.16), the fact that ut > v + 3, (4.10) with 7
replaced by € at t = 0 due to (4.1), and the fact that |R(0)| < 4§, for every zp it is
possible to choose € small enough so that

(4.21) up < ut(-,0) on X.
Then, by the parabolic comparison principle we have
(4.22) u<ut on ¥ x [0, +00),

and, possibly reducing Zj to ensure that @(-, Zo+a+0) > v——5 in view of monotonicity
of @(-, z) by Theorem 2, for every zg < Zy we obtain

(4.23)  wu(z,t)<a(,z—R(t)+6  Vze€lzo+a—DbtzZo+a] Vt>0.
Finally, combining (4.20) with (4.23) and (4.14), we get (4.8). O
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We now prove a technical lemma that will be useful in the proof of Proposition 4.4.
LEMMA 4.3. There exist 0 < Cy < Cy such that for all |R| < 1 we have

(4.24) C1|R| < ||Tru — a”LiT ) < Co|R.
Furthermore,

(4.25) ITrE =12 () = Ch

for all |R| > 1.

Proof. Let us first prove the upper bound. Notice that thanks to Theorem 2,
the function  belongs to H (X); hence in particular the map 1 — T,& defines a
differentiable curve in L% (X). A direct computation then gives

|R|
< / ITyt:||z2, (s dn
—|R] N

R
ITrE —4l|L2 () = H/ Ty dn
’ £2,(9)

IRl ¢
<[ [ et s, e < CIRL

of
where we used the identity ||T,,ﬁz||LzT(E) =7 ||az||L2T(E)'

To obtain the lower bound in (4.24), we observe that for any ¥y € X compact,
we have by the Taylor formula

o otes _
i =l ) > [ oGtz = B) = aly.2) o
€ 0

(4.26) = RQ/ ecTzaz(y, z— R(y,z)) dx
3o

for some 0 < |R(y, z)| < |R|. The lower bound then follows from the fact that @, <0
in ¥ and, hence, |u.(y,z — R(y,z))| is bounded away from zero in ¥, as long as
|R| < 1. Finally, to get (4.25) we observe that ||Tgru — @||2L2T () 1s monotonically
increasing in |R)|. O c

We now look for a suitable translation of @ which serves as the best approximation,
in some sense, to the solution of (4.2). For a given u € H) (¥) and R € R, we define
the function h as

(4.27) h(u, R) = %/EeCTZ(u(y, 2) — iy, z — R))*dz > 0.

In the following proposition, we show that the optimal approximation to u can be
naturally introduced by minimizing h in (4.27) with respect to R.

PROPOSITION 4.4. For any 6 > 0 sufficiently small there exists € > 0 such that
for any w € HY () satisfying |lu — ﬂ||L2T(E) < e the function h(u,-) attains its global
mainimum. Furthermore, this minimum is unique and is contained in (—0,0) and there
are no other critical points in (—0,0).

Proof. First, observe that n — u(y, z —n) is a twice differentiable curve in L2,
thanks to Theorem 2. By assumption

: i < <2
(4.28) Il{ré]th(u,R) < h(u,0) <e
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Furthermore, from the lower bound in Lemma 4.3 we get that
Cmin{l, [R]} < [|Trt — l2 (v

(4.29) <||u— 71||sz(2) + v/2h(u, R) < e+ +/2h(u, R)

for some C' > 0. Therefore, by continuity of h(u,-) its minimum is attained and lies
in (—4,9) for any § > 0, provided that ¢ is sufficiently small.
We now calculate the first and the second derivative of h(u,-) with respect to R:

(4.30) B (u,R) = / e (u(y, 2) — aly, = — R))a(y, z — R) dx,
>
(4.31) h"(u,R) = c'h' (u, R) + /2 ectzuz(y, 2)u,(y, z — R) dx,

where from now on the prime denotes the derivative with respect to R. Recalling
Lemma 4.3, for all |R| < 6 <1 we have

W (o, R)| < C ju— Tl 2, )

< O (Il =llz, (s + Il = Trllpe, )
(4.32) < C(s+|R|)

for some C' > 0. Now, observe that upon integration by parts we have
ty, _
[ e s~ Bua(2) - w2~ R) e
b

_ /)S "= (.. (y, 2 — R) + el (y, 2 — R))(uly, z) — a(y, = — R)) da.

