Lecture 13
REVIEW

Physics 106
Spring 2006

http://web.njit.edu/~sirenko/
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What should we know ?

» Vectors
addition, subtraction, scalar and vector multiplication
Trigonometric functions
sind, cos 0, tan 0, 6 = tan(a/b), etc
> Integration and Derivatives (basic concepts)
2x = (x3)
> SI Units

v

> Newton's Laws
F=ma F12 = 'F21
Energy Conservation
Kinetic Energy, Potential Energy, and Work

> Circular motion and Centripetal Force
a® = v2/R

v
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What should we know ?

> Angular variables
angular velocity, angular acceleration, efc.
- Rotational Inertia

> Kinetic Energy of Rotation
~ Angular Momentum and Torque
> Newton's law of Gravitation and planetary motion

- Satellite orbits, Potential and Kinetic Energy of a
satellite

> Oscillations and Pendulums
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Newton’s Laws

1. If no net force acts on a body, then the body’s velocity cannot
change.

Il. The net force on a body is equal to the product of the body’s
mass and acceleration.

1. When two bodies interact, the force on the bodies from each
other are always equal in magnitude and opposite in direction

(Fi=-F2)

Force is a vector
Force has direction and magnitude

Mass connects Force and acceleration;

Fiot = 0 ©d = 0 (constant velocity)
Fi,t = ma for any object
Ffof,x = ma, F1'o1',y = I‘I‘lOY Ftof,z = maz
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Components of Vectors: .
- aligned along axis

y - add to give vector
- are vectors

b.=7m

x(m)

a, = acosf and a, = asinf

Ay
a=.,/a?2+a? and tanf = —

. i y
; Ay

() Length (Magnitude)
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Vector Multiplication

Dot product

A +B=ABcosd =A B +A B +A B,

0 is the angle between the vectors if you put
their tails together

—

B A*B=B-A
since cos(0) =cos(-0)

/)

—
A
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Vector Cross Product

The value of cross
product:

c = ab'sing
$»=0 =>c¢c=0
¢=n/2 = ¢ = a'-b (max)

Cross product is maximized when vectors
are perpendicular

axb=(ab, ~badi+b, -ba)j+b, -balk
Order is important: AxB# Bx A
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(a) (b}

TABLE 2-1 Equatiens for Meotion with Constant Acceleration?

Igil;ih;n Equation Ifissing Quantity
2-11 v=v,+at X -7
2-15 x-xg=vgtt %a.ﬁz v
2-16 v2=v20+2a(x - xp) i
2-17 x—xu=;_(vn+v}f, &

2-18 X-Xg=vi- ;_afg Vi

2 Make sure that the acceleration is indeed constant before using the equations in this takle.
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What does zero mean ?
-t =0 beginning of the process
> X = 0 is arbitrary; can set where you want it
> Xo = X(1=0). position at t=0; do not mix with the origin

Uniform Circular Motion

Centripetal acceleration

.
»v(t)=0 xdoes not change x(1)-x,=0 = 7 \
Vo=0  v(f)=at; x(t) - xo = at2/2 _ / - =
-a=0 v(t) = vo X(t) - Xg=vo T Period Y —_
_ 2w '
-a=0 v(t) = v +at; X(t) - Xg = vo T +at2/2 v ,f
help: t=(v-vy)/a X - Xo = 3(v 2- vg?)/a
a=(v-vo)/t X -Xg= % (v+vp)t \ %
- Acceleration and velocity are positive in the same
direction as displacement is positive
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a a. =-mvéi/R=% : : . 1
g ma=mv/R=2F Kinetic Energy: K = Lme?
¥, (all forces along the direction towards the center) 2
. Gravitational Force:  mg ~ POTCHTIGI EnerQY' U=
down to the ground 5 _ om™am2 ln o AU = -W - Gravitation: = mgy
rd ma
. Tension Force: T « Elastic (due to spring force): y — %kﬂ;?
along the string 'HE U =mgy
-Normal Force: N ma =N —ng 1 \ y U->K
perpendicular to the support ma = mv2/R l
mg 2 ............. K = —mv* Conser'vafion Of
~Static Friction Force Mechanical Energy
maximum value Femax = N E,o.c=K+U K, +U,=K,+ U,
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Kinetic Energy: K = Zmo?

