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In time-course experiments, it is often desirable to identify genes that exhibit a specific pattern of differential expression over time and
thus gain insights into the mechanisms of the underlying biological processes. Two challenging issues in the pattern identification problem
are: (i) how to combine the simultaneous inferences across multiple time points and (ii) how to control the multiplicity while accounting
for the strong dependence. We formulate a compound decision-theoretic framework for set-wise multiple testing and propose a data-driven
procedure that aims to minimize the missed set rate subject to a constraint on the false set rate. The hidden Markov model proposed in
Yuan and Kendziorski (2006) is generalized to capture the temporal correlation in the gene expression data. Both theoretical and numerical
results are presented to show that our data-driven procedure controls the multiplicity, provides an optimal way of combining simultaneous
inferences across multiple time points, and greatly improves the conventional combined p-value methods. In particular, we demonstrate our
method in an application to a study of systemic inflammation in humans for detecting early and late response genes.

KEY WORDS: Compound decision problem; Conjunction and partial conjunction tests; False discovery rate; Hidden Markov models;
Microarray time-course data; Simultaneous set-wise testing.

1. INTRODUCTION

Microarray time-course (MTC) experiments are capable of
capturing the dynamic changes of genes over time and have
been widely applied for studying many biological processes,
such as the regulation of development (Arbeitman et al. 2002),
immune response (Calvano et al. 2005), and tissue inflamma-
tion program (Tian, Nowak, and Brasier 2005). The MTC ex-
periments are usually conducted under one or multiple biolog-
ical conditions. Of interest for one-condition experiment is to
identify genes whose expression levels change over time in
some specific way. A well-known example is the MTC experi-
ment conducted by Spellman et al. (1998) for studying cell cy-
cles. Recently two-condition MTC experiments have become
popular. Like in common case-control studies, genes exhibiting
different temporal patterns across two biological conditions are
good candidates for further study because the biological process
motivating the experiments may be driven by their differential
expressions. Multiple-condition MTC experiments are rare due
to the complication in design and analysis. In this article we
focus on the problems under two biological conditions.

In two-condition MTC experiments, each gene at each time
point has two possible states: equally expressed (EE) or differ-
entially expressed (DE). A temporal pattern is a prespecified
class of sequences of DE and EE states over time. The tempo-
ral patterns of dynamic changes often provide insights into the
underlying biological mechanisms—genes that exhibit specific
temporal patterns of DE can be informative in deciphering the
underlying regulatory programs that govern the dynamic bio-
logical process of interest.

We first consider a motivating example. In studying the bio-
logical process of how the cytokine tumor necrosis factor (TNF)
initiates tissue inflammation, Tian, Nowak, and Brasier (2005)
conducted a time-course microarray experiment to profile gene
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activities before the inhibition of the NF-kB transcription fac-
tor, a mediator of the process, and at one, three, and six hours
after the inhibition. The investigators were interested in identi-
fying genes with the following distinct temporal patterns:

(1) “Early response genes” that were differentially ex-
pressed (DE) less than one hour after the NF-kB inhi-
bition

(2) “Middle response genes” that were DE at three hours but
no response prior to three hours

(3) “Late response genes” that were DE at six hours but no
response prior to six hours

(4) “Biphasic genes” that were DE at both one hour and six
hours, but not at three hours.

Such delicate expression patterns can be used to distinguish up-
stream regulatory genes from downstream regulated genes and
help to form biological hypotheses for further experimental val-
idations. The goal of this article is to develop powerful multiple
testing procedures to identify genes that exhibit temporal pat-
terns of interest.

Conventional gene selection procedures for analysis of time-
course data were only developed for identifying genes that are
DE at one single time point, and cannot be used for pattern iden-
tification. Recently a few approaches were proposed to select
genes that show overall difference in their expression profiles.
Some approaches view the time-course gene expression data as
vectors of correlated observations. Under this formulation, sta-
tistical methods in multivariate analysis and longitudinal data
analysis were proposed to test the equivalence of two vector
values; such methods include the F-statistic derived from an
ANOVA analysis (Park et al. 2003; Ma, Zhong, and Liu 2009),
the robust Wald statistic derived from a generalized estimat-
ing equation analysis (Guo et al. 2003), the moderated like-
lihood ratio statistic and Hotelling T2-statistic derived from a
multivariate empirical Bayes model (Tai and Speed 2006), and
the maximum ratio statistic derived from a hierarchical Bayes
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model (Chi et al. 2007). Alternately, the time-course data can be
viewed as samples from an underlying continuous gene expres-
sion trajectory. Under this formulation, statistical methods in
functional data analysis were developed to test the equivalence
of two expression curves; such methods include the hierarchical
modeling and basis expansion approaches considered by Luan
and Li (2004), Storey et al. (2005), Hong and Li (2006), and
Telesca et al. (2009). However, it is not clear how to combine
the simultaneous inferences from single time point analyses
for a joint set analysis. In addition, the overall profile analy-
sis (global null test) is too coarse to handle the subtle patterns
like (1)–(4).

A useful framework is to conceptualize the gene selection
problem as a set-wise multiple testing problem, where each
time point of a particular gene gives rise to a hypothesis for test-
ing DE versus EE and therefore each DE pattern corresponds
to a set of hypotheses formed by combining the tests across all
time points. Then a gene is claimed to be significant if a specific
combination of the null hypotheses is rejected at the set level.
However, several complicated issues arise in this testing frame-
work: (i) optimality, that is, how to optimally combine testing
results of multiple time points; (ii) multiplicity, that is, how to
control testing errors (such as the false discovery rate) at the set
level when thousands of gene are considered simultaneously;
and (iii) dependency, that is, how to account for and exploit the
high temporal correlation in the time-course data. Next we shall
compare and review related works and then discuss a unified
approach that addresses all three issues simultaneously.

