S?Sﬂm of non-—lmem cBn:_

{-n (X, -, ¥a) =0

« Whether (L) fac selns_, ond how mahy:f

’101:”0
[ xample : = / -
X\. -F,_'lﬂ'
=0
>
X) =l x.




Picoad iteration :

-Decompoce  F = Ax + Ho

z 1
= nonlinean. paik
) x= AF —A'H
- Perform i1tevation
Fux)=0

Lim = "A-l'HWi)
= This is of the form  Xiu = G(xi)

v Assume soln. X*o‘F F(x"):o & X*= G[Cx"')

-Suppase Il Gl € ¥ <| e Vx-x*l<g

’

Where G=[ 26 2&
26, 2

]

iferation comverges it | X=X <:p

P.2




£ ) - Qx* ;
[l G (%) = Q(x™) - GO B

XP "X"' x*g x'
Kig= GO) || Go) - GO = G @ll lixe ~x*
L& =-X"1 = |Gl N Xo—X" I

Ix, =~ X1 = ¥ [l Xo- x|
X - X1 2y (L) =X s Y % ~X¥ M
=] xr}_){*_” S B’n Il Xe ")(#U

= | mean converg end
Y

S

Fixed Tomnt Tdevration
-—-{nﬂ) 3(xlﬁ)) w'-'f:l'b 'G‘iﬁﬁl POW'-t ;'L:
&=9¢d)
with Shight modifications, contraction mappng
wrem Lrom 1-D genera.hus dh’!tHJ to
multi= dwmensrong
= The absolute valuey ons ’R.plﬁud with

norms

P-3



Eror :
A- X — - GLaw)

_ | 28 o9,
X IXn (‘i‘w) (Of = ffw)
2—% %’—:1 it‘u is on IMEJaf‘hg
ol 2 X
" ;I_ i’[ﬂ‘ﬂ} ” 5: Il @ﬂiq) “ “ O?ﬂ ')':'L'W ”

Jacobiam G IS analog to g° from (=D €.

Convergence i Hall <.

For a domam to Rave contraction map .,

the domain b must be convex, all lines conmecting
nts ™ domain wust [ie en+.¥d/ n domewin.
o)

+wo pe

S'AMMQP)I: )
let & be a fixed point F jt’i). at‘:ne that
3 is cont. difd. in a ng,:,hwj,wd of & b 4 ”q,dq

v s.u-F-Hci‘entlJ close ¢ .'2’ S?hﬂ):j. (f”) will

Ror Xo :

converge te o,

Py




Converting root findrg to fixed pt. iteration :

X = -fq- A.-‘(‘i‘) = "'"(i) A mx m matrnx (af
X f 3 cmstomts , for enompl)

TﬂLDbf@h C:i — /‘\ fﬁf), E is J_q.z,cb,a,q C;{; ::
+ Recall that [l Gl <1 Hor convergemca
. H‘sk&‘r order of convergens if || Gls)f =0

NG = NI+ AFGIN = o

Az- Fud) ou i the iteration

A= - F*(SE")

x™ s X' = F(RN-fUE)
=) Newtons methed 'E)l' Systems

Nu«mev:call\,, gt _ en gnﬂ

WLG" = nd R, =4
Fp 8™ = - p (¥
grﬂl

use |mear soler +o fnd 0.




. Qecall thot convergence vesutts Follow from
fixed pt. thm.

* Computation ﬂtfu.nslvc _S&P for each iteration :
Soln. of |mear system of efnatins A () (n)

© A lot less iterations as we get closer to the

riifd ﬂ'- =) Jacsbian s almogt LSt

E)(ample :
-F{x,*j) = XL+lt-'j‘=-ﬂ = ©0
g g) = IBY —1xHUs =0

) ‘[3;-( E%{‘: 2N

lﬁa%fzgj

-6




Mwi'ofs me ‘l‘l\ﬂ‘ }

[x"'ﬂ = X + $. s~ thS/A
wel = n + EM-I
j U J rhS

——— == =
(%" Pi=th =)
xl' = | I Szt
; = - {
J I * &

[z - & Z [5;] __._..,[uéf( [5; ] ) [o.twnz---
] | oy S¢ 4 [~0-4sny..-

- 'El {

X* y~) = (1.202(58829, -1.37676032] )

(04 ) = (1.203165807, ~1374083487)
(Hhyt) = (l.203166963, = 374085342 )

P-]




Example: 'FOU' X% =0

X=athd 7% S P
Piaab) = 0*btl +20abJ

=) -Fcn-b)= Re[gtx::aﬂ;x)]-‘-' Gl—bL"'l
gab) = L[ §(xeatbr] = 20b

fa = 24 fo = -2
Ga = b 3 =24
O\bﬂ = a’}+8£+f
(7]
bi-H ~ A {-‘54,“'
['Fﬂ .@: ah' = Pd’:_ :.1-
3:,1_ q; At
2 | 2db
°
a= ' —3 O«' -— I"" -f._':; :-L-
U’"“"L | l TS
2 6 = 'E'i‘E =...2_1.
;,{a‘* = - 0.09862
L = —0.437682