Potential Energy:

AU = -W - Gravitation: U = Mgy

« Elastic (due fo spring force): py = %kmz

¢ positive d

1 orvorbioo e U=l K=0
e I n Uée>K

~ Block

hmfm!@ Sy V=0
: Conservation of
Mechanical Energy

Emec:K+U K, +U; =K, +U,
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K = —mv?
2

Examples for Energy Conservation

L 1
Kinetic Energy changes = Emu’

Gravitational Potential Energy 7 = mgy

*  Elastic Potential Energy v < Yis
2
I 1

&= - K = Smuv’ Total Mechanical Energy = Const.

k=29 N/jem = W= mgy - war'lchonl

[y
) 32 em 1
49 J[cm K= Em'vz

Wfriction l

E; - E = -IWsnictionl =fid -c0s180 ° =-mg p- d - cos18°
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Particle: p = muv
System of Particles: P =m¥i+myvs...
Extended objects: P = Mv.om

Relation to Force: Fy, = ma

P dp _, dP
net — F —_
dt net d n
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Completely Inelastic Collision
Collisions in 1D

-
Vi

Conservation of Linear Before = 2.0
Momentum works ! x
m, Mo
D1 + Pa2i = ﬁlf = ﬁgf Projectile  Target
V
mivy; = (my+my)V i ~
m; my + Mo
= — Ui
my + ma

Example: Two equal objects, one initially at rest
mv; = szf . Vg = Vilz

Final Kinetic Energy = $(2m)(v,/2)? Hfllf The original
Kinetic Energy

04/19/2006 = 3m(v,)? 16




Rotational Kinematics:

Linear Displacement «> Angular Displacement

Linear Velocity <> Angular Velocity

Linear Acceleration > Angular Acceleration
—_— — —_— S —_— —_—

X, v, a < 0, o, a

If o is constant:
O(t) = 6,+ w,t +5at’

dé
=—> o(t)=o,tat
dt
combine: 2a (6 - 6,)= o’ - o,
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Radian

1 Radian = 180° / n ~ 57.3°
The arc length is equal to the radius As = rAQ

Circle: 360° = 2rn radians =~ 6.283 radians
3 Circle: 180° = n radians ~ 3.1415 radians

» Radians = degrees x (= /180)

» 1 degree = n /180=0.0174532925 radians.
> 180°= 3.14156 radians

> 90° = 15708 radians

» 45° = 0.7854 radians
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RO?GTiOn . Angular Displacement
Angular Velocity

2 Angular Acceleration
g —_— —_—
0, o, o
Missing
Linear Equation Variable Angular Equation
= =+ = =
vEv,ta ok 0-4 ®=w + af
x-x =vitlal v ® 6-0 =w t+lal
0 0 : 0 0 2
2 2 i t 2 2
=y 4+ = = + -
vi=v, 2alx xo) N 2ad 6 90)
x-xO:%(v0+v)t a @ g_gﬂ:%(mo.;_m)t
— 1,2 ¥ O] — 1,2
. x-xo—vt-z—ar 0 0 - So—mt-io:t 1

Kinetic Energy of Rotation

K= % mZ Point mass (ho rotation); v of the COM

E=Ympd +Lmvd + Lt +-- Sys‘rem.
S . of particles
T L2 V= or or an object

1
£=3 tmon) = 1Y ms) o
I=%"mr  (rotational inertia)

K=1I®* (radian measure)
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Rotational Inertia

