


Optimum Waveforms
3. Optimum waveforms ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ

• Given optimal ߛ and ܪሺ݂ሻ, we wish to design ሼݔ௭,଴ ݐ , ௭,ଵݔ ݐ ሽ
such that the BEP

஻ܲ ܧ ൌ ܳ 	ߟ with	ߟ ൌ
	∆ா 1,0
2 ଴ܰ

is maximized, or equivalently the squared Euclidean 
distance ∆ாሺ1,0ሻ is maximized

• Constraints:
− Average energy: ܧ௕ ൌ

ாబାாభ
ଶ

− Bandwidth: ்ܤ 



• It is intuitive, and it can be proved as shown in the textbook, that 
the optimal waveforms must satisfy the condition:

௭,଴ݔ ݐ ൌ െ ௭,ଵݔ ݐ (∗ሻ

• The corresponding maximum squared Euclidean distance is
∆ா 1,0 ൌ ௕ܧ4

since

∆ா 1,0 ൌ න ௭,ଵݔ ݐ െ െݔ௭,ଵ ݐ
ଶ	݀ݐ ൌ 4න ௭,ଵݔ ݐ

ଶ	݂݀
ାஶ

ିஶ

ାஶ

ஶ

ൌ ଵܧ4 ൌ ଴ܧ4 ൌ ௕ܧ4

• The condition (∗ሻ is equivalent to: 
଴ଵߩ ൌ െ1

and ܧ଴ ൌ ଵܧ ൌ ௕ܧ
• The BEP with optimal waveforms is

஻ܲ ܧ ൌ ܳ
௕ܧ2
଴ܰ
	



Ex.:
a) ON-OFF KEYING (OOK)

•

௭,଴ݔ ݐ ൌ 0																																										

௭,ଵݔ ݐ ൌ ቐ
ଶா್
்ು

											0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁													0

• Not optimal since ݔ௭,଴ ݐ ് െݔ௭,ଵ ݐ

• ଴ܧ ൌ ଵܧ ,0 ൌ ௕ܧ2 ⇒ ݕ݃ݎ݁݊݁	݁݃ܽݎ݁ݒܽ ൌ 	 ாబାாభ
ଶ

ൌ ௕ܧ
• ∆ா 1,0 ൌ ଵܧ ൌ ௕ܧ2 ൏ ௕ܧ4

• ஻ܲ ܧ ൌ Q ∆ಶ ଵ,଴
ଶேబ

	 ൌ ܳ ா್
ேబ

• Since we need double ܧ௕ to obtain the same BEP, ON-OFF keying has 
a loss of 3dB (ൌ 10logଵ଴2) with respect to the optimal modulation

௕ܧ2
௉ܶ

0 ௉ܶ
t

௓,ଵݔ ݐ

optimal squared Euclidean distance



b) BINARY PHASE SHIFT KEYING (BPSK)

•
௭,ଵݔ ݐ ൌ ቐ

ா್
்ು
											0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁												0
௭,଴ݔ ݐ ൌ െݔ௭,ଵ ݐ 																											

• Optimal since ݔ௭,଴ ݐ ൌ െݔ௭,ଵ ݐ

• ଴ܧ ൌ ଵܧ ,௕ܧ ൌ ௕ܧ ⇒ ݕ݃ݎ݁݊݁	݁݃ܽݎ݁ݒܽ ൌ 	 ாబାாభ
ଶ

ൌ ௕ܧ
• ∆ா 1,0 ൌ ௕ܧ4 optimal squared Euclidean distance

• ஻ܲ ܧ ൌ Q ∆ಶ ଵ,଴
ଶேబ

	 ൌ Q ଶா್
ேబ



c) BINARY FREQUENCY SHIFT KEYING (BFSK)

•

௭,଴ݔ ݐ ൌ ቐ
ா್
்ು
݁௝ଶగ௙೏௧											0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																								0

௭,ଵݔ ݐ ൌ ቐ
ா್
்ು
݁ି௝ଶగ௙೏௧									0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁																				0

• ௗ݂ 	൒ 0 is referred to as the frequency deviation

• The corresponding bandpass signals are

௖,଴ݔ ݐ ൌ 2	ܴ݁ ௭,଴ݔ ݐ ݁௝ଶగ ௙೎ା௙೏ ௧

ൌ 2	cos	 ߨ2 ௖݂ ൅ ௗ݂ ݐ
௖,ଵݔ ݐ ൌ 2	cos	 ߨ2 ௖݂ െ ௗ݂ ݐ

(information encoded in the frequency)



• Not optimal since ݔ௭,଴ ݐ ് െݔ௭,ଵ ݐ

• ଴ܧ ൌ ଵܧ ,௕ܧ ൌ ௕ܧ ⇒ ݕ݃ݎ݁݊݁	݁݃ܽݎ݁ݒܽ ൌ 	 ாబାாభ
ଶ

ൌ ௕ܧ
• ∆ா 1,0 ൌ ௕ܧ2 1 െ sincሺ4 ௗ݂ ௉ܶሻ (see textbook for calculation)

