Lecture 4 Waves

A simple wave: Sound wave in the air.—restoring pressure balance
In the Sun, possible waves:

Alfven wave: magnetic tension

Sound wave: pressure

Gravity wave: gravity force

or combination of above

Basic Equations
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A= Scale height  150Km in photosphere, 10®m in corona
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Let’s consider small departure from equilibrium

p=p,+p,Vv=v, P=P,+P B=B,+B5B,

Linearize equation
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Remove everything except \71
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Seek plane-wave solution

v (7,1)=Ve g kom0
k wavenumber vetor
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If assume o is a locally constant (WKB approx)
0V, = C’k(k o9,)+i(y —1)gz(k o V) +ighv,, — 2i@Qx v, +[k x (k x (¥, x B))]x (4.16)
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Main objective: drive @ = a)(k ) dispersion relation
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Sound wave

g=B,=0=0 o =Clk(kev) @’ =kC} w=kC =v,=C,
5 1
7/=§ m=0.5m, C =166T>m/s
C, =10  Km/s photosphere
200 Km/s corona
Sound wave is longitudinal wave
Magnetic wave
B 16 B,
Alfven speed vy =——55=2.8x10"—
P " ()" n
In corona above sunspots ~ n=10'm=3, B=10G, v,=300km/s
In photospheric network n,=10%m=3, B,=10°G, v,=10km/s
Let’s ignore O p& G to derive Alfven wave
Look at fig. 4.1 Alfven wave could be longitudinal or transverse, or can be propogate

Obliquely. (4.16) becomes )%y, = [k x (k x (vx B, ))]x By}



(a)

(b)

Fig 4.1. (a) The ripples of magnetic field lines caused by an Alfvén wave propagating along the field
{b) The compression and rarefaction of magnetic field lines duc 1o a compressional Alfvén wave propagating
across the field.



expand a)2V1 /Vj = (]; ¢ Bo)z‘a _(]; "71)(]; ° BO)BO +[(]€ *v)- (l; ° Bo)(éo °‘71)]l€
Assume angle between B, & k is 0,

@™V, /v’ =k* cos’ 0,v, — (k ®V)kcos@,B, +[(k ev,)—kcos, (B, #v,)]k

?oB:O_ﬂEoEl:O B, normal to i
also B,ev, =0 Perturbed velocity normal to g
Eq. 4.21 becomes  (ok)
(0 - k*v3i)k ev, =0 (4.23)
Two solutions
kev =0 ® = kv ,cos O, shear Alfven wave

v, =V, cosb,
Wave propagate fastest in B, direction, not at all in a direction normal to B,

Other properties

v, = v,B, energy is carried at v, in B, direction

Bl —
(up)”? B, and y, insame direction lying in a plane parallel to wave from
B,eB =0 magnetic field perturbation is normal to B,
Second solution to (4.23)
o =kv, compression Alfven wave
v, =v,k energy is propagate isotropically
0=90", v ||k longitudinal wave,----pressure
0=0", v Lk transverse wave, ----tension

Vi
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Fig. 4.2. A polar diagram for Alfvéen waves (solid curve) and campressianal Alfvin waves (dashed cy rve).
The length of the radius vector &t an angle ol inclination 8, to the aquilibrium roagnetic ficld (B,) is aqual
@ the phase speed (w/k) for waves propagaling in thet direction.
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Fig 45 An slement of Pitima sovey verticzlly from 4 helght z, whers the external density is Po.lO N
height z + 5z, where the exiernal density iz Potdp,. .



Internal Gravity wave
consider displacement of a blob of plasma, displace vertically from equilibrium. It remains in

Pressure equilibrium with surrounding. Density change inside the blob are adiabatic

At equilibrium position 4P,

dz = T P&
Outside the blob at z+dz  §p =—pg&&  Sp, = _dpy 4,
dz
Adiabatic ir = const C; = rFy = rkT oP = Céé;O
P Po m

New density inside the blob differs from ambient density at new height, the blob experiences a
Bouyancy force:
yaney g(6p, —Op) = =N’ pydz

1d dT, dT
N =g~ 8y 8150 (& 1
pdz Cy T, dz dz

N: Brunt---Vaisala frequency

(_)ad —(r- 1) N’ _(r=he” 1)g (T, constant)
S S
In the presence of horizontal magnetic fields N?=— (i dp, 8 )
g 2 2
p, dz  Cs+v;
2
If T is constant N? = ( Cs )
C2
. d’ d’*o
If the only force is due to buoyancy F m IZ Lo T —N’? p,oz

This 1s a simple harmonic motion W=N, this is true only if N>0



If N<0 —( 0) > ( )a , — convective instability  exponentially growing solution

1- k

Go back to equation 4.15, assuming @ << kC,  derive dispersion =(r-1g’

This is called internal gravity wave ---- not surface
N-1~50s only propagate horizontally 2 1

k
a):N(l—k—Zz)2

ow wk
v, = =—— carry energy downword
. £ Ok k
Intertial waves :
Consider coriolis force alone _ ko C
%:—mm a)=i2(kk.Q) 4-10
t