Combining simultaneous tests in sets not only improves
statistical power but also provides new scientific insights;
successful applications include large epidemiological surveys
(Zaykin et al. 2002), meta-analysis of microarray experiments
(Pyne, Futcher, and Skiena 2006) and brain imaging studies
(Benjamini and Hochberg 1995; Heller et al. 2006). The multi-
plicity issue in simultaneous set-wise tests was formally ad-
dressed in Benjamini and Heller (2008), where a threshold
for Simes combined p-value is suggested based on the well-
known BH procedure (Benjamini and Hochberg 1995). Al-
though Benjamini–Heller’s procedure was suitable for many
large-scale studies, the applicability of their approach is quite
limited in time-course experiments. First, the combined p-value
method can only test how many DE time points are in a set but
cannot distinguish subtler differences among DE patterns (e.g.,
early response versus late response). Second, even in situations
where the Benjamini–Heller procedure is applicable, it can be
further improved by exploiting the temporal correlation.

One important feature of the time-course experiments is that
if a gene is differentially expressed at one time point, it is very
likely to remain differentially expressed at the next time point.
This local dependency structure can be approximated by a hid-
den Markov model (HMM). Specifically, an HMM assumes
that the temporal sequence of the underlying states (DE or EE)
of a particular gene form a Markov chain and the observed
gene expression data are independent conditioning on the hid-
den states. The HMM has been shown to be an effective tool
for analyzing biological sequences and processes; see Churchill
(1992), Krogh et al. (1994), MacDonald and Zucchini (1997),
and Durbin et al. (1999), among others. Successful applications
of HMM to MTC data include the clustering analysis of gene

expression profiles (Schliep, Schonhuth, and Steinhoff 2003)
and the significance analysis of differential expression under
multiple biological conditions (Yuan and Kendziorski 2006).
By utilizing the temporal dependency, the HMM approach leads
to results with both increased statistical power and better scien-
tific interpretations.

Sun and Cai (2009) proposed a data-driven procedure for
testing HMM-dependent hypotheses and showed that the pro-
cedure is asymptotically optimal. However, their approach can-
not be applied in time-course experiments. First, the optimal-
ity of multiple testing was only addressed for single parameter
analysis, but a temporal pattern cannot be identified by simply
combining the results from single time points. It is important to
note that the set-wise error rate can be extremely high even if
the pointwise error rate is low. Second, Sun and Cai (2009) con-
sidered a homogeneous HMM with a normal mixture as the ob-
servation distribution, whereas the time-course experiment re-
quires different models and assumptions. Specifically, we need
to consider thousands of short sequences instead of one long
sequence, and it is desirable to use an inhomogeneous HMM
to account for the changing transition probabilities over time.
Moreover, a Gamma–Gamma hierarchical model is more ap-
propriate than a normal mixture model for MTC data based on
the works of Newton et al. (2001), Kendziorski et al. (2003),
and Yuan and Kendziorski (2006). We shall develop a new test-
ing procedure that overcomes these limitations.

A key issue in studying set-wise testing problems is in the
choice of the optimality criterion. Sun and Cai (2009) consid-
ered a criterion that maximizes the expected number of correct
individual states given a constraint on the FDR, whereas in pat-
tern identification problem it is more desirable to define the op-
timality criterion at the sequence level. The problem of uncover-
ing an “optimal” state sequence has been studied for an HMM;
the most well-known procedure is the Viterbi algorithm (Viterbi
1967; Rabiner 1989). Yuan and Kendziorski (2006) considered
this method in time-course experiments for estimating the most
likely DE sequence configuration and then used the results for
grouping similar genes. However, the estimated DE states are
not suitable for gene selection problems because the Viterbi al-
gorithm does not address the multiplicity issue in simultane-
ous inferences. Essentially a desirable procedure should rank
different genes according to a score on how likely it obeys a
specific DE pattern, so that a thresholding rule can be applied
along the rankings to yield a gene subset for future investiga-
tion. However, across-gene comparison is not provided by the
Viterbi algorithm since it only selects the most likely DE pat-
tern for a single gene. Consequently, the resultant Type I error
rate is independent of the prespecified test level and can be over
conservative or severely inflated. The numerical results in Sec-
tion 3 will illustrate this point.

The goal of this article is to develop a unified framework
to address the optimality, multiplicity, and dependency issues
for set-wise tests simultaneously. Our methodological devel-
opments involve two steps. First, we derive an oracle proce-
dure in a compound decision theoretic framework to test mul-
tiple dependent sets of hypotheses under a new optimality cri-
terion. Our oracle procedure aims to minimize the missed set
rate (MSR) subject to a constraint on the false set rate (FSR).
The second step is to mimic the oracle and develop a data-
driven procedure (GLIS) that is suitable for analysis of MTC
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Figure 1. A comparison of the Benjamini–Heller (dotted), oracle (solid), and GLIS (dashed) procedures. Sensitivity = 1 − MSR (a measure
of testing power). We can see that the performance of the oracle procedure is achieved by the GLIS procedure asymptotically. At the same FSR
level, both the oracle and GLIS procedures identify more true nonnulls than the Benjamini–Heller’s procedure.

experiments. Specifically, we considered the more appropriate
inhomogeneous HMMs and the hierarchical Gamma–Gamma
model. Our data-driven procedure, which simultaneously ad-
dresses all three issues, controls the multiplicity and is asymp-
totically optimal. The GLIS procedure is capable of testing
delicate DE patterns that cannot be handled by conventional
FDR procedures. Both theoretical and numerical results are pre-
sented to show that the GLIS procedure leads to (i) asymptoti-
cally valid error rate control, (ii) improved statistical power, and
(iii) more informative scientific findings.

A comparison of the Benjamini–Heller procedure, the oracle
procedure and the GLIS procedure for testing against the global
null (i.e., no DE at all time points) is shown in Figure 1. We
can see that both the oracle and GLIS procedures have much
higher sensitivity than the Benjamini–Heller procedure at the
same FSR level. In addition, the performance of the oracle pro-
cedure is achieved by the GLIS procedure asymptotically. The
real data analysis in Section 4 also shows substantial advantages
of our method over conventional methods.

