Homework Problems for Week 4-Solution

1. Consider the equation x?y" — 4xy’ + 6y = 0 on (—0o0, )
a) Verify that y; = x3 and y, = |x|3are linearly independent
solutions of the equation on the interval (—o0, ).
Solution: First check that y; = x3is a solution:
v =x°
(y1)' = 3x?
(y))'=3-2-x=6x
xX*(y)" —4x(y,) +6y; =0
X2 6x—4x-3x2+6x3=0
So, obviously y, = x3 solves the equation.

3 if. >
ya = KPP o l—Xxé,l]L'(fxx_<OO
3x2%,if x >0
() =| 0ifx=0
—3x%,ifx<0
6x,if x >0

(yZ)” = O' lfx =0
—6x,if x <0

So, obviously y, = |x|3 solves the equation too.
Ciys + Gy, =0
Cix3+Cx3=06x%(C,+C,)=0oC, =—C,
Cx3—Cox3=06x2(C,—C) =06 C, =0,

thenC;, =C, =0
So y;,y, are linearly independent.



b) Show that W (y,, y,) = 0 for every real x. Does this result
violate theorem 3.2.4? Explain.
3 3
X +Xx
W (y,, = -
(yl yZ) 3X2 i3x2
But this result doesn’t violate the theorem, because

= 4+3x°> — (£3x°) =0

P(x) = — %, and Q(x) = x% are not continuous on ((—oo, )
c) Verify that ¥; = x? and Y, = x3are linearly independent
solutions of the equation on the interval (—oo, ).

W (Y. Y)=|’C2 x3|=x4¢0ifx;t0
Ve 2x  3x? ' '

so Y}, Y,are linearly independent
d) Both combinations C;y; + C,y, and B,Y; + B,Y, are solutions
of the given equation. (Why? Explain.)
C;y, + C,y, and B,Y; + B,Y,
are solutions by Theorem 3.2.2 (Principle of Superposition)
Discuss whether one, both or neither of these combinations is
a general solution of the equation on (—o0, ).
Neither of these combinations is a general solution of the
equation on (—oo, ).
2. Find a second order linear equation with constant coefficients
that has a solution y = e*cos3x .
y = e*cos3x means that C.P. has the complex roots
r,=1x3i
And can be factored as
r—(1+30) - r—(1-3i)) =0
r’—2r+10=20
So, the corresponding diff.equation is
y"'—=2y"+10y =0






