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Fresnel reflection amplitude coefficients (fractional amplitudes) at the surface of an isotropic, intrinsically
nonmagnetic chiral medium are derived on the basis of the Drude—Condon model of optical activity. The
eigenvalue—eigenvector solution is obtained with use of Berreman’s 4 X 4 matrix method. Self-consistent
results are obtained when the calculations are based on a new 4 X 4 matrix for reflection from an isotropic

chiral medium. 0O 1995 Optical Society of America

1. INTRODUCTION

Optical activity'? (rotation of the polarization plane) and
circular dichroism? (differential absorption of left and
right circularly polarized light) have been used for a long
time to study the gyrotropy of matter by transmission.
In this way information on internal molecular structure
and gross molecular arrangements has been obtained.
The field eigenstates in chiral media are generally ei-
ther left circularly polarized or right circularly polarized,
with each polarization having a distinct wave number.
The medium, either natural or induced, distinguishes left
and right circularly polarized light. Gyrotropy is a prop-
erty of a chiral medium, and it can be induced in an
initially achiral medium by an external magnetic field,
as in the Faraday effect?; by an applied electric field, as
in the electrogyratory effect®®; or by mechanical stress.”
A three-dimensional chiral object is an object that can-
not be brought into congruence with its mirror image by
translation or rotation, so that a collection of chiral ob-
jects will form a medium that is characterized by right or
left handedness?; i.e., gyrotropy is a property of a special
noncentrosymmetric medium.

Gyrotropy also manifests itself in the reflection of
electromagnetic waves from a chiral medium, and in
recent years attention concerning this reflection has
been revived. Reflection of electromagnetic waves at
achiral—chiral planar interfaces has received particular
attention.?—31

Silverman,'°-12 Lalov,'* Lalov and Miteva,!® Lakhtakia
et al.,'® and Bassiry et al.!” derived the Fresnel reflection
amplitude coefficients for specular reflection at the sur-
face of a chiral medium. Expressions for the reflectance
and transmittance of a wave normally incident on an
isotropic, optically active slab situated in a dielectric
medium were obtained by Bokut and colleagues.'®1?
Specular reflection and transmission from an optically
active medium have also been studied theoretically.2’
Lakhtakia et al.2!~2% did a parametric study of the mi-
crowave reflection characteristics of the interface and the
reflection and transmission of normally incident waves
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eigenvalue-eigenvector
on a chiral slab with linear property variations. Lalov

and Miteva?’?® and Cory and Rosenhonse?® studied the

reflection and transmission of waves at chiral—achiral
planar interfaces. Also, experimental configurations to
measure chiral effects in specularly reflected light, with
use of a photoelastic modulator have been proposed.3%5!
Such experiments will test some fundamentals of chi-
ral electrodynamics that cannot be obtained with trans-
mission studies. Various applications also have been
proposed.32-36

The objectives of this paper are to derive the Fresnel re-
flection amplitude coefficients (the fractional amplitudes)
by use of a different approach that is based on a cor-
rected Berreman matrix for reflection from an isotropic
chiral medium. The new 4 X 4 matrix is based on the
Drude—Condon model of optical activity and leads to self-
consistent results. Jaggard and Sun®’ derived a 4 X 4
matrix technique for chiral multilayers that is also ap-
plicable to a single chiral interface. The technique pre-
sented in this paper is different from that of Jaggard and
Sun in that the reflection amplitudes are calculated for
circular polarization states rather than for linear polar-
ization states.

2. DRUDE-CONDON MODEL OF OPTICAL
ACTIVITY AND THE CONSTITUTIVE
EQUATIONS OF A CHIRAL MEDIUM

We use the time-dependence factor exp(+iwt) and the two
Maxwell equations in the SI system of units:

rot E = —9B/ot, (1a)
rot H = oD/at, (1b)

where E, D, and H, as usual, are the vectors of the elec-
tromagnetic field. To include the effect of the field on
matter, the constitutive (material) equations are supple-

mented:
D=¢E + P, B=uH+M), (2)

where P and M are the electric and the magnetic polar-

0 1995 Optical Society of America



2204 J. Opt. Soc. Am. A/Vol. 12, No. 10/October 1995

izations, respectively, and €y and o are the permittivity
and the permeability of vacuum, respectively.