The article is organized as follows. The data structure, model
assumption and method are discussed in Section 2. Simulation
studies are carried out in Section 3 to compare our procedure
versus conventional approaches. The methods are illustrated in
Section 4 in a study of the systemic inflammation in humans.
Technical details on methodological developments and proofs
of theorems are given in Section 5 and the Appendix, respec-
tively.

2. SET–WISE TESTING IN TIME–
COURSE EXPERIMENTS

In time-course experiments, the gene expression levels are
measured longitudinally with two possible states at each time
point: equally expressed (EE) and differentially expressed
(DE). Consider m sets of hypotheses: {(Hi1, . . . ,HiK) : i =
1, . . . ,m} for testing EE versus DE, where m is the number of
genes and K is the number of time points. The problem of iden-
tifying genes with specific patterns involves the simultaneous

testing of hypotheses at the set level. Typical questions consid-
ered by previous research include: (i) Are all K hypotheses in
the set true? (ii) Are all K hypotheses in the set false? (iii) Are
at least u out of K hypotheses in the set false? In Benjamini and
Heller (2008), these questions are referred to as conjunction
test, disjunction test, and partial conjunction test, respectively.
The conjunction and disjunction tests can be viewed as spe-
cial cases of the partial conjunction test. A big limitation of the
above framework is that partial conjunction test can only han-
dle patterns defined in terms of the total number of nonnulls
in a set. However more complicated patterns that involve tem-
poral ordering, such as “early response” and “late response,”
cannot be distinguished from each other. Next we introduce a
more general testing framework that effectively describes var-
ious temporal patterns by defining appropriate null parameter
spaces.

2.1 Characterizing Patterns in a Multiple
Testing Framework

Consider the unknown state sequence θ i = (θi1, . . . , θiK).
The null space for testing against the conjunction of null hy-
potheses (i.e., a gene is EE at all time points) is �

conj
0 = {η =

(η1, . . . , ηK) ∈ {0,1}K :
∑K

k=1 ηk = 0}. For a partial conjunction
test that at least u hypotheses in a set are false, the null parame-
ter space is �

pconj
0 = {η ∈ {0,1}K :

∑K
k=1 ηk < u}. When tempo-

ral ordering is involved in a pattern, we need to go beyond the
framework of partial conjunction test. Suppose the pattern of in-
terest is “late response,” which means that there are responses
but no response prior to time k. It is more convenient to state
the testing problem in terms of the nonnull parameter space �1.
Specifically, we define �

late,k
1 = {η ∈ {0,1}K : ∑k−1

i=1 ηi = 0 and∑K
i=k ηi ≥ 1} as the nonnull parameter space for identifying late

response genes. It is easy to see that the partial conjunction test
is incapable of describing this pattern since it only has the in-
formation on the total number of nonnulls in a set, therefore the
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combined p-value method (Benjamini and Heller 2008) cannot
be used for detecting the “late response” pattern.

The gene selection problem involves the simultaneous test-
ing of m sets of hypotheses; the inflation of Type I errors is
a big issue. Similar to the ideas of false discovery rate (FDR,
Benjamini and Hochberg 1995) and false nondiscovery rate
(FNR, Genovese and Wasserman 2002), we define the false set
rate (FSR) and missed set rate (MSR) to combine the errors
in set-wise testing. The FSR and MSR will serve as the target
for control and measure of power, respectively. Define a binary
vector ϑ = (ϑ1, . . . , ϑm) ∈ {0,1}m, where

ϑi = 1 if θ i ∈ �0 and ϑi = 1 otherwise. (2.1)

We are interested in testing m new hypotheses: Hi0 : θ i ∈ �0
versus Hi1 : θ i ∈ �1, i = 1, . . . ,m, where gene i is selected if
the null hypothesis Hi0 is rejected at the set level. The FSR and
MSR are then defined as

FSR = E

{∑m
i=1(1 − ϑi)δi

(
∑m

i=1 δi) ∨ 1

}
and

(2.2)

MSR = E

{∑m
i=1 ϑi(1 − δi)

(
∑m

i=1 ϑi) ∨ 1

}
,

respectively. The FSR is the expected proportion of falsely re-
jected sets among all rejections and the MSR is the expected
proportion of nonnull sets that are missed. Our ultimate goal is
to find the “optimal” subset of genes for future experimental in-
vestigations. Under the multiple testing framework, optimality
means that our procedure for subset construction controls the
FSR at level α with the smallest MSR.

An efficient procedure should be developed based on a sta-
tistical model that well describes the data. The issues regarding
the data structure, model and assumptions in time-course exper-
iments will be discussed in the next section. An asymptotically
optimal data-driven procedure for pattern identification is then
introduced in Section 2.3.

2.2 HMM and Gamma–Gamma Model for
Time-Course Data

Hidden Markov models have been successfully applied for
analysis of time-course data (Schliep, Schonhuth, and Stein-
hoff 2003; Yuan and Kendziorski 2006). Let eik = (xik,yik)

denote the observed expression levels of gene i at time k,
i = 1, . . . ,m; k = 1, . . . ,K. Here xik = (xik1, . . . , xikn1) and
yik = (yik1, . . . , yikn2) are expression data for n1 and n2 repli-
cated measurements under two biological conditions X and Y,
respectively. The state sequence of gene i over time is a binary
vector θ i = (θi1, . . . , θiK), where θik = 1 indicates that gene i at
time k is DE and θik = 0 otherwise. Assume that

θ i is distributed as a Markov chain and (2.3)

θ i and θ j, i �= j, are independent. (2.4)

Let {π i
j = P(θi1 = j) : i = 1, . . . ,m; j = 0,1} be the initial prob-

abilities. Our real data analysis suggests that the HMMs are in-
homogeneous. Therefore we allow the transition probabilities
aik

jl = P(θi,k = l|θi,k−1 = j), j, l ∈ {0,1}, to depend on time k,

but assume that π i
j and aik

jl are the same for all genes (hence i
will be suppressed for transition probabilities).

