New Jersey’s Science &
Technology University

THE EDGE IN KNOWLEDGE




e Consider now the effect of the matched filter on the
sufficient statistics V;(Tp):

T

Y,(t) = x, () + W, (1) v, () Vi(6) T == Vi(Tp)
// > ~ >| Re '/ !

matched Y
filter

 Recall that we have V,(Tp)= mo,1 + Nj

/N

fM=0 IfM=1
where mO/l i Re{xZ,O/l (t) * h(t)l t=TP}

, , NO + 00 ,
Ny~ N(0,0y,) with oy, =—~ | [H()I*df
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Let’s calculate oy first:

N, [+
e LG RY

N, (t%
—° |h(0)|? dt
Rayleigh / N0 +°°
theorem = X, (=t +Tp) —x,0(—t + Tp)‘2 dt
Ny , Ny
= \xz,l(t) = Xz0(D)[? dt = == A5 (1,0)

— O

\ J
|

Squared Euclidean distance between
xz,l(t) and Xz,0 (t):
Ag(1,0)
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« Remark: The Euclidean distance Ag(1,0) measures how “far” x, , (t) and
xzo(t) are from each other.

A xz4(t) A xz,0(t)
EX.: 1
A
0 Tp & 0 TP>t
+ 0o Tp
Ap(1,0) = f |, —xz0®)|2dt = | (1 —A)%dt
— 00 0
= (1 - A)?T
( )"Tr 205 (1,0)
Tpv .
ol 1 > A
T

Xz1 (t) = Xz0 (t)
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e Remark: Az(1,0) = Ag(0,1)

« Remark: The squared Euclidean distance can be expressed in terms of
the energies E,and E;and in terms of the correlation coefficient:

[T %1 (Dx50 (B dt

P10 = ,—EO .

e |n fact;

Ag(1,0) = (xz,l(t) — Xz,0 (t))*(xm(t) — Xz,0 (t))dt

+ 00 5 + 00 ) + 0o .
= f |, 1 (O] dt + f |, 0(£)| dt — 2Re { f xz,l(t)xz,o(t)dt}

= E; + Ey — 2\/Ey E; Re(pq0)
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Ex.: With the waveforms of the previous example, we have:

E1 — Tp, EO= AZTP

+ 00 *
S X21(O)x70(0)dt
P10 E, E,
IV +1ifA>0
_Jo —izsign(/l)z 0 ifA=0

- ~A|T
«/AZTPZ 41T —1ifA<0

= A (1,0) = E; + Ey — 2sign(A)/Ey E;

—_ (1 + AZ)TP — ZATP —_ (1 — A)ZTP
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e Using similar calculations, we get

my = E; — \ Eo E1Re(p10)
my = —Ey +/Ey E;Re(p10)
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To summarize:

fV,|M(V1|M =1)
frum@iIM = 0)

No
on, = 7AE(1,0)
«—>
. | -
/i T i\
| |
I y = my + my :
= —E, + /E,E{R | -2 N
mg 0 oE1Re(p1o) : E _E, i my = E; — \EoE1Re(pq0)
|
| 3

Effective SNR:

(my; — my)? AE(l 0) Increasing Ag(1,0)
- g O-N 4N, Improves 7.
I
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In the special case in which x, {(t) = —x,,(t), we have:
E, =E, =E,
A (1,0) = 4E, (since p;p = —1)

and:

fvm ([ IM = 0)

N

T fram i IM = 1)

mgy = —ZEb

Effective SNR:
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* We have seen that the filter matched to x,;(¢t) for i = 0,1 can be
Implemented as a correlator

« Since the matched filter is matched to the effective signal
X, (1) = x,1(8) — x,,0(t)

we have the equivalence between the “matched filter + Re +
sampler” structure:

Tp
Y, () = x,(t) + W, (1) V,(t) Vi) I~ =Vi(Tp)
L matched , S| Re L
filter 4 i ,

and the “correlator + Re” structure:

YZ(t) + oo
T
Al v, 0, @arf—— we L

correlator with x,(t) E
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Bank of correlators implementation:

— <

correlator with
xz,l (t)

BN

Re

10,

N
\4

correlator with
xz,O (t)

Re

Vi(Tp)
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 Note that

N

M=1

Vi(Tp) z Y =
M=0

E1 — Eg
2

IS equivalent to

1

14
0

V,(Tp) = Re { J +OOYZ(t)x;1(t)dt} — Re { f +OOYZ(t)x;,O(t)dt}

— 00 — 00

=) )
N AV

\ | \ v )
Y
correlator with x, 1 (¢t) correlator with x, o (t)
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which is in turn equivalent to the rule

where

+00
: By
I; = Re {J Yz(t)xz,i(t)dt} 2 likelihood

— 00 .
metric of
message i = 0,1

ﬁience & Technology University THE EDGE IN KNOWLEDGE



* The optimal demodulator can then also be expressed in terms of likelihood
metrics as

E1/2

o

, correlator with 2N Nav >

xz,l (t)
YZ (t) choose M
Z S
7 Eo A largest
correlator with 7/ Re ;& S

7 Xz0(t) 77

 Remark: This last implementation of the optimal filter will be convenient
for the generalization to the transmission of more than one bit.
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« Ex.: Given the waveforms {x, ((t), x, 1 (t)} specified below, calculate the
impulse response of the matched filter.

AxZ,O (t) AxZ,l(t)

1
a
) 0 T,

>t > t

-1

To calculate h(t) = x; (=t + Tp) — x,o(—t + Tp), let us first evaluate the
effective signal x(t)

AXz1 (t) —Xz0 (t)

2

>t
TP A (D)

Now, by flipping around the y-axis and delaying by Tp, we get: 2
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b) AXz,0(t) A%Xz1(0)
1 1
Tp / 2
>t > t
TP Tp
-1
Effective signal: Matched filter:
A Xz1 (£)- xz,0(t) Ah(t)
1 1

Tp /2 Tp / 2

— >t
2 Al

« For additional examples, see pp. 13.20 - 13.21
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