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Transmitting more than one bit (Ch. 14-15)

e Baseband modulator:

M (K}, bits) x,(t) X, (t) ifM=i

N

2| Baseband modulator

\ 4

with Ei = f |.X'Z’i(t)|2dt

, 1
PI'(M = l) — %
fori =0,1,...,2%» —1
e Average energy:

1 2Kb —1
Fe=se Y Ei=Kyb,
i=0 = energy per bit
o If x,(t) is of duration Tp,
- Average power = P, = Zs
Tp

— Bitrate = Ky
T
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Ex.. a) Pulse Width Modulation (PWM) with K, = 2 (4-PWM)

A Xg0(t) A Xzq()
A A
ot 1, ¢t or 1, ¢

41 2
Ey = A % E, = A? %
A Xz2(t) a
 Xz3
A
>t A
’ %TP 0 T, U
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e Average energy:

E—1A2T 1+1+3+1
ST 47 "P\4 2 4
_ aer 10
7 P16

« We now impose that E; = 2E, since K, = 2 in order

to find A:
A2T 10—25 = A= 16 £
P16 — =P ~ |5 T
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b) Pulse Position Modulation (PPM) with K, = 2 (4-PPM)

~

N Xz0 (t) /

\ xz,l(t)
A A
of T T F 0T 7y Tp " F
4 4 2
Tp T
E, = A2 — _ 42_F
0 4 E,=A >
A xZ,Z(t) A sz(t)
A A
>t > t
0 Tp 3 3
7 1" N U
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e Average energy:

« We now impose that E; = 2E, since K, = 2 in order
to find A:
8 E}

Tp
A2— =2E = A=
4 b Tp
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c) Pulse Amplitude Modulation (2“-PAM)

« As an example, 4-PAM with K, = log,4 = 2, we have

M xz,O(t) 0\ xle(t)
Eq = A*Tp 34 E, = 9A2T,
A
0 T, U 0 T, ¢
N xz,S(t)
N xz,z(t)
E, = A%Tp Es = 9A°Tp
0 T
0 Tp t
-t
—4 —34
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e Average energy:
A%Tp

4

20 5 5

 We now impose that E; = 2E, since K, = 2 in order

to find A:
5A2T, = 2E, = A = 2Ep
p = 4Ep = |57,
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d) Phase Shift Keying (2-PAM)
. a0 = {Aele(‘) 0<t<Tp

2 +1
with 8(i) = 2‘
« As anexample, if K, =log,4 = 2, we have
1
— A+ jA 0<t<T
0(0) =7 = x,0(0) = {73 T/ P
0 elsewhere
1
3n — (—A+jA 0<t<T
9(1)=T=‘xz,1(t)=<\/_( - o=t=ty
. 0 elsewhere  Imposing E; = K, E),
(1 we easily get
5m — A 0<t<T
6(2) =2 = 0,0 ={ AT 0=tsTr
4 KyEp
. 0 elsewhere A=
v (1 Tp
7T —((A—jA 0<t<T
0(3) = = x50 = F A I 0=t
0

\

elsewhere -
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Quick Quiz

Find x; ;(t) and x, ;(t) for 4-PSK (i = 0,1,2,3).
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* Recall the optimal demodulator for K, = 1 (and «; = %):
MAXIMUM LIKELIHOOD BIT DEMODULATOR (MLBD)

correlator with — T,
xz,O (t)

~

Y,(t) M
choose | 5

largest

correlator with
xz,l (t)

where T; Is the likelihood metric for message M = j

d;ience&&chnology University THE EDGE IN KNOWLEDGE




. 1
e Generalizingto K, = 1 (and r; = 7Kp)"

MAXIMUM LIKELIHOOD WORD DEMODULATOR (MLWD)

Eo

2
| correlator with — {%
X5,0() 77 Re D——

Y, (t) S correlator with Re —@ choose
xz,l(t)

largest

=

correlator with —
SN wi EPN )é N

Xz,2Kp_1

where T; IS the likelihood metric for message M = j
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Remarks:

. 2X%b pranches = the complexity grows exponentially with
Ky

« This complexity can be mitigated if the waveforms have

special properties, e.g., real or proportional to one
another.
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Ex.:a) 4-PWM (K, = 2) — The MLWD can be simplified as:

A2Tp
Tp/4 8
> A j Y, (t)dt R
0
l A2Tp
Y,(t) Y;(t) Tp/2
—+5 Re |- AJ Y, (t)dt >6'> ” M
0 choose
AZTP largest
3/4Tp
— A j v, (t)dt (l} N
0
AZTP
Tp 2
A j Y;(t)dt =@ 3
0
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b) 4-PAM — The MLWD can be simplified as:

1 AZZTP
S
9A2T,
3 P
O %@ " A %
Z —_—
— 3| Re |17 AJ Y, (t)dt 5X) >(—D—> i
0 S
choose
—1 42T, largest
| ;
QSO
_3 9A2Tp
where 4 = % _l ’
P
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 We are now interested in calculating the word error probability
(WEP): Py, (E) = Pr(M # M)

1_ 1,
Py (E) = Pg(E) =§PF(M *+ 1|M = 1)+§Pr(M + 0|M = 0) =0

1 J

2N,

 Recall that with K, = 1:
< AE(1,0)>
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e Generalizing to K, > 1, we get
2Kb—1

1 o .
Py (E) = 557 Z Pr(M # j|M = j)
j=0

e Calculating Pr(M * j|M =j) IS more difficult than for K, = 1:

Pr(M # j|M = j) = Pr(T0 >T;or T, > T'or or Tyxn_y > Tj| M =)
excluding M = j

= Pr(U {T, > T;}IM =)
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 We have:
Pr(M + j|M = j) = Pri(yj {T; > T;}IM = j)

2Kp—1
< 2 Pr(T; > T;|M = j)
=0

i#]j

2Kp_q

~ 2 Q( AEa,j))
=0 ZNO '\

L] pairwise error
probability
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The union bound generally states that for any events A4;, the
following holds:

Pr(UA4)) < 2 Pr(4;) AQ
: i "‘

with equality if and only if the events

A; are disjoint. 0
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* This leads to the so called union bound on Py, (E):
2Kp—1

PW(E)SPWUB(E)zz% Z ZQ

j=0 1i#j

different signals i
may have the
same distance
from a signal j \

Z ZA o [futd
N; = number of / ZKb 4 @ 2N

different distances
from node j \ number of signals at distance Ag; (k)

grouping pairs of signals from j: conditional distance spectrum

(i,j) with the same
distance \ z A, (k) erfc Ag (k)
/1 2Kb d 2N,

N = number of \ Agj(1)

different distances number of pairs of signals at
distance A (k): distance spectrum

2Kp_1 N
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e Remark: We have

Nj
Z Agi(k) = 2% -1
k=1
N
z A, (k) = 25 (2% — 1)
k=1
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Ex.. 4-PWM (K, = 2)
e Conditional distance spectrum:

_ Tp/2
— forM =0 A (01) — b 16Ebdt—4Eb
EADEST 5T, 5
Tp/4
SE
85(02) =—"
2F
A5(03) =~
4Ep 8Ep 12Ep .
= I{T@}' G bS] e=3)

Ago(1)  Ago(l)
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—forM=1and M =2

- [f22), 2] w-n-2
— forM =3

o[, ) ) wes

« Distance spectrum

(26), (e (222)] =3
7oA

Ap(1)  Aq(1)
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 Union bound:

1 4AE, 8E, 12E,
Py (E) < Pyyp(E) = 4 6Q< 1ON0> + 4Q< 10N0> * 2Q< 10N0>
3 ,ZEb ,4‘Eb 1 /6’519
_EQ< 5_NO>+Q< 5_NO>+§Q< 5—N0>
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