TABLE 11-2

Rotational Inertia

/n

Huop about

Annu]a: eylinder

entral axis
¢ ! R, ' (or ring) about
central axis

Thin
spherical shell
about any

2R diameter

K=1Ip* (radian measure)
(D‘ {a) |
- MR? =1 1, op2 P
| = I(a) ” I(b) {=MR (@) 1=iM(RT+ RY (b)  I=3}MR (&)
Rotation — Axis Axis Al Axis Slab abou
- I i ﬁd linder (?.\Orld?sk); la\l::ml pcrpcudlcultar
‘ - I"OTGTIOHC(I “ (or clis(l?; v \ central diameter axis thfough
. 7" central axis - centet
equivalent of mass m AV s
[15)] R« R ‘
Main difference between m and I 11w © 1=1MR? b L2 @ et 0
. . . . Axis Axis : . "s.
Rotational Inertia depends on the direction Thncod s S Sl I g
. aJm Ol center diameter \\\ ’ lameter
of rotation ! o v b )
For a rigid body, I depends on how the mass is - ‘ J
0411912006 g;::::red in an object relative to the axis of ” I=hML* @ i=fME_ D I=1MR? o
Parallel- Axis Theorem =

for Rotational Inertia
I=1_ +1

(parallel — axis theorem).

e Calculate I, for the
o axis going through the
Rotation axis y
through P 3 COM
3
A Use Parallel-Axis Theorem
com| a
o\ to calculate I
“— Rotation axis
through
center of mass
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i
Rotation .
axli‘. L2

Rotation
axis

Momment am '

04/19/2006

Torque: =

B
*, 4
& [VF

The value of forgue:
= r-F-sing
$=0 = 1=0

¢=n/2 = 1= r-F (max)

In vector notation form:

= [:xFTj

Andrei Sirenko, NJIT
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Rotational Analogy to Linear Motion | Angular Displacement
Angular Velocity

Newton's Second Law for Rotation Transiation  Rotation | 1% " 0 evation

position b o
Torque causes the velocity V= d/dt o = do/dt - —
Change nw TneT - I o acceleration a = dv/dt « = do/dt 0, o, «
y Rotational equivalent of F =ma - e Missing
i ) q mass m I=Zmyr, Linear Equation Variable Angular Equation
Kinetic Energy K =5mv? K = $I 02 VTN 0, o, *at
xox =y ,'a.lz v w 6.8 =t Lmz
Force F=ma rt,=Ta
net v =\'UZ F2alx-x) § f @ = o)(.z F2a(f- )
LE; — mat ’-"-‘0_:1("0"""” a a 9-90—:(:0)0*1(0:]{
/ ?: [;:K F Xex, =M %u.fz Yo B - ﬂo =l - }m‘z
T=Fr=mar m/ 7 = rFsing
. 3
T=miarir=(mr .
X
o . .
— Rotation axis
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Chapter 11 Rotation
Sample Problem 11-7 PROBLEM 55
Figure 11-17a shows a uniform disk, with mass M= 2.5 kg and radius 8 = 20 cm, mounted on a fized InFig 11-42 | one block has mass M = 500 g, the other has mass m =460 g, and the pulley,
hQﬁzoqtal axle. A blOCk_ with mass EB= 1.2 kghangs from a massle;s cord that. 1 wrapped afomd_ﬂle ritm of the which 13 mounted in honzontal fictionless bearings, has a rads of 5.00 cm. When released
disk. Find the accele;’anon of the fa]]mg b.logk., the angular acceleration of the disk, and the tension in the cord, fromm rest, the heavier block falls 75.0 cm in 5.00 = (without the cord slipping on the pulley). (a)
Ui wore! ciozs mat sllp, anc e b we e e b o 2cll. “What 15 the magnitude of the blocks' acceleration? "What is the tension in the part of the cord
TN that suppotts (b) the heawer block and (c) the lighter block? {d) What 15 the magnitude of the
' ) - - ulley's ar acceleration? (g) What 15 its rotational nertia?
Iof the dislcis - MR pulleys e ©
" Iofthe disk is L MR
T
in
m
I?; Fig. 11-17 Sample Problems 11-7 and 11-9 _ () The falling
block causes the disk to rotate. (5) A free-body diagram for
the block. () An incomplete free-body diagram for the
(@) (&) disk.
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Work and Rotational Kinetic Energy

