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Overview

•experimentalmotivation

•classicalnucleationandgrowthequations

•transientnucleation

•nucleationpulse

•conclusions
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CLASSICALKINETICS

n∗n−1nn+1

βn
αnṅ'βn−αn

(Becker&Döring’35(discrete),Zeldovich’42(cont.)):
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GrowthandSteady-StateNucleation

Zeldovich’42
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Asymptoticjstandexact(Farkas’27)areveryclose;

(smallcorrectionsforn∗.10-VS,PRL’05)
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Transientnucleation

Singularperturbation(matchedasymptotic)solutionoftheBecker-

Döringequation(VS’87’88).Inthegrowthregionr=R/R∗>1:

j0(r)=jstexp
(

−e−x
)

,x≡
t−ti(r)

τ

ti(r)=P

∫
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0

dr

ṙ
+τln
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+const
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,θ=0,1
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f(r)=j0(r)/ṙ
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Nucleationpulse

•deepquench,largesupersaturation,smallRn
∗

•nucleationduringafinitetimetn(thustransienteffects)

•rapiddecreaseofsupersaturation

•growthwithalargerR
g
∗duringtimet

•Units:maincontrolparameterΛ=R
g
∗/Rn

∗>1,r=

R/R
g
∗,τg=1.
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exp
(

−e−x
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/ṙn,x(r)=[tn−ti(Λr)]/τn

-ballistic

-diffusion

Typicalreduceddistributionf(r,0)/jstτnattheendofnucleationpulse(initialcon-

ditionsforgrowth).Lines-analytics,symbols-numerics.Reducedpulsedurations

tn/τnare:(fromlefttoright,ballistic)10and20;(diffusion)2.45,30.6and61.2.

Numbersofnuclei(areaforr>1)N'τnjstE1

(

e−X
)

withX=x(1),E1-exp.integral

(VS’88).
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f(r,0)forballisticnucleationandgrowthintheZeldovich-Frenkel
equation,andexplanationofnotations
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f
0

rn
∗≡1/Λ

r
g
∗≡1

r

f(r,0)/τnjst

Note:Thesmall-rpartisinsensitivetotn,whichaffectsonlythelengthofthetail

(theinitiallocationofthefront,r
f
0,shownforthelongerpulse).Inthedeterministic

approximationthedistributionhasasingularityatr=rn
∗whichdisappearsaftera

shorttimetdduringthegrowthstage.
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Becker-DöringvsLatticeGas
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f(r,0)=
jst

ṙ
exp
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]}

Points:MCdatafora2000×2000lattice,T'0.35TC,h=0.22at

twodifferenttimes
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Nucleationpulse.

Result:

f(r,t)=j0(Λr0)
ṙ
g
0

ṙn
0ṙg

∫

r

r0

dr

ṙg=t
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Ballisticgrowth(standardZeldovich-Frenkelequation):

ṙ=1−
1

r
,r0(r,t)=1+W

[

(r−1)er−t−1
]

W[z]-theLambertWfunction,istherootof
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TransformationsofthedistributionduringgrowthfortheZeldovich-Frenkelequation

afterinitialpulsewithtn'10τnandΛ'1.3.Symbols-exactnumerics,lines-

analytics.Dimensionlessgrowthtimes,fromlefttoright:t/τg≈0.6(descending),

and(bell-shaped)2,4and8.Notetheemergenceofasymptoticshapeatlarget.

Singularityatsmallrdisappearsatt=td

f(r,t)'τnjst
r

r2/2+t−td
,r�1,t∼td
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Transitiontoasymptoticshape

r0(r,t)→r0(ρ)

ρ∝r−rf,distancefromthefront.

Equationforr0(ρ)
∫

r0

r
f
0

dr

τgṙg∼ρ

r
f
0,initialpositionofthefront,isdeterminedbytn,the

durationofanucleationpulse.
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Dimensionlessasymptoticdistributionintermsof(a)initialsizer0and(b)interms

ofρ=r−rf(t),withrf(t)locatingthefront.FortheZeldovich-Frenkelmodel

thedependenceF0(r0)iselementary;F(ρ)involvesaspecialfunction.Forallcurves

Λ=1.3and,fromlefttorightfor(a)[fromrighttoleftfor(b)],r
f
0−1=1,2,4,8,12.
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-ballistic

-diffusion

Box-likeasymptoticdistributionsoriginatingfromlongnucleationpulsestn;ρ-dis-

tancefromthefront.Shorterpulses:tn/τn≈60;longerpulses:tn/τn≈120.
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-6-4-22
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-ballistic

-diffusion

-Turnbull-Fisher

UniversaldistributionF(ζ)/F
max

formedinshortnucleationpulsesofdifferent

durationstn;thedimensionlessdistancefrommaximum,ζandwidtharetn-independent(!).

Symbols-exactnumerics.Fromlefttoright(legend):tn/τn'1,2and3(ballistic);

1.22and2.45(diffusion);0.75,1and2.5(Turnbull-Fisher).
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Conclusions

•Theproblemofanucleationpulsehasbeensolvedanalytically.
Solutionisaccurateinasingularperturbationsense,andisvery
accuratenumerically.

•Theresultingdistributionofnucleiisnotofanystandardform
(Gauss,log-normal,etc),butisstronglyasymmetric,rangingin
shapefromatrapezoidtoabell-shape,dependingontheduration
ofthepulse

•Intheextremesoflongandshortpulses,respectively,theshapes
ofthedistributionbecomeremarkablyuniversal,withadditional
insensitivityofeithertheheightorthewidthofthedistributionto
thedurationofthepulse

•althoughtheproblemwasdiscussedincontextofatwo-stepan-
nealingcrystallizationexperiment,thesolutionshouldhaveabroader
applicabilityduetogeneralityofthenucleationpulsetechnique.
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