
Digital Communication Part II
Optimal Single-Bit Transmission

(Chapter 13)

• Baseband modulator

ଵߨ ൌ Pr ܯ ൌ 1
଴ߨ ൌ Pr ܯ ൌ 0
ሺߨ଴ ൅ ଵߨ ൌ 1ሻ

௭,଴ݔ ݐ 	if	ܯ ൌ 0

Energy	ܧ଴ ൌ න ௭,଴ݔ| ݐ |ଶ ݐ݀

௭,ଵݔ ݐ 	if	ܯ ൌ 1

Energy	ܧଵ ൌ න ௭,ଵݔ| ݐ |ଶ ݐ݀



Optimal Single-Bit Transmission

• Average energy per bit: ܧ௕ ൌ ଴ܧ଴ߨ ൅ ଵܧଵߨ

• If ݔ௭ሺݐሻ	is of duration ௉ܶ,
– Average	power	 ൌ 	 ௦ܲ 	ൌ

ாೞ
்ು

– Bit	rate ൌ ܴ௕ ൌ
ଵ
்ು



Example a)



Example b)



Baseband Demodulator

Ex.:

ܺ௭ሺݐሻ 												൅ 																			 ௭ܹ ሺݐሻ 													ൌ 													 ௭ܻ ሺݐሻ

ூܺ ݐ ூܹ ݐ ூܻ ݐ

௉ܶ ௉ܶ
ݐݐݐ

ܺொ ݐ
ொܹ ݐ ொܻ ݐ

ݐݐݐ

Baseband	Demodulator



Design Problem

• Design domain
1. Baseband modulator: Waveforms ݔ௭,଴ሺݐሻ and ݔ௭,ଵ ݐ
2. Baseband demodulator: to be discussed

• Design goal: Minimize the BEP
• Design constraints:

– Duration ௉ܶ 
– Bandwidth ்ܤ (or spectral efficiency         ଵ/்ು

஻೅
)

– Average Power ௦ܲ (or ܴܵܰ ൌ ௉ೞ
ேబ஻೅

)

B 



Structure of the Optimal Baseband 
Demodulator

Remark: The threshold test can be expressed as 

ߛ ሺthresholdሻ

௭ܻ ݐ ܪ ݂

Filter

௭ܸ ݐ ூܸ ܴ݁ݐ

Sampler

௉ܶ

ூܸ ௉ܶ Threshold	Test

ߛ

෡ܯ ூݒ

෡ܯ ൌ 0

෡ܯ ൌ 1

ூݒ ← ூܸሺ ௉ܶሻ

෡ܯ



Ex.:

Remark: ூܸሺ ௉ܶሻ	is a so called sufficient statistics for the 
estimate of ܯ from ௭ܸሺݐሻ	

Structure of the Optimal Baseband 
Demodulator

ூܸሺ ௉ܶሻ

ݐ

ݐ ݐ

ூܻ ݐ ூܸ ݐ

௉ܶݐ ௉ܶ

ொܻ ݐ ொܸ ݐ



Design Problem

• Design domain
1. Baseband modulator: Waveforms ݔ௭,଴ሺݐሻ and ݔ௭,ଵ ݐ
2. Baseband demodulator:

1. Filter ܪሺ݂ሻ
2. Threshold ߛ

• Design goal: Minimize the BEP
• Design constraints:

– Duration ௉ܶ 
– Bandwidth ்ܤ (or spectral efficiency         ଵ/்ು

஻೅
)

– Average Power ௦ܲ (or ܴܵܰ ൌ ௉ೞ
ேబ஻೅

)

B 



Three Steps to Solve the Design 
Problem
1. Optimum threshold ߛ

Given ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ and ܪሺ݂ሻ, design ߛ
maximum a posteriori bit demodulation (MAPBD)

2. Optimum filter :ሺ݂ሻܪ
Given ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ and the optimal ߛ, design ܪሺ݂ሻ

matched filter

3. Optimum waveforms ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ
Given ߛ and ܪሺ݂ሻ, design ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ



Optimum Threshold 

• Given ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ and ܪሺ݂ሻ, we wish to find ߛ that 
minimizes the BEP

஻ܲ ܧ ൌ Pr	ሺܯ෡ ് ሻܯ
• Recall the rule

• That is, if ݒூ ൐ ߛ we have  ܯ෡ ൌ 1 and, otherwise, 
if ݒூ ൏ ߛ we have ܯ෡ ൌ 0

ߛ

෡ܯ ூݒ

෡ܯ ൌ 0

෡ܯ ൌ 1

ூݒ ← ூܸሺ ௉ܶሻ



Optimum Threshold 

• If , the baseband signals at the receiver side are as 
follows:

where:
– ௭ܻ,଴ ݐ ൌ ௭,଴ݔ ݐ ൅ ௭ܹ,଴ ݐ
– ௭ܸ,଴ ݐ ൌ ௭ܻ,଴ ݐ ∗ ݄ ݐ

ൌ ௭,଴ݔ ݐ ∗ ݄ ݐ ൅ ௭ܹ,଴ ݐ ∗ ݄ ݐ

ߛ

≜ ݉଴ሺݐሻ ≜ ௭ܰሺݐሻ

impulse response
of the filter

convolution

௭ܻ,଴ ݐ ܪ ݂ ௭ܸ,଴ ݐ ூܸ,଴ ܴ݁ݐ ூܸ,଴ ௉ܶ Threshold	Test

௉ܶ

෡ܯ



• The noise ௭ܰ ݐ ൌ ூܰ ݐ ൅ ݆ ொܰሺݐሻ is such that:

– ூܰ ݐ and ொܰ ݐ are independent

– ܵேூ ݂ ൌ ܵேொ ݂ ൌ ሺ݂ሻܪ ଶ ேబ
ଶ

⇒ ூܰ ݐ ~ܰ 0, ே಺ߪ
ଶ with ߪே಺

ଶ ൌ ேబ
ଶ ׬ ሺ݂ሻܪ ଶାஶ

ିஶ ݂݀

and ொܰ ݐ ~ܰ 0, ேೂߪ
ଶ with ߪேೂ

ଶ ൌ ே಺ߪ
ଶ

• ூܸ,଴ ൌ ܴ݁ ݉଴ሺ ௉ܶሻ ൅ ூܰ ௉ܶ where ܴ݁ ݉଴ሺ ௉ܶሻ ≜ ݉଴
and ூܰ ௉ܶ ~ܰ 0, ே಺ߪ

ଶ

Optimum Threshold 



Optimum Threshold 
• To summarize, if ܯ ൌ 0, then the sufficient statistics ூ ௣

at the input of the threshold test is:

ூܸ,଴ ௣ܶ ൌ ݉଴ ൅ ூܰ

where ݉଴ ൌ ܴ݁ሼݔ௭,଴ ݐ ∗ ݄ ݐ |௧ୀ ೛்ሽ

ூܰ~ܰሺ0, ே಺ߪ
ଶ ሻ with ߪே಺

ଶ ൌ ேబ
ଶ
׬	 ܪ ݂ ଶ݂݀ାஶ
ିஶ

• Similarly, if , we have:

ூܸ,ଵ ௣ܶ ൌ ݉ଵ ൅ ூܰ

where ݉ଵ ൌ ܴ݁ሼݔ௭,ଵ ݐ ∗ ݄ ݐ |௧ୀ ೛்ሽ

ூܰ~ܰሺ0, ே಺ߪ
ଶ ሻ with ே಺ߪ

ଶ ൌ ேబ
ଶ
׬	 ܪ ݂ ଶ݂݀ାஶ
ିஶ

Remark: The filter ܪ ݂ affects both the signal part (݉଴ and ݉ଵ) 
and the noise (ߪே಺

ଶ )