Furthermore, Maxwell’s equations are generally held to
be inviolable, as also are the boundary conditions on the
continuity of the tangential E and H fields at the bimate-
rial interface. Hence the properties of matter must enter
solely through the constitutive equations.

Condon®® noted that the essential feature of the ma-
terial relations is that part of the polarization P be de-
pendent on dH/d¢ and part of the magnetization M be
dependent on JE/dt:

_JoH

D=cE-g" (3a)
B=MH+§‘$‘, (3b)

where g is the gyrotropic parameter. Hence the con-
stitutive equations of optical activity must contain both
polarization and magnetization terms.

According to Paul Drude,?

rotH=e§+£ irotE=eE+£ i<—§>,
at | u ot at | w ot\ ot
or
—rot H= —iweE + (+iwg)(ioH). (4a)

To take into account the coupling between the electric
and magnetic field quantities, which results in the polar-
ization and magnetization of the medium as a result of the
applied fields, and also to fulfill the breakdown, we write

rotE=—§+§ irotH=—,uE+ g i<Q>’
dt € dJt at € dt \ a9t
or
—rot E=iopuH + (—iwg)(iwE). (4b)

The Drude—Condon model of optical activity is widely
accepted by physicists. Microscopic models, both classi-
cal and quantum mechanical,®’ have been presented to
justify it, and in this work our calculations are based on
this model.

Other sets of constitutive relations are also used.
When Egs. (3a) and (1a) are combined, one obtains

D=¢E+ BVXE), (5a)
and similarly,
B=uH+ BV X H), (5b)

where B8 = g/eu is a pseudoscalar. Equations (5a) and
(5b) are also used by some authors, and it is evident that
the value of D (respectively, B) at any given point depends
not only on the value of E (respectively, H) at that par-
ticular point but also on the behavior of E (respectively,
H) in the vicinity of this point; i.e., D (respectively, B)
depends on the derivatives of E (respectively, H). This
relation between D and E (respectively, between B and
H) is called spatial dispersion.*!

Since D and E are polar vectors and B and H are axial
vectors, it follows that € and w in the above equations are
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true scalars and that g is a pseudoscalar; i.e., the handed-
ness of the medium is manifested by the quantity g.

3. SOLVING THE PROBLEM OF SPECULAR
LIGHT REFLECTION AND TRANSMISSION
AT AN ACHIRAL-CHIRAL INTERFACE
WITH USE OF THE 4 X 4 MATRIX METHOD

We apply the general and powerful 4 X 4 matrix
method,*?~*8 using the Drude—Condon model, to solve the
problem of reflection and transmission of polarized light
at the surface of an isotropic, spatially dispersive, non-
ferromagnetic (u = 1), lossless, optically active medium.

Usually the polarized light incident on the reflective
surface is resolved into components parallel ( p light) and
perpendicular (s light) to the plane of incidence, and these
two problems are solved independently. In the case of
reflection from gyrotropic media, the incident light with
its electric vector entirely in the plane of incidence ( p
light) gives rise to reflected p light and also to s light
with a component of its electric vector perpendicular to
this plane. In much the same way, the incident s light on
reflection gives rise to s and p light. Thus the reflection
problem should be solved as a single problem and not as
two independent problems, and the 4 X 4 matrix method
is suitable for the solution of such problems because it
was developed for this purpose. On the other hand, the
reflection properties of a substance can be easily repre-
sented with this method by a 2 X 2 complex matrix, used
in the Jones calculus.*?%

In Cartesian coordinates Eqs. (1) can be combined into
a single matrix equation (or six differential equations, as-
suming no macroscopic charge density and no macroscopic
current density):

0 0 0 0 —9d/dz  9/dy ]
0 0 0 d/dz 0 —9/0x
0 0 0 —d/dy 9/dx 0
0 da/dz  —a/dy 0 0 0
—9/oz 0 a/ox 0 0 0
/oy —o/ox 0 0 0 0o |
FE. D,
E, D,
X E. =ilw D. > (6)
Hx Bx
H, B,
_HZ_ _BZ -
or, in brief,
RG =iwC. (6")

Here R, the rotor matrix, is a 6 X 6 symmetric matrix
operator. It can be divided into four 3 X 3 matrices:

0 rot
R_[—rot 0 } (7

If we ignore nonlinear effects, a linear relation exists
between G and C as

C=MG, (8)



Elena Georgieva

Fig. 1. Schematic diagram of polarized light reflected from an
isotropic, optically active medium, showing the coordinate system
for the surface and the directions of the electric fields for incident
and reflected light. Generally, two elliptical polarizations are
transmitted in an optically active medium with different angles
of refraction and wave vectors k; and k_.

where the 6 X 6 matrix M possesses all the optical prop-
erties of the medium. The matrix M, called the optical
matrix, may be written in the form

M=|:el Pi|’ )
p M

where € = (M;;) and u = (M;3+3) are the dielectric and
the permeability tensors, respectively, and p = (M, j3)
and p’ = (M;,3,;) are the optical rotation tensors (i, j =
1,2, 3).

For our case of isotropic media the constitutive parame-
ters €, u, p, and p’ are scalar quantities.

According to Egs. (4a) and (4b),

p="Hog=+ig, pl=—-iwg=-ig, (10)

which place the constitutive equations in the form put
forward by Jaggard et al.,®” where g is the chirality
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any changes of the field components in the y direction
are absent (9/dy = 0). Our problem is the reflection and
transmission of a monochromatic plane electromagnetic
wave, incident obliquely at an angle 6; from an optically
inactive medium (Z < 0) with coefficient of refraction n;
on an isotropic optically active medium (Z > 0) with coef-
ficient of refraction ng, for which M is a function only of
Z (Fig. 1). We are dealing with monochromatic solutions
with a time dependence exp(+iwt) and a dependence on
x of exp(—iwéx/c); i.e., exp(—ik.x) = exp(—iwéx/c) and
& =ck,/w = ck sin ;/w = nq sin 6;. So

3/ox = —iéw/c. (13)

Therefore Eq. (12) becomes

0 0 0 0 —d/dz 0
0 0 0 d/0z 0 iwé/c
0 0 0 0 —iwé/c 0
0 d/0z 0 0 0 0
—a/oz 0 —iwélc 0 0 0
0 —iwfle 0 0 0 0
BEN & 0 0 ig 0 077
Iy 0 £ 0 0 ig O | %
I's . 0 0 e 0 0 ig (|3
X =1lw .
Iy —-ig 0 0 1 0 0 Iy
I's 0 —-ig O 0 1 I's
| s | ) 0 —-ig 0 0 1 || TI¢]
(14)

Equation (14) may be written as four first linear differen-
tial equations and two linear algebraic equations in which

1-‘1 =Exa FZ =Eya 1—‘3 =E27 l—‘4 =Hx, FS =Hya 1—‘6 =Hz~
Then we follow Berreman’s work*® to construct the 4 X

4 matrix A that contains the optical parameters of the
reflecting material. For A we find

2 2 2 2
ny? sin® 6, . ng” sin” 6,
-2 =2 e+ 22
0 ng? — g2 lg( ng? — g2 ) 0
2 .
A— 7%2 0 0 ig (15)
1g 0 0
2 2 2 (2
. ng” sin” 6Oy 9 ne” sin” 6y
0 Lg(l + —n22 — g2 ) ne (1 - —n22 — g2 ) 0
admittance. Matrix (15) is different from Berreman’s matrix,*649
When C from Eq. (8) is replaced in Eq. (6'), which is based only on Drude’s equation (4a) and does not
take into account Eq. (4b); i.e., it describes only one side
RG = ioMG . (11) of the problem. Berreman’s matrix leads to inequality of

On the other hand, G can be divided into the time-
dependent part exp(iwt) and the spatial part I'. Then
Eq. (11) becomes

Rl =iwMT, (12)
which is the spatial wave equation for frequency w.

We assume that the plane of incidence is the x—z plane,
so the propagation vector in the y direction £, = 0, and

the off-diagonal Fresnel reflection amplitude coefficients,
which is not correct (see Appendix A).

If we use the two algebraic equations to eliminate E,
and H,, the remaining four differential equations can be
written as a single matrix equation:

E, E,

6 Hy _ . Hy

2z | E, = —lwA E, (16)
_Hx _Hx
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which will be abbreviated
IY/oz = —iwAy, (16')

with the column vector

¥(z) =
—H,

A is the 4 X 4 matrix that depends on the elements of
€, the elements of the optical rotation tensors p and p’,
and £.