• ஻ܲ ܧ ൌ ܳ ா್
ேబ

1 െ sincሺ4 ௗ݂ ௉ܶሻ 	

3
8 ௉ܶ

∆ா 1,0

௕ܧ	2.42

௕ܧ	2

1
4 ௉ܶ

1
2 ௉ܶ

⋯ 	 ௗ݂



• The optimal ௗ݂	is ௗ݂ ൌ
ଷ

଼்ು
. With this choice, we have ∆ா 1,0 ൌ ௕ܧ2.4 and 

hence the loss with respect to the optimal modulation is 

10logଵ଴
ଵ
଴.଺

ൌ .ܤ2.2݀

• Remark: The optimal ௗ݂ is not ௗ݂ → ∞! In fact with ௗ݂ → ∞, we have 
∆ா 1,0 ൌ ௕ܧ2 and hence a 3dB loss. The same result is also obtained with
ௗ݂ ൌ

ଵ
ସ்ು

: BFSK with ௗ݂ ൌ
ଵ

ସ்ು
is known as MSK.

3
8 ௉ܶ

∆ா 1,0

௕ܧ	2.42

௕ܧ	2

1
4 ௉ܶ

1
2 ௉ܶ

⋯ 	 ௗ݂



• To summarize the previous examples, the BEP is as follows

• Remark: MSK and OOK are orthogonal schemes in the sense that
଴ଵߩ ൌ 0	(and hence ݔ௭,଴ ݐ and ݔ௭,ଵ ݐ are orthogonal).

஻ܲሺܧሻ
BPSK	ሺoptimalሻ

BPSK	with	 ௗ݂ ൌ
3
8 ௉ܶ

MSK	or	OOK

௕ܧ
଴ܰ
ܤ݀



bandwidth	ܤ3݀ ൌ
1
௉ܶ
≃ ்ܤ

݂

• Let us now talk about the bandwidth required by some of the mentioned 
modulation schemes.

Ex.:
a) BPSK

• Average energy spectral density

௫೥ܦ ݂ ൌ
1
௫೥,భܩ2 ݂ ൅

1
௫೥,బሺ݂ሻܩ2

ൌ ௫೥,బܩ ݂ ൌ ௫೥,భܩ ݂ ൌ ࣠ ௭,ଵݔ ݐ
ଶ

ൌ ௕ܧ ௉ܶ sincሺ݂ ௉ܶሻ ଶ

• Spectral efficiency

஻ߟ ≃
1/ ௉ܶ
1/ ௉ܶ

ൌ ݖܪ/ݏ/ݏݐܾ݅	1



b) BFSK
• Average energy spectral density

௫೥ܦ ݂ ൌ
1
௫೥,భܩ2 ݂ ൅

1
௫೥,బሺ݂ሻܩ2

with ܩ௫೥,బ ݂ ൌ ௕ܧ ௉ܶ sincሺ ݂ െ ௗ݂ ௉ܶሻ ଶ

௫೥,భܩ ݂ ൌ ௕ܧ ௉ܶ sincሺ ݂ ൅ ௗ݂ ௉ܶሻ ଶ

• It is easy to see that the bandwidth increases with ௗ݂ (see Fig. 13.23 in 
the textbook)

• It can be calculated that

்ܤ ≃ ቐ
ଵ.ହ
்ು
	for	 ௗ݂ ൌ

ଷ
଼்ು

ଵ
்ು
for	MSK							

• Spectral efficiency:

ܤߟ ≃ ቐ0.67										ܾ݅ݖܪ/ݏ/ݏݐ		ݎ݋݂	 ௗ݂ ൌ
3
8 ௉ܶ

																	MSK	ݎ݋݂	ݖܪ/ݏ/ݏݐܾ݅								1



Remark: The optimal decoder structure can often be simplified when 
considering specific modulation schemes.

Ex.:    BPSK

݁ݔ ݐ ൌ ൞2
௕ܧ
௉ܶ
					0 ൑ ݐ ൑ ௉ܶ

݁ݎ݄݁ݓ݁ݏ݈݁													0

The general structure of the optimal decoder is

ூܸ ௉ܶ
ܴ݁න ௭ܻ ݐ ݁ݔ ݐ ݐ݀

ାஶ

ିஶ

௭ܻ ݐ ෡ܯ
(correlator

+ ܴ݁
implementation)



which can be simplified as

since ூܸ ௉ܶ ൌ 2 ா್
்ು
׬ ூܻ ݐ ݐ݀
்ು
଴

ܴ݁ න ூܻ ݐ ݐ݀
೛்

଴

௭ܻ ݐ ෡ூܻܯ ݐ

ߛ ൌ 0