A gene under one specific condition has a latent mean ex-
pression level μx or μy. To take advantage of information shar-
ing, it is assumed that the latent mean expression levels fol-
low a common genome-wide distribution. Following Yuan and
Kendziorski (2006), we assume that at time k, the observed ex-
pression levels of gene i under condition X are n1 independent
samples from the conditional distribution hk(·|μx

ik), where μx
ik

is the mean expression level of gene i, and {μx
ik : i = 1, . . . ,m}

follow a common distribution Gk(·). Similarly, the expres-
sion data under condition Y are n2 independent samples from
hk(·|μy

ik), and μ
y
ik follows the same genome-wide distribution

Gk(·). When it is EE (θik = 0), we have μx
ik = μ

y
ik = μik; hence

the conditional density of eik = (xik,yik) is

f (eik|μik, θik = 0) =
n1+n2∏

j=1

hk(eikj|μik). (2.5)

Alternately, when it is DE (θik = 1) we have μx
ik �= μ

y
ik. We sam-

ple μx
ik and μ

y
ik independently from Gk(·), then we have

f (eik|μx
ik,μ

y
ik, θik = 1) =

n1∏
j=1

hk(xikj|μx
ik)

n2∏
l=1

hk(yikl|μy
ik).

(2.6)

Let pk be the proportion of DE genes at time k, then the mar-
ginal density of eik is fk(eik) = (1 − pk)fk0(eik) + pkfk1(eik),

where f0k(eik) = ∫ ∏n1+n2
j=1 ht(eikj|μik)dGt(μik) and f1k(eik) =∫ ∏n1

j=1 hk(xikj|μx
ik)dGk(μ

x
ik) · ∫ ∏n2

l=1 hk(yikl|μy
ik)dGk(μ

y
ik) are

the marginal densities under EE and DE, respectively. We fur-
ther assume that eik’s are conditionally independent:

f (ei1, . . . , eiK |θ i) =
K∏

k=1

f (eik|θik). (2.7)

We call (2.3)–(2.7) a hidden Markov model (HMM) for time-
course data. Denote by Ak = {ak

jl : j, l = 0,1} the transition ma-
trix at time k, k = 1, . . . ,K − 1, π = {π0,π1} the initial proba-
bility distribution, Fk = {hk,Gk} the observation distributions,
and

	 = (π, A1, . . . , AK−1, F1, . . . , FK)

the collection of all HMM parameters.
Choosing appropriate observation distribution hk(·) and

genome-wide distribution Gk(·) is another important issue. The
Gamma–Gamma (GG) model has been shown to be a useful
model that maintains most inherent characteristics of the mi-
croarray data (Newton et al. 2001; Kendziorski et al. 2003).
Specifically in time-course experiments, a GG model assumes
that hk(·|μik) (μik may be taken as μx

ik or μ
y
ik) is a Gamma

density function with shape parameter αk > 0 and rate para-
meter λik = αk/μik. Fixing αk, λik is assumed to follow another
Gamma distribution Gk(α0k, νk), where α0k and νk are the shape
parameter and rate parameter, respectively. Then after integrat-
ing out μik, we can obtain explicit forms for fk(·) with unknown
parameters �0

k = (αk, α0k, νk). The EM algorithm can be used
to estimate �k. The GG model will be used in both our simu-
lation studies and data analysis. See Newton et al. (2001) and
Kendziorski et al. (2003) for more details about this model.
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2.3 The Proposed Procedure for Pattern Identification

In pattern identification problems, the goal is to find a subset
of genes which exhibit the temporal pattern of interest. After
an HMM-GG model is fitted, the key issue is how to draw in-
ferences based on the fitted model. We solve the problem in
two steps: first rank all genes based on the likelihood of obey-
ing a specific temporal pattern, then choose a threshold along
the rankings. In a multiple testing framework, the goal in the
ranking step is to derive a test statistic T to reflect the relative
importance of each gene, and the goal in the thresholding step
is to decide a critical value for T to control the false set rate.

Denote by 	̂ the collection of all estimated parameters. In
Section 5, we show in a compound decision-theoretic frame-
work that a desirable statistic for ranking is the generalized lo-
cal index of significance (GLIS):

GLISi = P
	̂

(ϑi = 0|ei)

=
∑

s={s1,...,sK}∈�0

P
	̂

(θ i = s|ei), (2.8)

which is asymptotically optimal for set-wise multiple testing
when 	̂ is a consistent estimate. Here ϑi is a binary random
variable indicating whether a gene is interesting, s is a K-
dimensional binary vector and �0 is the null parameter space.
The GLIS statistic can be interpreted as the probability of a
gene being null (i.e., not exhibiting a pattern of interest) given
the observed expression data. Compared to the combined p-
value which can only be used for testing the total number of
nonnulls in a set, the GLIS statistic can be used to screen for
various complicated patterns. In addition, the GLIS procedure,
combined with the HMM-GG model, can exploit the tempo-
ral correlation structure and borrow information across genes;
hence it produces more accurate and interpretable results than
conventional methods.

In Sun and Cai (2009), it was shown that the local index of
significance (LIS) is the optimal statistic for testing hypothe-
ses arising from an HMM. However, the LIS statistic can only
be used for testing a single sequence of correlated hypotheses.
Our problem is different since we have thousands of sequences,
and we are interested in set-wise analysis instead of point-wise
analysis. The optimality criteria of the two problems are also
different in the sense that LIS maximizes the number of true in-
dividual point discoveries whereas GLIS maximizes the num-
ber of true set discoveries. In addition, the LIS procedure, which
is designed for controlling the FDR, in general leads to an in-
flated FSR level.

To control the FSR, we determine a data-driven threshold
for GLIS using the following step-up procedure. First we rank
the GLIS values ascendingly as GLIS(1), . . . ,GLIS(m), and de-
note by H(1), . . . ,H(m) the corresponding hypotheses, then we
choose the largest i such that (1/i)

∑i
j=1 GLIS(j) ≤ α. In The-

orem 4 we show that the data-driven procedure controls the
FSR level at the nominal level and is asymptotically optimal.
The key difference between GLIS procedure and conventional
methods is in the gene rankings. By optimally combining test-
ing results from individual time points and exploiting the HMM
dependency, the GLIS rankings are more efficient than the rank-
ings by combined p-values; this is illustrated in the simulation
studies conducted in Section 3.