Therefore, since @, € H} () by Theorem 2, applying the Cauchy—Schwarz inequality
we obtain

téa%@@w—Rxwwa%—mwﬂ—RD“

(4.33) < Ce' B2 ju— Tpiil| 2, (x)
for some C' > 0. Applying this estimate to (4.31) and combining it with the estimates
in (4.32), we obtain

(4.34) W' (u,R) > ¢ Pl 5 — Cle + |R])

for some constant C' > 0. This implies that h”(u, R) > M for some M > 0 and
all |R| < 4, provided that § and e are small enough. Hence h(u,-) is a strictly
convex function on [—§, 6], and the minimum of h(u,-) is the unique critical point in
(—0,9). O

Recalling the comment following Lemma 4.1, we can now formulate a nonlinear
analog of the result of that lemma.

Remark 4.5. Suppose that u is sufficiently close to @ in L2, (¥) N L>(X). Then
by Proposition 4.4 there exists Ry € R such that the function h(u, R) in (4.27) is

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



308 CYRILL B. MURATOV AND MATTEO NOVAGA

minimized with respect to R at R = Ry. Therefore, we have that « — Tr,u is orthog-

onal to T, in L? (X), and so by Lemma 4.1, hypothesis (H2), and the minimizing

property of & we have ®.i[u] > $K||u — Tg,ul2, (z)» Where K> 0 is as in Lemma
ot

4.1. Hence @ is, in fact, a strict local minimizer of ®.+ in the above sense.

We now conclude the proof of Theorem 3.

Proof of Theorem 3. Let § > 0 be sufficiently small so that Proposition 4.4 applies
with © = ug and all 0 < & < ¢, for some g > 0. Then by Propositions 3.1 and 4.4
there exists Ty > 0 such that there exists a minimizer R(t) of h(u(-,t), R) in R for each
t € [0, Tp]. Furthermore, R(t) is the unique critical point of h(u(-,t), R) in (=4,6). In
fact, R(t) is a continuously differentiable function of ¢ on [0, Tp]. Indeed, since R(t)
minimizes h(u(-,t), R) in R, we have

(4.35)  h'(u(-t),R) = / ecf‘z(u(y7 z,t) —u(y,z — R))u.(y,z — R)dzx =0
b

whenever R = R(t). In view of the continuity of u:(-,¢) in L? () guaranteed by

Proposition 3.1, as well as Theorem 2 and Lemma 4.3, the function in (4.35) is con-

tinuously differentiable in R and ¢ in some small neighborhood of the origin. Then,

arguing as in Proposition 4.4 one can see that h”(u(-,t), R) > 0 there, so we can apply

the implicit function theorem to (4.35). Furthermore, after some algebra we obtain

dR(t) fE Fug(y, 2, t)u.(y, 2 — R(t)) do

4.36 = .
(430) & e uly. 2, iy, 2 — R(D) do
For t € (0,Tp] and u solving (4.2) we define
(4.37) w(y, z,t) = u(y, z,t) — u(y, z — R(t)).
The function w satisfies the equation
d
(4.38) = Aw + clw, + d_]: Uy + ful(@,y)w

for some @, with |& — Tryu| < [w|. Also, by construction we have

(4.39) / e “w(y, z, ). (y, = — R(t)) dz = 0.
by
We now introduce

m(t) ::/ecTsz(a:,t)d:c, t>0,
3

so that m(0) < 2. Multiplying (4.38) with e¢'#w and integrating over ¥, we obtain

dm(t)

(4.40) T = 2 [ (90 - fufi) do.

where we used (4.39) to erase the term multiplying dR/dt. By Lemma 4.1 we have
(4.41)

/ ec'? (|Vw|2 — fu(ﬂ,y)w2) dr = / e’z (|Vw|2 — fu(ﬂ,y)w2) dx
b b
+ [ () = i) wido
> Km(t —l—/ e * (fult,y) — fult,y)) wdz.

P
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Possibly reducing ¢ and recalling assumption (H2), we have
ctz = ~ K
[ eIy - Al < Gm),
{lw|<d}

which, combined with (4.41), gives

K

/ "= (IVwl? = ful@, y)w?) do > Sm(t) - / e | fulii,y) = fulit.y)| wde
. 2 {Jw|>6}

Zg(t) +
Kot - / /Q % | fultyy) — fuliiny)| w? dy dz

Y

= o

> 5m(t) — Cec'zs(t)

for some C' > 0, where zs(t) is defined in (4.7).