P-&




3o2 Chapter 7 NUMERICAL LINEAR ALGEBRA: ADVANCED TOPICS

Table 7.7. The Modified Newton's Method for Solving the Nonlinear System
(7.65) withn =35

k e — =™ Ratio
0 3.58E — 1

1 3426 —2 0.096
2 7.03E — 3 0,206
3 6.83E — 4 0.007
4 1.54E — 4 0.225
5 2.09E — 5 0.136
i 2.ME -6 0110
7 5.68E—7 0.247

8 553E—8 0.007

9 7.24E - 9 0.131

Newton's method (7.62) and the modified Newlqﬂ’s method (7.71}
L0 8 g Ry
are examples of fixed point iteration:
LD = (xR, k=0

where g(x} is a vector function

SI'[-‘fl. s rxu]
S{x} = .
Wﬁ-uiowa‘edv gu(xh-.”.xn}
_H; / at km$ on / There is a general theory for such fixed-point iteration methods involving a strengthened
P form of Theorem 3.4.2; but we do not consider it here [e.g., se¢ Atkinson (1989, §2.107].

ENA - Mni‘eﬂa{ S

MATLAB PROGRAM. We give a MATLAB program for the Newton method applied to
the solution of a systems of two nonlinsar eguations in two unknowns:

Fi(xp,x2) =0
Fﬁ‘.(xh IZ} =0

function solution = new‘tun_sjrs(x_init,err,tol,max_iterates)
h
Y The calling sequence for newton_sys.m is




gﬂﬁﬂmﬂ
§2.10)}

lpIiBl’.l to

p.(0

7.3 NONLINEAR SYSTEMS

A solution = newton_sys{x_init,err_tol,max_iterates}

363

% This solves a pair of two nonlinear equations in two unknowns,

% f(x) =0

» with f(x) a column vector of length 2. The definition of f£(x)

% is to be given below in the function named fsys; and you
% also need to give the Jacobian matrix for £(x) in the
% function named deriv_fsys.

# x_init is a vector of length 2, and it is an initial guess
% at the solution.

* The parameters err_tol and max_iterates are upper limits op
4 the desired error in the solution and the maximum number of
% iterates to be computed.

% Initialization.
%0 = zeros(2,1);
for i=1:2
x0(i) = x_init(i);
end

error = inf:
it_count = 0;

% Begin the main loop. :
whilef{error > err tol it_count = max_itaratesj
it_count = it_count + 1;
rhe = fsys(x0);
A = deriv_fays(x0);
delta = A\rhs;
x1 = %0 - delta;
error = norm(delta,inf);
# The following statement is an internal print to show
% the course of the iteration. It and the pause
% statement following it can be commented out.
[it_count x1° error]

pause
x0=x1;¥i—‘ IEWQPPTﬁ

end

# Return with the solution,
solution = x1:
if it_count == max_iterates

digp(? )

disp(’#** Your answers may possibly not ...
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% satisfy your error tolerance.’)
end

S Definition of fuﬁctinna Y e
function f£_wval = fays (x)

%

% The equations being solved are

% x(1)°2 + Adxx(2)°2 - 9=0

¥ 18*x(2) - 14%x(1)"2 + 45 = 0

£ val = [x(1)"2+4%x(2)72-9, 18%x (2)-14%x(1) "2+48] 7 ;

function df_val = deriv_fsys(x)

A

Y This defines the Jacobian matrix for the function
% given in fsys

df _val = [2#x(1), gax(2); —28+x(1), 18];

1. Find the remaining three solutions of the system (7.52). Note that symmetry can
be used to reduce the number of solutions that must be found computationally.
2. Find all solutions to the following systems, using Newton's method (7.55-7.56).
(@) x*+y'=4 xt—yt=1 I
b)) x2+4y* =4, y = x* —0.4x — 1.96
© x2+y=1, 2y =23 +x+1
(d) x+y—2xy=0, xz+};2-—'2x+2y+1=ﬂ

3, Find all solutions to the system
2 4xy =9, Ity —y’ =4

Use. each of the initial guesses (xo, Yo) = (1.2,2.5), (—2,2.5), (—1.2,—2.5)
(2, —2.5). Observe the root to which each of the iterations converges and the
number of iterates computed. Comment on your results.

4. Solve the nonlinear system (7.65)for n = 10, 15, 20, to the full accuracy of your
computer. Compare the needed number of iterates. Graph the solutions x for each
n, as in Figure 7.10.

5. Usethemodified Newton’s method (7.71) to solve for the roots of (7.52), presenting
results as in Table 7.7. Use A = F' (x'™).

6. Repeat Problem 5 for the systems given in Problem 2.




gxample :

consider an initrel value Puuem;
Y _
22 = Fayy Yo =Ys

Use backward Euler :

]{Ih*::ﬂf_ : Jf.(‘xw, Sien )

Yo = Yo+ a4t j:(?fnu, Yun )
Apply Newton method

* Ye lknown
. need to sehe for Yy =Y

F) = y-
= U dt{(xﬁliu),yh,o
UEﬁ = s = ____._F_{I"’{")
F-KIL;:,,;-
=g = Masal Fper, Ur) - Yy
| = a4t 'Fl-il -
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e Payw{' problay,
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