The implementation of GLIS procedure is simple and fast.
The maximum likelihood estimate (MLE) can be used to es-
timate 	 . Under certain regularity conditions, the MLE is
strongly consistent and asymptotically normal (Leroux 1992;
Bickel, Ritov, and Rydén 1998). The MLE can be obtained us-
ing the EM algorithm or other numerical optimization schemes.
The EM algorithms for Gamma–Gamma model and normal
mixture model were provided, for example, in Yuan and
Kendziorski (2006) and Sun and Cai (2009), respectively. Given
the HMM parameters 	̂ , the GLIS statistic can be calculated as

̂GLISi =
∑

s∈�0
πs1 f (ei1|s1)

∏K
j=2 asj−1sj f (eij|sj)

αi,K(0) + αi,K(1)
,

where αi,k(j) = P	 [(eit)
k
t=1, θik = j] is the forward variable

that can be calculated using the forward–backward proce-
dure (Baum et al. 1970; Rabiner 1989). Specifically, let
αi,1(j) = πjfj1(ei1), then by induction we have αi,k+1(j) =
{∑1

l=0 αi,k(l)ak
lj}fj,k+1(ei,k+1).

2.4 Mixed Directional Errors

In this section, we discuss an extension of our GLIS proce-
dure to deal with the mixed directional errors. The issue was
previously studied by Finner (1999) and Benjamini and Yeku-
tieli (2005), and recently raised by Guo, Sarkar, and Peddada
(2010) in the context of MTC experiments. Guo, Sarkar, and
Peddada (2010) considered the identification of specific expres-
sion patterns over ordered categories under one biological con-
dition. The concern is that, in addition to the usual Type I errors,
directional or sign errors can occur for rejected hypotheses. To
resolve the issue, Guo, Sarkar, and Peddada (2010) extended the
BH step-up procedure (Benjamini and Hochberg 1995) to con-
trol the so-called mixed directional FDR (mdFDR) of ordered
patterns.

Similar issues remain for MTC experiments under two bi-
ological conditions. Define  = μx − μy to be the difference
of gene expression levels. It is generally accepted that DE
genes with time-condition interactions (i.e., both μx < μy and
μx > μy occur for the same gene over the experimental pe-
riod) are more biologically meaningful. In contrast, the patterns
where the expression levels of one condition are dominant at
all time points are of less interest because they are likely to be
caused by the baseline differences between the case and con-
trol groups (Ma, Zhong, and Liu 2009). The identification of
these patterns involves the inference about the sign of ; hence
additional directional errors can occur.

The pattern identification problem is essentially a set-wise
testing problem. From a biological point of view, the FSR is a
more appealing concept than the mdFDR in Guo et al. (2010)
for inference of patterns since scientific discoveries are usually
made at the gene (or set) level, and specific patterns are more
informative than the individual states to reveal the underlying
biological mechanisms. It is natural to consider multiple test-
ing procedures that aim to control the number of misspecified
patterns. The concept of mdFDR is only useful for point-wise
analysis. In particular, the FSR can be very high even if the
mdFDR is controlled at the nominal level. Consider a situation
where we make 20 errors out of 40 selected genes over 5 time
points. In a point-wise analysis, the proportion of false positives
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is 0.10; however in a set-wise analysis, the proportion of false
sets can be as high as 0.5 if the 20 errors occur at exactly 20
different genes.

Dealing with mixed directional errors in conventional testing
framework is complicated. When a set-wise analysis is of pri-
mary interest, we may circumvent the complication by consid-
ering a three-state HMM. The key observation is that the mixed
directional errors are the consequence of using a binary deci-
sion rule to deal with a trichotomous situation. Therefore it is
natural to define a multinomial variable

θik =

⎧⎪⎨
⎪⎩

−1, if μx
ik < μ

y
ik or ik < 0

0, if μx
ik = μ

y
ik or ik = 0

1, if μx
ik > μ

y
ik or ik > 0

(2.9)

for our analysis. Let θ i = (θi1, . . . , θiK) ∈ {−1,0,1}K be the se-
quence of unknown states over time. Then for a pattern of inter-
est, we may use a new binary variable to combine the individual
states in a set as before:

ϑi = 1 if θ i ∈ �0 and ϑi = 1 otherwise. (2.10)

To identify genes that interact with time, we may define the
null parameter space �interact

0 = {η ∈ {−1,0,1}K : |∑i ηi| =∑
i |ηi|}. The expression of GLIS shall remain the same as in

(2.8) for appropriately defined θik’s and �0, and the same pro-
cedure can be applied for determining an appropriate cutoff for
GLIS to control the FSR. By extending our two-state HMM
to a three-state HMM, the issue of mixed directional errors no
longer exists.

The forward–backward procedure and EM algorithm are
easy to implement for a three-state HMM. However, a challeng-
ing issue is to specify an appropriate hierarchical model for the
three-state HMM to replace (2.5)–(2.6). Specifically, the exten-
sion of the GG model to reflect both the sign and magnitude of
the differences in expression levels is non-trivial. Finally, our
testing framework is designed for set-wise inference, and it is
interesting to extend it to consider mixed directional errors for
pointwise testing as formulated by Guo, Sarkar, and Peddada
(2010). Much research is needed under the formulation that in-
volves mixed directional errors; in particular the dependency
and optimality issues seem to be complicated. We leave these
important topics for future research.

3. SIMULATION STUDIES

In this section, we first introduce some alternative approaches
for pattern identification and then compare their performances
with that of our method.