Equation (16) contains only the tangential components
of E and H; and, as we know, they are usually used in
matching boundary conditions when one is calculating
reflection coefficients.

We denote the dependence of ¢ on the z coordinate as
exp(—ik,z) = exp(—iwz{/c), and the solution of Eq. (16)
is {¢y = Ay. So our problem is an eigenvalue problem.
The eigenvalues ¢ will allow us to calculate the z compo-
nent of the propagation vector (k,), and the eigenvectors
¢ will give us the tangential (x and y) components of the
fields for each polarization state. Then the z components
of the fields may be calculated from the two linear alge-
braic equations.

In the case of complex ny (i.e., absorption), angle 65
will also be complex, and it cannot be interpreted as
the angle of refraction for complex n;. No mathematical
difficulties arise in that case.’!

From matrix A we find for our problem the following
eigenvalues:

= +(ny? cos? 0y + g% + 2gn,)"2. amn

From Eq. (17) we need to take only the two positive
values of ¢, because these represent light with a positive
z component of velocity. To simplify our future calcula-
tions we do the substitutions

8 = ny? cos? Oy + g2 — 2gns, (18)

o = ny? cos? 0, + g% + 2gn,. 19)

Therefore the two eigenvalues that we need may be
written in the abbreviated form

gﬁ = 51/2, é”u’ = 0-1/2- (20)

The eigenvectors associated with these eigenvalues are
found from the nonlinear system of equations based on
Eq. (15). The system has a nonzero solution because its
determinant is zero:

For 6 polarization
rn=y¢yn=E =1,
re = sz = Hy = na(ny — g)/Vs,
rs =53 = Ey, = —i(ng — 8)/V5,

ry = ss = —H, = —ing;
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For & polarization
rn=¢,1=E =1,
re = o2 = Hy = na(ng + g)//o,
rs=i,3 =E, =i(ny + g)/Jo,
re=es = —H, =iny. (21)

The first column of these eigenvectors we call the &
polarization, and it represents left elliptically polarized
light; i.e., it has an electric vector that rotates counter-
clockwise for an observer looking into the beam. The
second column of eigenvectors (the o polarization) rep-
resents right elliptically polarized light. However, the
difference in the amplitudes of the r; and r3 compo-
nents arises because of oblique incidence. The modes are
circularly polarized at normal incidence. In this way
the problem of reflection and refraction is solved as an
eigenvalue—eigenvector problem.

The linear combination of these two eigenvectors gives
the total transmitted light into the sample:

e = ks + koo, (22)

where i, denotes the vector containing the components of
the total transmitted fields and constants %k; and ks are
proportional to the amplitudes of the waves for the two
component polarizations.

The next step of our problem is to include the boundary
conditions in it; i.e., at the boundary between the achiral
and the chiral materials the tangential components of the
E and the H fields must be continuous:

i b=t (227)

Usually the reflection problems at oblique incidence are
solved by resolving the incident and reflected fields into
components parallel to the plane of incidence (p light)
and components perpendicular to this plane (s light). So
if ; stands for the incident light, E,; and E;; are the
amplitudes of the electric fields of incident light for these
two polarizations (p and s, see Fig. 1). Therefore we
write

cos 64 0
ni 0
i = Ep, + B, ‘ 2
¥ », 0 ) 1 (28)
0 ni cos 6,

Similarly for the reflected light the two polarizations
(p and s) may be represented as

—cos 6, 0
ni 0
dfr Ep,r 0 Es,r 1 (24)
0 —ny cos 6,

If we apply the four boundary conditions in order to
relate the six quantities E,;, E,;, E, ,, E;,, and the co-
efficients %k; and k2, we obtain four linear homogeneous
equations. These may be represented in matrix form:
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cos 6 0 —cos 6, 0 P51 o1
0 1 0 1 Vo3  Pos
ni 0 ny 0 Yoo Yoo
0 ny cos 61 0 —nycos 01 Yssa You
rE,, T
Eq;
E,,
X E., =0. (25
—ky
L —ks |