Work-kinetic energy theorem
AK = K; — K; = {Iw} — ;Iw? =W

Work, rotation about fixed axis

R
% ‘./9 o
Power, rotation

Work, constant torque about fixed axis

W:T(gf—gq;) _dW_

P—E—TW
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Angular Momentum:
Definition: 77— 7« 5= m (7 x 9 [kg m?/s]

l=r-m-v-sing

Angular Momentum | — | )
for rotation

System of particles: © 2Tt =3k
Torque:
) = = d, - -
[ 7= i LY
. dt

- 7 = rFsing

U4/ 191 £UU0 Andrei Sirenko, NJIT
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Sample Problem XII-5

] 3 A penguin of mass m falls from
N rest at point A, a horizontal
distance D from the origin O of
an xyz coordinate system.

a) What is the angular momentum
P ;‘]l of | of the penguin about O?

b) About the origin O, what is the
torque zon the penguin due to
the gravitational force Eg?
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Newton’s 2"d Law

Angular Momentum of a particle:

04/19/2006 Andrei Sirenko, NJIT
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Linear Momentum

Angular Momentum

—

— — L=Tr 1 2
p=mv . rxp [kg m?/s]
L=rXp =mrxv
[kg m/s] L = mrvsing
Both are vectors
K d, - -
_.:EE = ~ - L = ;f = 1(1
Fear =™ dt( )
For rotating body:
me>T 2oLl
VAR S X0

FOR ISOLATED SYSTEM: L IS CONSERVED
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Linear Momentum Conservation:

P1i + Pa2i = ﬁlf + ﬁ2.f 1. Define a reference frame

- - _ - - 2. Calculate P before the collision
MyVy + MaVy = MyVie ¥ MVae 3. Compare with P after the collision

Both, elastic and
<—D Inelastic collisions

Anqular Momentum Conservation:

"If the external torque is equal to zero, L is conserved”
Axis 1. Define a rotational axis and the

@ b origin

+ .-+ 2. Cadlculate L before interaction or
@ | any changes in I
3. Compare with L after the
interaction or any change in T

04/19/2006 Andrei Sirenko, NJIT 34

Conservation of Angular Momentum

1

Angular momentum of a

solid body about a fixed axis '

L =1Tw

Law of conservation of
angular momentum

L = const. = E,; = Ef

(\Valid from microscopic to
macroscopic scales!)
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If the net external
torque z,acting on

P a system is zero, the
cj:;r--. angular momentum
4 L of the system
P ak remains constant,
| no matter what
e changes take place

o within the system

Rolling

g Smo_oth rolling
motion

Veom = WR

Rotation axis av

Rotation and Translation

{a) Pure rotation - (&) Pure manslation — (¢} Rolling motion

V= Veom ; V=
// T \ T \E / .TD;.
{ \'I f - \

/ % ¢ Jeom \
|.\ a0 K 0 ) | g |
! 4

P / Pt \ P

}—-—_._'_,- \E_..__b e el

V= Feoon o =0 36

Reference frame




Kinetic Energy

K = %IP w?

Ip = Iom+ MR?

K = %Imm w? + %Mszg
Veom = wiR

K = %Iwm w? + %vaﬂm
Sample Problem X12-1: A uniform solid
cylindrical disk (M = 1.4 kg, r = 8.5 cm)
roll smoothly across a horizontal table
with a speed of 15 cm/s. What is its
kinetic energy K?

Stationary observer

Parallel-axis theorem

A rolling object has two types
of kinetic energy: a rotational
kinetic energy due to its
rotation about its center of mass
and a translational kinetic
energy due to translation of its
center of mass.
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Forces

N

The acceleration tends
to make the wheel
slide.

A static frictional force
f, acts on the wheel to
oppose that tendency.
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Conservation of Energy
1 (1.
5 (R—('2+Mj vZ = Mgh

v, - 2gh
< YI1+I./MR?

A Disc

BLEVIE
2

If‘

Rolling down a hill

For a particle: v.=,/2gh

0

A Ring
I, = MR’

vom 22 [og
I+EMR‘/MR3

Ve = \/—qj —\/—2gh
I+ MR /MR~ 2

2gh 1

Free falling / sliding without friction: V. = ,/ 2gh
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—_

s wn s

Anqular Momentum Conservation:

"If the external forque is equal to zero, L is conserved”

Axis
P
e
'1-3\T
M=1kg
m =10 g = 0.01 kg m
r=1m
0, =0 o; = 1rad/s
Vioaer =7 Ke/Ki=?

