Math 222 Exam 1, February 15, 2017

Read each problem carefully. Show all your work. Turn off your phones. No calculators!

1. (a) (b points) Draw the direction field for the differential equation:

Y=+ -y
(b) (5 points) Based on the direction field, describe the behavior of y as ¢t — oo. For
example, is there dependence of solution behavior on the initial value of y at t = 07
Sketch the solution with the initial condition y(0) = 4.

(c) (5 points) Determine the order and type of the pendulum differential equation (g
and [ are constant coefficients): % + ¢sin6 = 0.

2. Consider the differential equation
,x(x?41)
493
(5 points) First show that the differential equation is separable. (15 points) Then

solve the differential equation with an initial condition 3(0) = —1/4/2, and express the
solution in explicit form of x.

3. (a) (15 points) Find the solution of the given initial value problem, assuming a is a
constant:
2 —y =e? y(0) =a.
Find the value of a such that the solution has a critical point at ¢ = 6.
(b) (10 points) If the Wronskian of f and g is 2¢72* and f(t) = e, find g(t) if g(0) = 1.

4. (15 points) A tank with a maximum volume of 120 liters originally contains 60 liters
of water with 3 grams of salt dissolved in. Solution containing 0.25 grams of salt per
liter enters the tank at the rate of 4 liters per hour. The well-mixed solution leaves the
tank at the rate of 2 liters per hour. Let Q(¢) be the amount of salt in the tank (in
grams) at time t (in hours), and V' (¢) be the volume of solution (in liters).

(a) Set up an initial value problem for the volume V'(¢) and total salt amount Q(¢).
(b) Find an expression for V(¢) and Q(t) by solving the initial value problem in (a).
(c) Find the total amount of salt when the tank is full.

5. (10 points) Consider the initial value problem: y’ = 5, y(0) = 1. First use the Euler
method to find an approximate value of the solution at ¢ = 0.2 with a time step h = 0.1.
(5 points) Find the exact solution, and then compute the difference between the exact
solution and the Euler approximation at ¢ = 0.2. Note that /1 4+ 0.22 &~ 1.0198.

6. (10 points) Find a differential equation whose characteristic equation has roots r; = —1
and ro = 0. Write down the general solution for this differential equation, and let this
general solution satisfy y(0) = o and ¢/(0) = . Find conditions on « and [ such that
the solution approaches 1 as t — oc.
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