3.1 Alternative Methods

The first alternative method is the well-known Viterbi al-
gorithm, which aims to estimate the most probable state se-
quence of a gene given the observed data. It seems natural to
select the genes whose most probable configuration suggested
by the Viterbi algorithm obeys the pattern of interest. Specifi-
cally, we calculate the most probable state sequence θ̂ i for gene
i, i = 1, . . . ,m; then set δi = 1 if θ̂ i ∈ �1, and δi = 0 otherwise.
However, the Viterbi algorithm does not address the multiplic-
ity issue in simultaneous inferences because it was only devel-
oped for selecting a pattern for a single gene, whereas in gene

selection problems, across gene comparison is needed. For ex-
ample, it is not clear how to select the “top 10” genes based
on the results obtained from the Viterbi algorithm. We shall see
that the Type I error rate of Viterbi algorithm is independent of
any prespecified test level and hence can be either too conserv-
ative or too liberal.

The second approach is based on thresholding the com-
bined p-values (Benjamini and Heller 2008). This procedure
addresses the multiplicity issue in simultaneous set-wise in-
ferences but is limited in its applicability and power. Let
pi
(1), . . . ,pi

(K) be the ordered p-values from the ith set. De-

note by Hi
u/K the partial conjunction test that at least u out of

K hypotheses in set i are false. The Simes’ p-value pi
u/K =

min{(K−u+1
j )pi

(u−1+j) : j = 1, . . . ,K − u + 1} can be used to

summarize the K p-values from set i into a single index. The
FDR procedure in Benjamini and Hochberg (1995) was then
applied to the ordered Simes’ p-values:

let l = max

{
i : p(i)

u/K ≤ i

m
α

}
,

then reject H(i)
u/K, i = 1, . . . , l. (3.1)

Benjamini and Heller (2008) showed that the procedure (3.1),
referred to as the BH–Simes procedure, controls the FSR at the
nominal level α. In addition, it was shown that the BH–Simes
procedure is still valid under different dependency assumptions
in the sense that it controls the FSR at level α. When a specific
temporal pattern can be described as conjunction or partial con-
junction tests, the BH–Simes procedure may be applied. Specif-
ically, let tik be the two sample t-statistic of gene i at time k for
comparing two biological conditions, then tik can be converted
to a p-value using transformation pik = 2F(−|tik|), where F is
the cdf of the t-variable. We can first obtain the Simes’ p-value
pi

u/K for gene i, then apply the BH procedure. However, the
BH–Simes procedure is only applicable for partial conjunction
test but incapable of dealing with patterns that involves tem-
poral ordering such as “early or late response.” Moreover, the
rankings by combined p-values can be much improved by the
rankings of GLIS statistics which exploit the dependency struc-
ture.

In the next section, we design and conduct three simulation
studies to compare the numerical performances of Viterbi, BH–
Simes and GLIS. In Section 5, we also derive an “oracle” pro-
cedure that assumes all parameters are known. The oracle pro-
cedure, which is included in the comparison as well, provides
a benchmark for defining optimality and comparing different
procedures. We will see that the performance of the oracle pro-
cedure is asymptotically achieved by the GLIS procedure. We
comment here that the simulation results show that GLIS is
more powerful than BH–Simes and Viterbi. Another advantage
is that GLIS is more flexible and can be used to test a variety of
complicated patterns.

3.2 Simulation Results

Simulation Studies 1 and 2 consider conjunction and partial
conjunction tests, respectively. To provide insights into the su-
periority of our procedure, we investigate the ranking efficien-
cies of GLIS versus BH–Simes in Simulation Study 3. To the
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best of our knowledge, no multiple testing procedures can be
used to screen for the temporal patterns (1)–(4) discussed in
Section 1. Therefore we only illustrate how to implement the
GLIS procedure for identifying such delicate patterns in Sec-
tion 4 without doing comparisons.

In all simulations, the numbers of subjects under both condi-
tions are n1 = n2 = 10, the number of genes is m = 2000, the
number of time points measured for each gene is K = 6 and the
number of replications is 200. The nominal FSR level is 0.1.
For a given gene i, a Markov chain θ i = (θik)

K
k=1 is first gener-

ated with initial state distribution π = (0.95,0.05) and transi-
tion matrix Ak = (a00,1 − a00;1 − a11,a11), k = 1, . . . ,5. The
observed data eik are then generated conditionally on (θik)

K
k=1

with GG parameters �k = (αk, α0k, νk). We shall specify Ak

and �k later in each simulation study.

Simulation Study 1. This simulation study compares the ef-
ficiency of Viterbi, BH–Simes, and GLIS for conjunction tests,
where a rejection is made at the set level if any hypothesis in
a set is false. The simulation results are summarized in Fig-
ure 2. In the top row, we choose Ak = (0.95,0.05;1−a11,a11),
(αk, α0k, νk) = (10,1,0.5), k = 1, . . . ,5, and then apply the
Viterbi algorithm, BH–Simes procedure, the oracle procedure,
and the data-driven GLIS procedure to the simulated data.
The FSR and MSR levels are plotted as functions of a11.
In the bottom row, we choose Ak = (0.95,0.05;0.2,0.8) and
(αk, α0k, νk) = (α,1,0.5), k = 1, . . . ,6. The FSR and MSR lev-
els are plotted as functions of α.

Simulation Study 2. This simulation study compares the
efficiencies of different FSR procedures for partial conjunc-
tion tests, where a rejection is made at the set level if the
number of false hypotheses in a set is greater than or equal
to 3 (the total number of time points is 6). The simula-
tion results are summarized in Figure 3. In the top row, we
choose Ak = (0.95,0.05;1 − a11,a11) and (αk, α0k, νk) =
(10,1,0.5), k = 1, . . . ,6. In the bottom row, we choose Ak =
(0.95,0.05;0.2,0.8) and (αk, α0k, νk) = (α,1,0.5), k = 1,

. . . ,6. The FSR and MSR levels are plotted as functions of α.