Define a rotational axis and the
origin

Calculate L before interaction or
any changes in T

Compare with L after the
interaction or any change in I

Li = L bullet = mVFSIn(TC/Z) = ???

Le=To = (Mr2+ Mr2 + mr2 ) o, =
=2 kgm?/s

L; = L¢ (angular momentum conserv.)

V bulier = @ <(2Mr2 + mr? )/mr = 200 m/s

Ki :%mvz bulleT:ZOOJ
K=3Taw?=1J

K,/K; = 1/200
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Eauilibri Newton's Law of Gravitation
quiibrium (known since 1665)

Balance of Forces: Balance of Torques: M Mo
_ F=G———
. 4P L _dL _ o 2
net — —, — Thnet — —— — —_
tT dt tTdt -
-11 2 2 F
G=667%10"" N.m’ kg s
1. The vector sum of all the external forces that act on the -F
body must be zero. my -7
2. The vector sum of all the external torques that act on the _;/
body, measured about any possible point, must be zero. =
—_ -
3. The linear momentum P of the body must be zero. Fr” .
4. The gravitational force F, on a body effectively acts on a m /
single point, called the center of gravity (cog) of the body. s
If g is the same for all elements of the body, then the = \
body’s cog is coincident with the body’s center of mass.
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Only six planets, including the Earth,
were known until the 18th Century

N

Planets and Satellites: Kepler's Laws

THE LAW OF PERIODS: The square of the
period of any planet is proportional to the cube of the
semimajor axs of its orbit.

Semimajor Axis  Period T

=T Gﬂf m_ (#)(e” 7). Planet a(1my T (10 P

A ! Mercury 5.79 0.241 2.99
2 ) 1 Venus 10.8 0.615 3.00
16 T _ an” #3  Earh 15.0 100 296
M G Mars 22.8 1.88 2,98

TTupiter 778 1190 3010 C
Saturn 143 29.5 2,93

I A Dws 287 840 298
. Neptune 450 165 2.99
Coper'nicus 1510 Phito 590 248 259
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Potential Energy :

AU between r, and r, is the work done by the
Gravitation Force during the move fromr, tor,:

mim
F=G 177%2 GMm
TZ {}E = —
rl r
/vo
e GM
B .\ U— m
Reference pointr=0_.-~ ___- 0t T
T T >
‘ U =0; atinfinity! (far away)
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Potential Energy :

. U— GMm
Isit AU=mgh or == , anyway ?

It is the same thing, just different zero levels.

= GMm is more universal (always correct)
'

o A U=mgh works for h<<r,
\ h zero at the Earth surface

GMm

r

A U =GMm/r — GMm/(r+h) = GMm(r+h-r)/(r- (r+h))
= mh:[GM/(r- (r+h))] #mgh
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U =— always works, zero at oo

Escape Speed:

(@]

From energy conservation:
E,= mv?/2 - GmM/R

E, = 0 (velocity is small)
v2=2GM/R= 2gR

v = (2GM/R) " ~ 11,200 m/s
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First Satellite Speed:

mqMms

F=G

“Newton’s cannon”

r2

in 1687 in “Principia Mathematica

v satellite ~ (gR) o
V satellite ~ 8 OOO m/S

g ~ 8.70 m/s?