In the large matrix the second and third rows are de-
liberately interchanged. Also, for the next calculations
the large matrix is broken into six 2 X 2 matrices. So
Eq. (25) may be written in abbreviated form:

[Ml M, Mﬂ E;

Er =V, !
M, My M, . 0 (25")

where

_ Ep,i _ Ep,r _ _kl .
SN B IR

The matrix that we need is the reflection matrix; it is
found by elimination of k:

M\E; + MyE, + M3k =0,
ME; + MsE, + Mgk =0,
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4. DISCUSSION

The 4 X 4 matrix analysis shows that two elliptical waves
are refracted into the chiral medium. These two waves
have different indices of refraction and therefore propa-
gate with different velocities. The two indices of refrac-
tion for the gyrotropic medium must satisfy

2=¢%2 4 2 =n.%sin? 01 + ny? cos? 0y + g2 + 2gny
or
ne = (no? + g%+ 2gny)2 =+(n + g, (31)

where the plus in front of the parentheses has physical
significance only.
The difference in refractive indices is

An=n, —n_=2g. (32)

Using the two algebraic equations, we can resurrect the
z components of the fields. For & polarization,

E :_inggsin02E e sin02 =_7L2 sinﬁz’
T i Y g Vs
3 9
ng° sin 6y . 8ng sin Oy . ng” sin By
HZ=—E - 7H =—]—F"
ny® — g* ny® —g* Vb
(33)

Finally, the components of the electric and magnetic fields

or, finally, for & polarization are
[MsMg 'Ms — Ms] '[My — MsMg 'M4JE; = E, . E, =1, H,=ing,
So the reflection matrix r in E, = rE; is B o= i ng — 8§ H. — ny(ng — g)
y = 1 NG ’ y = NG ’
r=[MsMg "Ms — M1 '[My — MsMs 'M,]. (26) . )
E=_nzsm02’ H=_in22sm02' (34)

Carrying out the detailed calculations, we obtain the ‘ NF z NF
following results for the Fresnel reflection amplitude
coefficients: For o polarization,

I 2+8cnings + [(ne \/5 + ng\/E + g\/— - g\/F)(nf - ngz) — 2niny cos 91(1122 - gz)]cos 61 27)
PP 980 ning + [(na V8 + ns Jo + g8 — g Jo)(n? + ny?) + 2niny cos 01(ne? — g2)]cos 6,
2n1n9[(6 — o)(ng? + g2) + 2gny(6 + o)lcos 6;

Tps = > (28)
2\/ oning + [(na Vo + ngJo + gvé — gJo )12 + na?) + 2niny cos 01(ng? — g2)]cos 61
. 2n1n9[(6 — o)(ng? + g2) + 2gny(6 + o)lcos 6; . (29)

P 2\/ onina[(ne V8 + na /o + g8 — g o )2 + ne?) + 2n1ns cos 61(ns2 — g2)]cos 6,
. =260 ning + [(nev8 + noJo + g8 — gJo)(n? — ng?) + 2n1ny cos 61(ne? — g%)]cos 6, . (30)

. 280 ning + [(ng 8 + noJo + g8 — g7 )(m2 + ng?) + 2n1ns cos 61(ns2 — g2)cos 6,

We note that when g = 0, then 6 = o, r, and rp, ] y . )
reduce to the usual p and s Fresnel reflection amplitude E = —j ngg sin by g, _ et sm B2 i — _l2sm B2 ,
coefficients, and the off-diagonal elements of the reflection g n? —g2 7 pp?-g2 Jo
matrix (rs, and r,;) become zero. Figures 2—7 are plots 3 .

