


• Baseband modulator:

• Average energy: 

௦ܧ ൌ
1
2௄್ ෍ ௜ܧ ൌ ௕ܧ௕ܭ

ଶ಼್	ିଵ 

௜ୀ଴
• If ݔ௭ ݐ is of duration ௉ܶ,

– Average	power ൌ ௦ܲ ൌ
ாೞ
்ು

– Bit	rate ൌ ௄್
்ು

Baseband modulator

ሻݏݐܾ݅	௕ܭሺ	ܯ ௭ݔ ݐ ௭,௜ݔ ݐ ܯ	݂݅				 ൌ ݅

with	ܧ௜ ൌ න ௭,௜ݔ| ݐ |ଶ݀ݐ

for	݅ ൌ 0,1, … , 2௄್ 	െ 1

Pr ܯ ൌ ݅ ൌ
1
2௄್

energy per bit

Transmitting more than one bit (Ch. 14-15)



a) Pulse Width Modulation (PWM) with ܭ௕ ൌ 2 (4-PWM)

ܣ

0 ௉ܶ
4

ݐ

௭,଴ݔ ݐ

ܣ

0 ௉ܶ
2

ݐ

௭,ଵݔ ݐ

଴ܧ ൌ ଶܣ ௉ܶ
4 ଵܧ ൌ ଶܣ ௉ܶ

2

ܣ

0 3
4 ௉ܶ

ݐ

௭,ଶݔ ݐ

Ex.:

ܣ

0 ௉ܶ
ݐ

௭,ଷݔ ݐ

ଶܧ ൌ ଶܣ
3
4 ௉ܶ ଷܧ ൌ ଶܣ ௉ܶ



• Average energy:

௦ܧ ൌ
1
ܣ4

ଶ
௉ܶ

1
4 ൅

1
2 ൅

3
4 ൅ 1

ൌ ଶܣ ௉ܶ
10
16

• We now impose that ܧ௦ ൌ ௕ܧ2 since ܭ௕ ൌ 2 in order 
to find ܣ: 

ଶܣ ௉ܶ
10
16 ൌ ௕ܧ2 ⇒ ܣ ൌ

16
5
௕ܧ
௉ܶ



b) Pulse Position Modulation (PPM) with ܭ௕ ൌ 2 (4-PPM) 

ܣ

0 ௉ܶ
4

ݐ

௭,଴ݔ ݐ

଴ܧ ൌ ଶܣ ௉ܶ
4 ଵܧ ൌ ଶܣ ௉ܶ

2

ܣ

0 3
4 ௉ܶ

ݐ

௭,ଶݔ ݐ

ܣ

0 ௉ܶ
ݐ

௭,ଷݔ ݐ

ଶܧ ൌ ଶܣ ௉ܶ

4
ଷܧ ൌ ଶܣ ௉ܶ

4

ܣ

0 ௉ܶ
2

ݐ

௭,ଵݔ ݐ

௉ܶ
4

௉ܶ
2

3
4 ௉ܶ



• Average energy:

௦ܧ ൌ ଶܣ ௉ܶ
4

• We now impose that ܧ௦ ൌ ௕ܧ2 since ܭ௕ ൌ 2 in order 
to find ܣ: 

ଶܣ ௉ܶ
4 ൌ ௕ܧ2 ⇒ ܣ ൌ 	

௕ܧ	8
௉ܶ



c) Pulse Amplitude Modulation (    -PAM)
• As an example, 4-PAM with ܭ௕ ൌ logଶ4 ൌ 2, we have

ܣ

0 ௉ܶ
ݐ

௭,଴ݔ ݐ

଴ܧ ൌ ଶܣ ௉ܶ ଵܧ ൌ ଶܣ9 ௉ܶ

ଶܧ ൌ ଶܣ ௉ܶ ଷܧ ൌ ଶܣ9 ௉ܶ

ܣ3

0 ௉ܶ
ݐ

௭,ଵݔ ݐ

െܣ

0 ௉ܶ

ݐ

௭,ଶݔ ݐ

െ3ܣ

0 ௉ܶ
ݐ

௭,ଷݔ ݐ

2 bK



• Average energy:

௦ܧ ൌ
ଶܣ ௉ܶ
4 2 ൈ 1 ൅ 2 ൈ 9 ൌ

20
4 ଶܣ ௉ܶ ൌ ଶܣ5 ௉ܶ

• We now impose that ܧ௦ ൌ ௕ܧ2 since ܭ௕ ൌ 2 in order 
to find ܣ: 

ଶܣ5 ௉ܶ ൌ ௕ܧ2 ⇒ ܣ ൌ 	
௕ܧ	2
5 ௉ܶ



d) Phase Shift Keying (    -PAM)

• ௭,௜ݔ ݐ ൌ ൜݁ܣ
௝ఏሺ௜ሻ									0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																			0

with ߠ ݅ ൌ ߨ ଶ௜ାଵ

• As an example, if ܭ௕ ൌ logଶ4 ൌ 2, we have

ߠ 0 ൌ
ߨ
4 ⇒ ௭,଴ݔ ݐ ൌ ቐ

1
2
ሺܣ ൅ 0									ሻܣ݆ ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																							0