Effect: cause a small frequency splitting of Alfven wave

Magneto accoustic waves
Let’s consider P&B, ignore g& Q. 4.21 becomes

2
@™V, /v’ = k* cos’ 0,v, — (k e v,)kcos0,B, +[(1+ C—f)(k o7,)—kcosB,(B,ev)lk

Y

Take scalar product with k& B in turn
(—0* +K*C2 +k*v2)(k o %) = k*V’ cosO(B, e v,)
kcos@,Ci(k ®v)=w’(B,e7,)



Dispersion relation for magnetoacoustic waves
4 272,02 | 2 2274 2
@ -k (C;+v,)+Cvik cos” 8, =0
1

(C2+v2)+ %Jc; v — 20 005 0,

Solution w _ [l

k2
+: higher frequency fast magnetoacoustic wave
-:  lower frequency slow magnetoacoustic wave

If v, =0 slow wave disappears
fast wave becomes sound wave
If Cs=0 slow wave disappears
fast wave becomes compression Alfven wave

P 2uP,
=—= >> 1
If B L
@ @
fast: — ~ C, slow: o ~V,cosl,

Acoustic gravity wave

compressibility and buoyancy force together, both acoustic and gravity modes occur
Dispersion relation  4?(? — N2)=(w* - N?sin@)k"C?
g

_rg _ G N_(-D7¢
> 20, 2A C,

er2 o, 18 -
> kK'=k+i—=5z
k 2C?

Brunt - Vaisala frequency

)
sin 6’g:1—
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Fig 47, Polar diagrams for fast and slow magnetoacoustic waves propagating at an angle 8, to the
equilibrium magnetic field. The speeds u, and u , @re the slower and faster, respectively, of the Alfven
speed (¢, ) and sound speed (c, ) 1a) shows the phase velocities and (b} the group velocities.
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Fig. 48. The allowable domains for the propagalien of acoustic-gravity waves of [requency w al an
angle 8, 10 Ihe vertical. In the shaded region, disturbances cannel propagate,
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Fig 4.9, A diagnostic diagram indicating the allowablz regions for the Hniclal propagation of waves
of frequencey w and horizontal wavenumber k, . Disturbances in the shaded region are non-propagating
(evanesoenl). The asymploles w = N and o = k¢, are indicated by dashed lines.



Magnetoacoustic-gravity wave
o' — 0’k (Cs +v3) +k’CgN* sin @, + k*C5v; cos® 0, =0

If N=0 ' —o’k*(Cs +v2) +k*Civ’ cos’ 0, =0 magnetoacoustic wave

2 2 2 2,2 .
If C5>>vy @ =k"Cj acoustic wave

2 72 i 2.2 2 :
w” =N"sin" 0, + kv, cos” 0, magneto-gravity wave

Five minute oscillation (Helioseismology)

Observations: periods: ~5 min
duration: 23~50 min Dopplergrams
velocity: 0.1~0.3 km/s or
wavelength: 5000 to 10000 km Intensity maps
k- @ diagram: ridges
Theory: trapped acoustic standing wave surface
Application: reflecting point

probe sound speed inside the Sun

get o, P, T as a function of depth. interio.
probe rotation speed inside the Sun reﬂectlng
point

probe magnetic fields before emergence
to surface
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Fig 410 The obterved vertical ¥elocity an & funcifon of lime mt rri.an:r ph:utu-sphl:ric locations, cach
scparated by 3 arc g ftl?out 2200km). The velocity scaie i1 yuch that the distance bet Ween adjacent
Curves corresponds (o 04km j:"J{rro;n. Mutman and Russ, 1370



6.3, A "k —w® plot of spherical

eigenvalua | {which corresponds
to caclllation scale) w. frequency. -
in the solar brightness cacills-
tions 1o A 6 A band at the K line.
These remariable. rewults were. .
nbtained by Harvey and Duwajl .
in & 50-hr run at the South Pole. '
The raodes have heen averaged
over the asimuthal eigenyalus m
and the individual ! ‘mode fro-
guencies are clearly separated.
The abaclses (}] ranges fom § .
(left) to 250 (right}). =The o
dinate (frequency) ranges from:
2208 to 4679 (top) uHsz. . The -
frequency resolution of ¥ wHe is
not good enough to resolve the -
modes of ! > 100. (KPNQ)







Fig. 4.12. A iketoh of the lempersture k4 & function of beight in the solur Mmosphere, indisiing the

lecation of iwe cavities (shaded), ont jn the chromoephers and I ather bn or-below he pholosphere.

Acoustic waves may Propagate within & eavily b1 nol below or above it, where they beconie evaneacen|
{non-propagating). Similar cavities exial which can irap gravity waves,



Shock waves

(L)l/z

Uniformly propagating wave: € = wave profile maintains a fixed shape each
Part of the wave travels at the same speed.

If crest of a sound wave moves fast than its leading edge — progressive steepering of wave front.