We can now apply Proposition 4.2 with zy = Z4F logw, which yields some € > 0
and n > 0, with 7 independent of w, and T € (0, Tp| depending on 7. We then get
(4.42)

K K
/ e’ (IVw?* = fu(@t, y)w?) dz > Em(t) — (e (o) > Em(t) — Cwlee'
)

for some b > 0 and C > 0 and all ¢ € [0,7]. From (4.40) and (4.42) we therefore
obtain

dml(t
(4.43) ";Zf ) < —Kmf(t) + 2Cwe " Vte 0,7,
which gives
(4.44) lw(, )2, () < Mw?e " Yt e[0,T]

for some o > 0 and M > 0, provided that ¢ is small enough.

To estimate the behavior of R(t), we substitute u; = wy — u,dR/dt into (4.36)
and take into account (4.38) and (1.5) differentiated in z, noting that 4., € H2(X) by
Theorem 2. After a few integrations by parts we obtain

dR(t) _ Js e (fulaly, 2 — R(1)).y) — fulii,y)wly, 2, . (y, = = R(t))dz
dt fE ec*z(az(y’ e R(t)) +w; (y7 2, t))az(yv Z = R(t))dx

(4.45)
By the same argument as the one leading to (4.33), we have

et
(4.46) <Ce R(tWIIW(-,t)IIL;(z)-

/ e 2.y, 2 — R(t))ws(y, 2. 1) da
>

With hypothesis (H2), this leads to the estimate for dR/dt

(4.47)

}dR(t)‘ - Cllw( 2, ()
dt |7 CectR(t)/2 — ||w('at)||L2T(E)

for some constants C,C > 0, provided that w is so small that by (4.44) the denomi-
nator in (4.47) is positive for all ¢ € [0,7]. Then we have

dR(t)

(4.48) —

‘ < Cw?e™ vt el0,T),
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and hence
(4.49) R(t)| < Mw? <w  Vte[0,T]

for some M > 0 and w small enough. Moreover, since n and 0 are independent of
w, (4.44) also implies that (4.9) holds uniformly in T for w small enough, whence
T =Ty. Indeed, if T7 < T is the maximum value of T" for which Proposition 4.4 can
be applied, then by (4.44) the left-hand side of (4.9) is bounded by n/2 at t = T,
provided that w is sufficiently small. Therefore, by continuity of w(-,¢) in LZ (%)
guaranteed by Proposition 3.1, the inequality in (4.9) also holds for some interval
beyond T1, contradicting the maximality of 77.

Moreover, by (4.49) the function R(t) is in fact defined and continuously differ-
entiable for all t > 0. Indeed, let us take Ty to be the largest possible value for which
[lu(-,t) — ﬂ”LiT(E) < g for all t € [0, Tp], so that Proposition 4.4 still applies. In view

of Lemma 4.3, (4.44), and (4.49), we have

[fu(-,t) — ﬂ”LiT(Z) <u(t) — TR(t)aHLiT(E)
(4.50) Hw = Treyallzz, (5
<Mw?  Vte[0,Ty)

for some M > 0. Therefore, choosing w so small that the right-hand side of (4.50) is
bounded by 3&¢ and, once again, taking into account continuity of w(-,t) in L (),
we can then make sure that the assumptions of Proposition 4.4 are satisfied on some
interval beyond Ty, contradicting maximality of 7Ty. We thus prove that we can take
an arbitrarily large 7y > 0 in all the arguments above.

Finally, using (4.44) and (4.47) again and keeping in mind that by (4.49) the
denominator in (4.47) is bounded away from zero, we finally obtain that the limit
Ry = limy—, 1 o, R(t) exists, and recalling Lemma 4.3 we have

4.51 u(-t) — Trodl|p2 (5 <we 8 Vt>0
N

for some o > 0, provided that w is small enough, yielding the thesis of the theo-
rem. d

5. Proof of the main result. We will prove Theorem 1 in the reference frame
moving with speed cf, that is, we will prove that if u is the solution of (4.2) with the
initial datum satisfying the assumptions of Theorem 1, then it converges in HCQT(E)
to T, u for some Ro, as t — co. The result then follows by noting that T +,u solves
(1.3) with the same initial condition, upon applying T_g__.