ߠ 1 ൌ
ߨ3
4 ⇒ ௭,ଵݔ ݐ ൌ ቐ

1
2
ሺെܣ ൅ 0									ሻܣ݆ ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																							0

ߠ 2 ൌ
ߨ5
4 ⇒ ௭,ଶݔ ݐ ൌ ቐ

1
2
ሺെܣ െ 0									ሻܣ݆ ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																							0

ߠ 3 ൌ
ߨ7
4 ⇒ ௭,ଷݔ ݐ ൌ ቐ

1
2
ሺܣ െ 0									ሻܣ݆ ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																							0

݅ ൌ 0,1… , െ1

• Imposing ܧ௦ ൌ  ,௕ܧ௕ܭ
we easily get

ܣ ൌ 	
௕ܧ௕ܭ

௉ܶ

2 bK

2 bK

2 bK



Find ݔூ,௜ ݐ and ݔொ,௜ ݐ for 4-PSK ሺ݅ ൌ 0,1,2,3ሻ.

Quick Quiz



• Recall the optimal demodulator for ௕ܭ ൌ 1 (and ߨ௜ ൌ
ଵ
ଶ
):

MAXIMUM LIKELIHOOD BIT DEMODULATOR (MLBD)

where ௝ܶ is the likelihood metric for message ܯ ൌ ݆

൅

൅correlator with
௭,ଵݔ ݐ

௭ܻሺݐሻ ෡ܯ

correlator with
௭,଴ݔ ݐ

ܴ݁

ܴ݁

choose 
largest 

଴ܧ
2

െ ଴ܶ

ଵܶെ
ଵܧ
2



• Generalizing to ܭ௕ ൒ 1 (and ߨ௜ ൌ
ଵ

ଶ಼್
):

MAXIMUM LIKELIHOOD WORD DEMODULATOR (MLWD)

where ௝ܶ is the likelihood metric for message ܯ ൌ ݆

൅

൅correlator with
௭,ଶ಼್ିଵݔ

௭ܻሺݐሻ ෡ܯ

correlator with
௭,଴ݔ ݐ

ܴ݁

ܴ݁

choose 
largest 

଴ܧ
2

െ

െ
ଶ಼್ିଵܧ
2

correlator with
௭,ଵݔ ݐ

ܴ݁

ଵܧ
2

െ൅

⋮



Remarks:
• 2௄್ branches ⇒ the complexity grows exponentially with 

௕ܭ
• This complexity can be mitigated if the waveforms have 

special properties, e.g., real or proportional to one 
another.



a) 4-PWM (ܭ௕ ൌ 2) – The MLWD can be simplified as:

	

ܣ ൌ ଵ଺
ହ
ா್
்ು

Ex.:

නܣ ூܻ ݐ ݐ݀
ು்

଴

൅

൅

௭ܻሺݐሻ
෡ܯ

choose 
largest 

ଶܣ ௉ܶ
8

െ

െ
3
ଶܣ ௉ܶ
8

ଶܣ ௉ܶ
4

െ൅ܴ݁

නܣ ூܻ ݐ ݐ݀
ು்/ସ

଴

නܣ ூܻ ݐ ݐ݀
ು்/ଶ

଴

නܣ ூܻ ݐ ݐ݀
ଷ/ସ	 ು்

଴
ଶܣ ௉ܶ
2

െ൅

ூܻሺݐሻ



b) 4-PAM – The MLWD can be simplified as:

where ܣ ൌ ଶா್
ହ்ು

൅

൅

௭ܻሺݐሻ
෡ܯ

choose 
largest 

ଶܣ ௉ܶ
2

െ

െ
ଶܣ ௉ܶ
2

ଶܣ9 ௉ܶ
2

െ൅ܴ݁ නܣ ூܻ ݐ ݐ݀
ು்

଴

ଶܣ9 ௉ܶ
2

െ൅

ூܻሺݐሻ

ൈ

ൈ

ൈ

ൈ

1

3

െ1

െ3

൅



• We are now interested in calculating the word error probability
(WEP): ܲௐ ܧ ൌ Pr	ሺܯ෡ ് ሻܯ

• Recall that with ܭ௕ ൌ 1:
ܲௐ ܧ ൌ ஻ܲ ܧ ൌ

1
2Pr ܯ

෡ ് ܯ|1 ൌ 1 ൅
1
2Pr ܯ

෡ ് ܯ|0 ൌ 0 ൌ ܳ	
∆ாሺ1,0ሻ
2 ଴ܰ

∆ாሺ1,0ሻ

ூݒ

1
2 ݂ ܯ|ூݒ ൌ 1

݉଴ ݉ଵ

1
2݂ ܯ|ூݒ ൌ 0



• Generalizing to ܭ௕ ൒ 1, we get

ܲௐ ܧ ൌ
1
2௄್ 		 ෍ Pr ෡ܯ ് ܯ|݆ ൌ ݆

ଶ಼್ିଵ

௝ୀ଴

• Calculating Pr ෡ܯ ് ܯ|݆ ൌ ݆ is more difficult than for ܭ௕ ൌ 1:

Pr ෡ܯ ് ܯ|݆ ൌ ݆ ൌ Pr ଴ܶ ൐ ௝ܶ	or		 ଶܶ ൐ ௝ܶor…or	ܶଶ಼್ିଵ ൐ ௝ܶ|	ܯ ൌ ݆

ൌ Pr 						 ௜ܶ ൐ ௝ܶ ܯ| ൌ ݆
݅ ് ݆

excluding ܯ ൌ ݆



• We have:
Pr ෡ܯ ് ܯ|݆ ൌ ݆ ൌ Pr 						 ௜ܶ ൐ ௝ܶ ܯ| ൌ ݆

൑ ෍ Pr ௜ܶ ൐ ௝ܶ|ܯ ൌ ݆
ଶ಼್ିଵ

௜ୀ଴
௜ஷ௝

ܳ	
∆ாሺ݅, ݆ሻ

2 ଴ܰ

ଶ಼್ିଵ

௜ୀ଴
௜ஷ௝

݅ ് ݆

pairwise error 
probability



The union bound generally states that for any events ܣ௜, the 
following holds:

Pr ௜ܣ						 ൑ ෍Pr ௜ܣ
௜

with equality if and only if the events
௜ܣ are disjoint.

݅
ଵܣ ଶܣ

ଷܣ



• This leads to the so called union bound on ܲௐ ܧ : 

ܲௐ ܧ ൑ ܲௐ௎஻ ܧ ൌ
1
2௄್ ෍ ෍Q

௜ஷ௝

ଶ಼್ିଵ

௝ୀ଴

∆ாሺ݅, ݆ሻ
2 ଴ܰ

ൌ
1
2௄್ ෍ ෍ܣௗ௝ ݇

ேೕ

௞ୀଵ

ଶ಼್ିଵ

௝ୀ଴

Q
∆ா௝ሺ݇ሻ
2 ଴ܰ

ൌ
1
2௄್ ෍ܣௗ ݇

ே

௞ୀଵ

erfc
∆ாሺ݇ሻ
2 ଴ܰ

grouping pairs of signals 
݅, ݆ with the same 

distance

ܰ ൌ	number of 
different distances number of pairs of signals at 

distance ∆ாሺ݇ሻ: distance spectrum

number of signals at distance ∆ா௝ሺ݇ሻ
from ݆: conditional distance spectrum

different signals ݅
may have the 
same distance 
from a signal ݆

௝ܰ ൌ	number of 
different distances 
from node ݆

ܯ ൌ ݆
∆ாሺ݅, ݆ሻ

ܯ ൌ ݅

ܯ ൌ ݆

∆ா௝ሺ2ሻ

ܯ ൌ ݅
∆ா௝ሺ1ሻ



• Remark: We have

ௗ௝

ேೕ

௞ୀଵ

2௄್ െ 1

ௗ 2௄್
ே

௞ୀଵ

2௄್ െ 1ሻ

(Why?)



4-PWM ሺܭ௕ ൌ 2ሻ
• Conditional distance spectrum:

– for ܯ ൌ 0

Ex.:

∆ா 0,1 ൌ න
16
5
௕ܧ
௉ܶ
ݐ݀

்ು/ଶ

்ು/ସ

ൌ
௕ܧ4
5

∆ா 0,2 ൌ
௕ܧ8
5

∆ா 0,3 ൌ
௕ܧ12
5

⇒ ସா್
ହ
, 1 ,  ଼ா್

ହ
, 1 , ଵଶா್

ହ
, 1 ሺ ଴ܰ ൌ 3ሻ

∆ா଴ 1 ௗ଴ܣ 1



– for ܯ ൌ 1 and ܯ ൌ 2

– for ܯ ൌ 3

• Distance spectrum

⇒ ସா್
ହ
, 2 ,  ଼ா್

ହ
, 1 	 ሺ ଵܰ ൌ ଶܰ ൌ 2ሻ

∆ா 1 ௗܣ 1

⇒ ସா್
ହ
, 1 ,  ଼ா್

ହ
, 1 , ଵଶா್

ହ
, 1 ሺ ଷܰ ൌ 3ሻ

ସா್
ହ
, 6 ,  ଼ா್

ହ
, 4 , ଵଶா್

ହ
, 2 ሺܰ ൌ 3ሻ



• Union bound:

ௐܲ ܧ ൑ ௐܲ௎஻ ܧ ൌ
1
4	 6ܳ

௕ܧ4
10 ଴ܰ

൅ 4Q
௕ܧ8
10 ଴ܰ

൅ 2Q
௕ܧ12
10 ଴ܰ

ൌ
3
2 	Q

௕ܧ2
5 ଴ܰ

൅ Q
௕ܧ4
5 ଴ܰ

൅
1
2Q

௕ܧ6
5 ଴ܰ