If a steady wave shape is attained — shock wave is formed.

shock wave speed > Cq  strong shock
shock wave speed <Cg  weak shock

Shocks can dissipate — convert flow energy to heat

Shock front is a very thin transition region -- a few mean free path wide.

OFE ov _, ox
- = - ot ~ —
ot o7 (5x) v,
2
5)C — p}/ (vl Vz) 5)(3 — 7/_
v,0E v,
vV, 0X
Reynold number — = 1
v

Two reference frames: Rest frame
shock frame



CHAPTER 3

Fig 5.1. The steepening of a finite-amplitude wave profile to form a shock wave.



BEHIND AHEAD
shocked undisturbed
gas . gas
—
v, U
Rest Fr Shock Frame
(a) ' )

Fig. 5.3. The notation for a piane hydrodynamic shock wave moving to the right with speed u into a
' §as at rest. Properties ahead of the shock are denoted by | and those behind by 2.



Effect of magnetic fields

3 waves
Slow > slow magnetoacoustic shock
Intermediate — » Alfven wave (no shock)
Fast > fast magnetoacoustic shock

Only fast shock can propagate directly across magnetic fileds

2 2
fast mode: v = \/Cs TV,

For conducting gas (ionized gas, there is an extra dissipative mechanism: ohmic heating due to finite

Electric conductivity. It does not affect gas before & after shock, but affects the thickness of shock.

9E _J”
Energy dissipation: ot o
B, —-B
Ampere’s law: j=—2 =
LOX
2
5){: _ (Bly _BZy)

w’ov,oF



Hydrodynamic shock

Jump relations

Conservation of mas PV, = PV,

Conservation of momentum Dy + PV, = py+ Py,

i 1
Conservation of energy v, +(pre, + 5 ,02V§

e: internal energy = P for perfect gas

(r-Dp

) 1, P 1,

: Y, =~y

Hem r-pp, 27 -bp 2

pr __ (r+DM;

Solution (prove as home work) o oL (r—1)M?

v, _2+(r—1)M12
v DM
Py _ 2rM; = (r=1)
)2 - r+1

Entropy § = C, log v S,>>S, entropy increase

por
Wefind M, =1 shock spec >sound speed ahead

v,<Cs, py2p; pry2p T, 2T, (heating)

L

W, =pv+(pe + 5:01"1 Y

M=
Csi

Ci = (@)1/2
P



Perpendicular shock (magnetic shock)

Vi - “i
MEK A4 47 fe
C Bz '; B'

shock front

PrVo = PiVis B,v, = Bv,
2 5 B2 5
P+ 2+p2v2=p1+ : + o
2u 2u

B? 1 B? B’ 1 B2
(p, + ﬁ)vz +(p,e, + 5 PsV; + ﬁ)vz =(p, + ﬁ)"l +(pe + 5,01"12 + ﬁ)vl

solution

v 2 2C5
&:x Ml:—l ﬁl: ILlpl: 2Sl

£ C, Bl2 ™V

_ B P ip2(1-x)" + BA(1-5P)
v Bl P

Solution for x f(x)=212- r)x2 +Q2pB +(r— l)ﬁle +2)rx —r(r+ l)ﬁlMl2 =0
l<r<2 ~§ ideal gas

Bi>>1, vi>>Cy +Vv7, 1Bt 1By
B r-1 B,




Oblique shock

B field is in x-y plane

Solutions , Lo,

2 2 2 2
R v _ N " Va B, —1 B,, _ M —va)x
2 M

2

1298 (r l)xvl( 1 )

2 2 0
Vix Vi, VXV B, Bly

2 2

P 2C§1 1

9

7 —ijl){XCZSI +%Vf cod AX(r—1)—(r+ 1)]} +%vfﬂvl Sit? X+ X(2— 217 — X2, [(r+ 1) - X(r—1)]}=0

There are 3 solutions: fast, Alfven waves, slow

Two special cases:

. \%
switch-off Vi=Va X = _12
shocks Vi o
switch-off v, >Cq w=lt 1-2C5, /vy,

Intermediate wave: wave front propagate at Alfven speed

Y B
i:ﬂ p2:p1 B22y:B12y B

2y =
Vi, Bly

_Bly B, =B, v,

It 1s actually not a shock, as no change in pressure or density

y= N

y
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Fig 5.5. The notation for an oblique shock wave in a frame of reference with two velocity components.
the component along the shock normal is the same as the shock front, whereas the speed along the shock

front is chosen to make the plasma velocity (v) paralicl to the magnetic induction (B).
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| (b) Switch—on
Fig 57. The magnetic field changes for switch-off and switch-on shock wayes.



Homework

Use a sequence of CaK images obtained at Big Bear
Solar Observatory on 4% of July 2004, derive 2-
dimensional k-® diagram to show oscillation
power spectra. The 3-D IDL save set can be
found 1n a link 1n the course web page. Array
fnl contains time information. Image pixel size
1s 17.

(1) What is the peak frequency?

(2) Interpret the diagram.