From now on, u always refers to the solution of (4.2). We divide the proof into
five steps.

Step 1. We begin by constructing an appropriate pair of barrier solutions of (4.2)
to ensure that the solution of the initial value problem for (4.2) does not move too
far toward the ends of the cylinder. The barriers are obtained by considering the
solutions a* of (4.2) with the initial data

(5.1) ug (y,2z) = min{uo(y, 2 — R), u(y, 2)},
(52) ﬁ?)_(yvz) = max{ug(y,z+R),a(y,z)},

where R > 0 is so big that both @(jf satisfy the assumptions of Theorem 3, provided
that « in (2.3) is small enough. Indeed, by definition and (3.6) the assumption in
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(2.3) is satisfied for both @E. Moreover, for @f — @ = max(T_gug — @, 0) we have
(5.3) 0<af —u<T_gup—0 in L*(X) as R — +oo,

so g — @ in L% (¥) as R — +o00. By a similar argument for @ — 4, = max(u —
T ruo,0) we have

(5.4) 0<ta—1y; <u—0 in L% (Q x (M, +00)) as M — +oo

uniformly in R. At the same time, by boundedness of @, and % we have ||Trug —
@||L2T(QX(,OO),M)) — 0 as M — +o0, again uniformly in R. Finally, in view of
(2.33, (3.6), and the Hopf lemma, for every M > 0 and R > 0 large enough we have
Hz € Qx (=M, M) : 14y (z) < a(x)}| < Ca with some C = C(M) > 0 for small
enough «. Therefore, it is possible to choose M large enough, then R large enough,
and then « small enough so that ||z — WHL?@ can be made as small as desired.

Note that both functions @F obtained above satisfy (2.3) uniformly in R.

We now claim that @*(y,z F R,t), i.e., the solutions of (4.2) with initial data
ﬁ(jf (y, z F R) are the appropriate barrier solutions. Indeed, by construction the initial
data ug is sandwiched between @+ (y,zF R, t) at t = 0; hence by parabolic comparison
principle [26] the solution of (4.2) will remain so for all times. By Theorem 3 we know
that there exist RE such that

(5:5) 165y, 2 F B,1) — aly, 2 F B2, o) S e

for some o > 0, provided that « is sufficiently small and R is sufficiently large.

Step 2. We now use the functional ®.; as a Lyapunov functional to establish
existence of a sequence ¢, — 400 on which u(-,¢,) converges to a translate of a.
Indeed, multiplying (4.2) by a test function ¢ € C§°(R™) vanishing on 0¥X1 and
integrating over X, we can write (4.2) in the weak form as

(5.6) / ecfﬂput dzx = —/ ec' (Vu -V — f(u,y)p)dx,
) )

where the integral in the right-hand side is the Gateaux derivative of @+ at u(-,t) in
the direction of . Therefore, (4.2) is the gradient flow generated by ®.+ in L? (2),
and in view of (3.3) for all t3 > ¢; > 0, we have

(5.7) Derful-,t1)] — Per[u(- t2)] = /t 2 ”ut('ﬂt)”%z,r(E)dt'

Letting to — 400 and recalling that ®.:[u] is bounded below by Theorem 2, from
(5.7) it follows that there exists a sequence t,, — +o00 such that

(5.:) tim [l )l 22, ) = 0.

n—-+o0o

Also note that since 0 < u(y,z,t) < @t (y,z — R,t) for all (y,z) € ¥ and ¢t > 0,
and u*(-,t) is uniformly bounded in L% () by Theorem 3, in view of hypotheses
(H1)—(H2) we have that

(5.9) lullZr, ) < 2®et[u] + Cllullz () < M(to) Yt 210> 0

for some constants C, M (to) > 0.
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From (5.8) and (5.9), up to a possible subsequence, we can pass to the limit in
(5.6) and get that u(-,t,) converges to a critical point of ®.+ weakly in H), (). In
fact, the limit must be a nontrivial critical point u., of ®.i in view of Step 1 and
hence a translate of @ by [20, Propositions 3.2 and 3.5] and Theorem 2.