An object in orbit is weightless not because 'it is beyond the earth's gravity' but
because it is in 'free-fall' - just like a skydiver.
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Potential and Kinetic Energy Satellites: Orbits and Energy
. Potential Energy T ‘pi' Energ
Potential Energy GMm. = —
U=-— iy r
GMm r Kir)
U=-— -— Kinetic Energy for the orbital motion
r | e —
1 G
. . . P 5 R
Kinetic Energy for the orbital motion 6 2
a Energy M U . .
FeaM™_ 0% o K= lmer= CM™ K=-—  (arcular orbit)
r2 r 2 2r 2
Kin
G, G Gidm . )
) , Total Energy: £ = £ +1/ = " G (circalar orbit)
Total Energy 2r r 2r
GMm GMm GMm Al
E=K+U-= - =— F=-—— (elliptical orbit)
2r r 2r Do
SE.'II]JIHE.J'DI' VAL
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Simple Harmonic Motion Simple Harmonic Motion (SHM)
0 s 1. Amplitude is
= TH I 7 x 1 o = i;" different
s —p—_}: T:— =——2j'rf g .,,;\ A
. - 7 T i \/ \/ Period (or frequency)
= <=— A Xn b - -
. e P is different.
g 1hertz = 1 Hz = 1 oscillation per second =1s571 L.
e P 1 Phase is different.
=T T Displacemnt _— 7 !
— - at time ¢ g Displacemnt
i - — g r - / Phase —
ST et sty o' kb w4 O\
. I' L / (_,- )"I x x(r) = x?n COS( GJI + "p)
. Amplitude / Time | B P =
5 :; Time () Anglrllar Phase % - ! _rr’ o f-r ;
e L frequency constant % 0 ¢ ' Amplitude (/ Time |I
w = or phase g |0 Angular Phase
angle ©@ frequency constant
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Displacement, Velocity, and
Acceleration of SHM

21 = x, cos(ad + ¢) (displacement),
dxty  d . ml -
Vi) = —— = —|x  coslaf + 2
O= 5 =gl ] |7 |
ER— v
v(E) = —ax, sin(@t +¢)  (velocity). o
) d . s ‘
aify= = —| —gxg, sinied + — oy -
© oft a’.f[ w S @] , )
a(t)=—o'x, cos(mt +¢) facceleration). T% 0 ‘
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Click on the image to start the simulation

Displacement, Velocity, and Acceleration
of Simple Harmonic Motion

21 = x, cos(ad + ¢) (displacement), ; .
v(t) = —ox, sm(wft +¢)  (velocity). E o r
I a@)=-a'x, cos(@t +¢) (acceleration). rar, ! “
ER
at)=-a'x(E) F |
ot )
m < 0
| . 3 - mzx,,, -
| 5]
+_‘"’m Click on the image to start the simulation

A= —;Cf m=1'/E (angular frequency)
m
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T=2rm J% (period)
54

Energy of SHM

1

E=—mv’ + = kx?
5 s Uty + K1) Total Energy is —_
B Ut a constant
‘u_p
o
: e
E = %k(x,,) M B
K1)
0 5 F— 1 o 2
E=—mv" +—kx" + mgx
2 2 9
£ L~ U + Kix)
o () ¥-Position oo @ Energy
Uix) 1g =G 10 ok
D? 05 it .. =
LE Kix) L mis Vevelocity ;u;
(s)
t

A
00k 2 0 " "
1Ty : o TR JONO:
X | o 1 E # ¢
X 0 +x, g 5 A ;E v '

| M Translational KE
04/19/2006 Andrei | M Spring PE

¥| W Gravitational PE
| M Total energy

Simple Pendulum

I =mL?

F.. = -mgsin(0)

T = -mgLsin(0)
=-mgLo (for small 0)

s=L@ ]
h = L(1-cos0) AR 5 LT
_____ B e .
ﬁ} - 2 CO8

.

S
Fysinf—, o l-a=1
4 29 dze
Lz — | e -— = _(o/LL
e - -mele a5 (g/1)6
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Simple Pendulum
Simple pendulum follows SHM

dze (g/L)E) Looks like spring d_)( =-(k/m)x
de?

Solution by analogy

Spring Pendulum

X =X cos(@t+})
- ,L - ,i
@= ¥m O= §L
T=2n ’/E T=2xn /L
k g
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0 = 0,,cos(wt+)

y
Pivot —
point L
m
SRR

57

The Physical Pendulum

Any rigid body behaves
like SHO close to
stable equilibrium

= la
=-mghsin(0) = -mgho

ll.ll 9 =-mgho

We know the solution

T=12r Ih (physical pendulurm, small amplitude). W= ‘-mlgh

Compare to: 7 _ 5 0 =0_cos(ot + )
I=mit
for SHO
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