Performance of Viterbi-based decision rule. In Simulation
Study 1 for conjunction test (Figure 2), Viterbi algorithm results
in the most conservative FSR levels. The MSR of Viterbi al-
gorithm is much higher than that of GLIS but comparable with
that of BH–Simes. In Simulation Study 2 for partial conjunction
test (Figure 3), both of the FSR and MSR of the Viterbi algo-
rithm are between those of ̂GLIS and BH–Simes. The Viterbi-
based decision rule does not take the prespecified test level into
account; hence the decisions would be fixed regardless of the
choice of the test level. Here we choose the FSR level to be 0.1
and observe that the Viterbi algorithm is conservative. Imagine
if the FSR level is 0.01, the Viterbi algorithm will be too liberal.
In contrast, the GLIS procedure is adaptive to our choice of test
level and controls the FSR precisely.

̂GLIS (GLIS) versus BH–Simes. From Figures 2 and 3, we
can see that (i) the oracle and GLIS procedures can achieve the

Figure 2. Comparison for conjunction tests: GLIS, the oracle procedure; ̂GLIS: the data-driven procedure; Viterbi: Viterbi decision rule;
BH–Simes: the combined p-value procedure. FSR of Viterbi is independent of the nominal level. BH–Simes is conservative and missed a large
proportion of true signals. ̂GLIS controls the FSR precisely and has greater power. It also achieves the performance of the oracle procedure
asymptotically.
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Figure 3. Comparison for partial conjunction tests: GLIS, the oracle procedure; ̂GLIS: the data-driven procedure; Viterbi: Viterbi decision
rule; BH–Simes: the combined p-value procedure. GLIS and ̂GLIS can achieve the nominal FSR levels approximately. In contrast, BH–Simes
is very conservative and misses a big proportion of nonnulls. The MSR of BH–Simes is significantly higher than GLIS. The performance of
Viterbi is in between.

nominal FSR levels accurately, whereas the BH–Simes proce-
dure is very conservative; (ii) the two lines of the oracle proce-
dure and data-driven GLIS procedure are almost overlapped, in-
dicating that the performance of the oracle procedure is attained
by the data-driven procedure asymptotically; (iii) the MSR lev-
els of the data-driven procedure are lower than that of the BH–
Simes procedure in all settings, even when the dependence is
weak; (iv) the difference in MSR levels is larger as α increases;
(v) the gain in efficiency is larger for partial conjunction tests.
Note that α controls the signal strength, the results imply that
our procedure is especially useful when the signal is weak.

It is important to note that the larger power of GLIS is not
gained at the price of a higher FSR level. To illustrate this point,
we conduct the following simulation study to compare the rank-
ing efficiencies of GLIS statistics versus combined p-values.

Simulation Study 3 (Ranking efficiency). In this simulation
study, we compare the MSR levels of the GLIS procedure
versus the BH–Simes procedure at the same FDR level. Be-
cause the FSR levels of the Viterbi algorithm is fixed, we do
not include Viterbi in the comparison. The simulation results
are summarized in Figure 4. The top row considers conjunc-
tion tests and the bottom row considers partial conjunction
tests, where a rejection is made at the set level if the number
of false hypotheses is greater than or equal to 3. We choose
Ak = (0.95,0.05;0.2,0.8) and (αk, α0k, νk) = (α,32,4), k =
1, . . . ,6. In Panels (a)–(f), α is 10, 16, 30, 10, 16, and 30,
respectively. We can see that (i) at the same FSR level, our

proposed procedures have much lower MSR levels than the
BH–Simes procedure, indicating that the rankings produced by
GLIS are more efficient than those produced by the combined
p-values; (ii) the efficiency gain of GLIS is large when the sig-
nals are weak; (iii) compared to conjunction tests, the difference
in MSR levels is larger for partial conjunction tests.

4. APPLICATION

In this section we apply our method to a well-known MTC
dataset collected by Calvano et al. (2005) for studying the
systemic inflammation in human. The dataset contains eight
study subjects which are randomly assigned to case and con-
trol groups and then administered with endotoxin and placebo,
respectively. Affimetrix U133A chips were used to profile the
expression levels of 22,283 genes in human leukocytes mea-
sured before infusion (0 hour) and at 2, 4, 6, 9, and 24 hours
afterwards.

The goal of this MTC experiment is to extract information
from genome-wide expression data to help identify functional
networks responsible for the systemic activation. Inflammatory
responses exhibit a quick, transient, and self-limiting nature. In
the early activation of innate immunity, many secreted proin-
flammatory factors, including cytokines and chemokines, are
quickly activated in response to exterior intrusion. The activated
proinflammatory factors subsequently trigger the expression of
several transcription factors to initiate the innate immune re-
sponse. In the late period, the expression levels of a number of
transcription factors limiting the innate immune response are
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Figure 4. Ranking efficiency: BH–Simes (dotted, combined p-value), GLIS (solid, oracle), ̂GLIS (dashed, data-driven). GLIS and ̂GLIS have
lower MSR/higher sensitivity than BH–Simes at the same FSR level. Sensitivity = 1 − MSR.

increased. Finally the whole system concludes with full recov-
ery and a normal phenotype. Although the overall activated-
then-self-limiting pattern is known for the innate immune re-
sponse process, the underlying regulatory programs are yet to
be deciphered. Next we illustrate how to build an HMM and
apply the GLIS procedure to analyze this MTC experiment.

Step 1 (Data preprocessing). Data preprocessing is a neces-
sary and critical procedure to separate biologically meaning-
ful signals from background hybridization noises and other
confounding signals in microarray studies. For Affymetrix
Genechip one-channel array, data preprocessing involves three
steps: (a) background adjustment, (b) normalization, and
(c) summarization (Gautier et al. 2004). Some popular software
provides one-stop solutions for all three steps; representative
ones include RMA (Irizarry et al. 2003), dChip (Li and Wong
2001), and MAS5 (Hubbell, Liu, and Mei 2002). For Illumina
microarray (BeadArray), users can use lumi (Du, Kibbe, and
Lin 2008), and two-color spotted cDNA arrays, Limma (Smyth
and Speed 2003). We used RMA here to preprocess the raw
Affimetrix array data collected by Calvano et al. (2005). It is
noted that the normalized gene expression intensities may be
returned in the log-transformed format as default by many soft-
ware including RMA. We need to convert the transformed data

back to their original scale, which is required by the GG model.
After the data preprocessing step, we obtain the normalized ex-
pression intensities in original scale of 22,283 gene with four
replicates for each of the two biological conditions (endotoxin
and placebo) over 6 time points.