9 5 — o 9 _ ne® 8in 63 nzg sin 09 . h2” 8in 6
Of I'ss, T'ss”, Tpps Tpp™s Tsp = I'ps, and rsp° = r),s” versus angle H=—7F"7ZE-1—F5—— H =+ NG
of incidence 6;, with Eqs. (27)—(30) used for Bi;3SiOq ne” & net 8 T
(g =1075, n = 2583, A = 550 nm). (35)
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So the components of o polarization are tions propagating in the chiral medium, their angles of
refraction, indices of refraction, and Poynting vectors were
E, =1 H, = —in, also found. The 4 X 4 matrix for reflection from an op-
’ ’ tically active medium is a corrected Berreman matrix,
;28 _ et g, with the same coupling in the constitutive relation for the
? Jo ? Jo magnetic field as appears for the electric field taken into
Ez = - itz \s/lg 02 ) Hz = +l n22_5i—r1 02 : (36) account:
T T
APPENDIX A
For both polarizations E - H = 0. In this appendix are given the corresponding formulas
Now we find the angle between the propagation vector derived from Berreman’s matrix for reflection from an
and the surface normal for the two refracted waves: isotropic optically active medium:
_ & ng sin 6 0 cos2fy, —igsin®6, O
tan 0. = (92 cos? 0y + g2 + 2gn,)2 2 0 0 —ig
A=|"7 : (A1)
_ tan 6 ) 37) 0 0 0 1
J1+ (g2 = 2gny)/(ns2 cos? 6s) 0 ig ng? 0
Finally, we calculate the Poynting vector for each po- The corresponding eigenvalues are
larization, taking the cross product of the real parts of e
the complex fields and remembering that each field com- 2n¢” cos® Oy + g* * 4ny2g® + g*
. - . (== v (A2)
ponent is multiplied by exp(+iwt). 2

For 6 polarization we find that

1
5= > (2n0? cos? Oy + g2 — /4g%n? + g%), (A3)

ny*(ny — g)sin 6,

S, ~
8 1
o= — (2ny? cos? 0y + g2 + J4g%n% + g%), (A4)
S, ~0, 2
ny(ng — g) {5 =8, {r =0, (A5)
S, ~ sv2
1= s = —8Y%(8 — g% — no? cos® 0),
but for o polarization they are ro = s = no(8 — no? cos? Bs),
S ~ na’(ny + g)sin 0y rs = ihss = —ine’g,
ag
ry = = —i8V?nyg,
S, ~0, 4= Ysu 08
— o V222 9
S nalngt @) ri=i, =E,=—0""(c — g° —ny” cos” 03),
ol? rs = o2 = Hy = —no®(0 — no® cos® 63),
5. CONCLUSION rs = i,3 = E, = ino’g,
Using the 4 X 4 matrix method we derived the Fresnel ra=—H, =ioc"nyg.
reflection amplitude coefficients for an achiral—chiral in-
terface at an arbitrary angle of incidence. The electric So with the use of Eq. (A1) we find for the Fresnel
and magnetic amplitudes for the two circular polariza- reflection amplitude coefficients

Iss =

nia{[ns?(cos? 8, — cos? 65) — any cos 61 — b]b + ny* cos? 6, cos? s} + ne? cos 81bc + f — n12 cos 01(dng? cos? s — e)
b

nia{[ng2(cos? 6; + cos? 03) + any cos 61 + blb + ny* cos? 0y cos? Oz} + ng2 cos O1be + f + nq? cos H1(dng? cos2 Oy — e)

Tpp
nia{[ns?(cos? 8, — cos? ) + any cos 01 — b1b + ng? cos? s} — ne? cos 01bc — f + nq2 cos 01(dnsg? cos? 6y — e)

K
nia{[ng2(cos? 6; + cos? 0y) + any cos 61 + blb + ny* cos? 0y cos? Oa} + ny2 cos O1bc + f + ny? cos O1(dng? cos2 0, — e)

Tsp
; 2gn1n92 cos 61(b + ny? cos? y)
niaf{[ns2(cos? 61 + cos? A;) + any cos 61 + blb + na* cos? A1 cos Os} + ng? cos 1bc + f + n12 cos 61(dny2 cos? 0y — e)

2n1 cos 01(b + ny? cos? 02)(dn2 cos? @y — e)
g{[nlab + n92 cos 01(b + ny? cos? 6s) [n1 cos B1a + b + ny? cos? 5] + n12 cos 61(dng? cos? G, — b2 — bgz)}

Tps =
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where

a=c"+ 512
_ 125172

b=o0"76"%,

¢ = o8 + 2ny% cos? 6,

d

2 cos? 6,

0'+6—g27n2

1/2 by 1/2
s

e=0d6+ glo

f = ns% cos 61 cos* 6,.

At g =0, ry, and r,; become zero, while ry; and r,, re-

duce to the usual Fresnel amplitude reflection coefficients.
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