Step 3. We now prove that u(-, t,) — uo in L2, (X). Notice first that since both
u and us are uniformly bounded, for a given € > 0 we can find M such that

(5.10) [y tn) = tooll L2, (@ (—o0,—n)) < €
Moreover, since u(y, z,t) < a* (y, z — R, t), from (5.5) it also follows that
[[us tn)ll 2, (@x (M 400)) < ”ﬂJr('ﬂtn)”LzT(QX(MHroo))
(5.11) < luly, z — R;ro)HLiT(QX(M,+oo))
) — = — R 22,
<e
for M big enough and all n > N for some N = N(M) € N. Recalling that H,(X)
compactly embeds into L? (2 x (=M, M)), from Proposition 3.1, (5.10), and (5.11)
we obtain that
u(s,tn) = Uso in L% (%).
Step 4. Take n big enough so that
(5.12) [Ju(-,tn) — UooHLﬂ(E) <e Vit >t

where € is the same as the one corresponding to w = 1 in Theorem 3. On the other
hand, for every o > 0 it is possible to choose § < o/ in Proposition 4.2 such that the
subsolution u~ constructed there satisfies u™ (-, z,t) > v — ' for all z < Z; with some
Zo € R independent of € and R in the definition of @~ and all ¢ > 0 if « is sufficiently
small. Therefore, we have @~ > u~ in Q X (—o0, Zp] X [0, +00), and since 4~ < u for
all t > 0, the same inequality holds for u. So we can apply Theorem 3 to u(-,t,) in
place of ug (also applying suitable translations in z and ¢) and obtain

(5.13) 1) = wsell 2, sy < €77

for some o > 0 independent of ug and all ¢ > ¢,,.

Step 5. We now demonstrate that the exponential convergence of (5.13) also holds
in spaces of higher regularity. We show this first for H, () and then for H% (). In
the following, we denote by A : D(A) — L% () the sectorial operator A = A + ¢19,
with domain D(A) = HZ (3) dense in L2, (X) (see also [24, 21]).

Letting w(-, t) := u(-,t) — oo, we have
(5.14) wy = Aw + g(z, t)w,
where g(y, z,t) = fu(a(y, z,t),y) for some @ such that |4 — us| < |w|, i.e., g is such
that |g| < C for some C' > 0 independent of . As a consequence, by parabolic

regularity theory [34, Chapter 15] (see also [21, Proposition 2.1.1 and Theorem 3.1.1])
and recalling (5.13), for all ¢ > 1 we have

t w9z, s
2 ( )ds

b)) — Uso <C t—1 + _—
HU( ) u ”Hcl,r(E) <||w( )HL?T(E) i \/m

(5.15)
S Ce—ot
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for some C' > 0 independent of ¢. In particular, from [20, Proposition 3.2], (5.15), the
minimizing property of uso, and hypothesis (H2) we get

D [u(vt)] =P [u(vt)] — D [UOO]
= / ' <%|Vw|2 + V(too +w,y) — V(too,y) — V' (oo, y)w) dx
s

(516) S C”wH%ICIT (=) S Oe_QG't

for all ¢ >ty with any ¢o > 0 and some C = C(ty) > 0.
Let us now rewrite (5.14) in the form

(5.17) wy = Aw + h(-,1), h(-,t) == fu(-,t) — f(uoo)-
Recalling hypothesis (H2), (5.7), and (5.16), for all t3 > t1 > tp > 0 we have

1ACt2) = h(s i)z, ) = [1f (u( t2)) = fu( i)l L2, v

< Cllult2) = ul t)ll 2, ()
to

< [ funtos) s wyds
t1 ©

< CV(ta —t1)®ei[u(- t1)] < OVt — t1e 7™

for some C' = C(tp) > 0. Then, reasoning as in [21, Theorem 4.3.1] with t; = ¢ —1
and to =t and using (5.15), we have

”w('vt)HHfT(E) < C(”Aw('vt)HLiT(E) + ||w('at)||HiT )

< 0t = Dlle, o+ Il o

thCss) = h(5 D22, ()
—|—/ = ds
t—1

t—s

(5.18) <Ce !

for all t >ty + 1 for any tg > 0 and some C = C(tg) > 0. In writing (5.18), we used
the same reasoning as in the standard estimate of the H2-norm of a function in terms
of the L?-norm of the Laplacian to obtain the inequality in the first line. This gives
(2.4) and concludes the proof of Theorem 1. O
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