Step 2 (HMM model fitting). After the preprocessing step,
we apply the EM algorithm (Yuan and Kendziorski 2006) to fit
an HMM for the time-course data, with the Gamma–Gamma
model as the underlying sampling distribution. The choice of
a suitable model is crucial in the model building process. In
particular, we expect that very few genes are perturbed in the
first time point because there is no infusion of endotoxin or
placebo. However, at later time points the immune system be-
gins to respond to the two different treatments and the transi-
tion probabilities and gene expression intensities will vary over
time. Hence inhomogeneous Markov chains are recommended
in modeling the dynamic process, and different GG distribu-
tions are used at different time points. The fitted HMM parame-
ters are summarized in Table 1. We observe considerably dif-
ferent (α, α0, ν) and (a00, a11) across the 6 time points, which
confirms our previous model assumptions. In situations where
the estimated model parameters are very similar for all time
points, it is more appropriate to use an homogeneous HMM to
refit the data to increase the estimation precision.
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Table 1. HMM parameter estimation: a00 and a11 denote the initial
state distribution at 0 hour and the transition probabilities afterwards

HMM
parameters 0 h 2 h 4 h 6 h 9 h 24 h

α 34.26 20.91 38.76 39.07 41.22 31.47
α0 0.95 0.97 0.94 0.93 0.93 0.96
ν 4.13 7.66 4.06 3.94 3.74 4.67
a00 (π0) 0.9595 0.7996 0.9196 0.9976 0.9982 0.9998
a11 (π1) 0.0405 0.9258 0.9813 0.9349 0.9735 0.2034

Step 3 (Pattern design). Specifying a temporal pattern is an
important step in the analysis of MTC experiments; this in-
volves forming an appropriate hypothesis to be tested, and like
in most randomized clinical trials, we recommend this step to
be completed prior to the experiment. In particular, the pattern
of interest should be application specific, independent of the
observed data and incorporate prior information and related do-
main knowledge. Here we discuss the design of several com-
monly used patterns that meet the needs of most biological ap-
plications.

1. Genes perturbed in response to treatments. In many MTC
experiments, the first time point usually serves as a control point
and we expect no much difference in gene expression levels
across the two treatments. Therefore any difference at 0 hour
can be viewed as nonimmune responsive perturbations, which
may be attributed to baseline difference. Hence it would be of
interest to select perturbed genes in response to treatment which
have EE before the inhibition of endotoxin and DE afterwards.
If we further hypothesize that the immune responsive genes
should conclude with full recovery and a normal phenotype af-
ter 24 hours due to the self-limiting nature of immune response,
then the genes perturbed by treatment should also have EE at
the end. In summary, we aim to select genes which are (i) EE
at 0 or 24 hours, and (ii) DE at one or more time points from
2, 4, 6, and 9 hours. Therefore the nonnull parameter space for
identifying genes perturbed in response to treatment is

�
Resp
1 =

{
η ∈ {0,1}6 :η1 = η6 = 0,

5∑
k=2

ηk ≥ 1

}
.

More generally, we may want to exclude genes that are DE at
all time points since this type of perturbation is often caused by
the baseline difference. Hence the nonnull parameter space for
identifying genes that have both EE and DE states during the
experimental period is

�Mix
1 =

{
η ∈ {0,1}6 : 1 ≤

6∑
k=1

ηk ≤ 5

}
.

2. Sequentially perturbed genes. Sequentially activated ge-
nes, which are ordered temporally, may reveal meaningful ac-
tivation sequence that governs the immune responses. For ex-
ample, Calvano et al. (2005) identified point-wise DE genes
and then clustered them into different groups based on the first
time point when they became DE. Define the nonnull parameter
space for identifying genes that are not DE prior to time point t

but are DE afterwards:

�
t-Resp
1 =

{
η ∈ {0,1}6 :

t−1∑
k=1

ηk = 0,

6∑
k=t

ηk ≥ 1

}
.

Such patterns would be particularly helpful for studying biolog-
ical processes such as cell cycle and development, during which
definite and specialized genes are expected to be activating se-
quentially at each step.

3. Early and late response genes. The magnitude of the dif-
ference in expression levels often varies for different genes. As
a result, among genes which are perturbed at the same time
point, some may be detected early while some cannot be de-
tected until the change reaches its peak. If the studied system
does not show definite change at every time point, and there is
no time point of particular interest in a cell cycle and develop-
ment, it would be sufficient to roughly separate the genes that
responded to treatment early from those that responded late. For
example, we define the following patterns, “DE within 4 h” and
“not DE until 4 h or later,” for early and late immune response
genes, respectively. Therefore the nonnull parameter spaces for
identifying early and late response genes are

�
Early
1 =

{
η ∈ {0,1}6 :

4∑
k=1

ηk ≥ 1

}
and

�Late
1 =

{
η ∈ {0,1}6 :

4∑
k=1

ηk = 0,

6∑
k=5

ηk ≥ 1

}
,

respectively. The potential regulatory relationships between
early and late response genes can still provide insights on how
signals are transferred during the cell cycle; and the identified
genes can serve as good candidates for further experimental ver-
ifications.

We just give a few examples of patterns that may be com-
monly used. Actually we have in total 2K atomic patterns and
each pattern represents a state sequence over the K time points.
Those atomic patterns can flexibly be partitioned into any two
complementary sets �0 and �1, by which �1 represents the
collection of the patterns of our interest. The number of possi-
ble partitions allowed by our testing framework is as large as
22K − 1, which is flexible enough to meet various biological
needs.

Step 4 (Application of GLIS). With the pattern of interest
in mind, the application of our GLIS procedure is relatively
straightforward. As an example, we applied the GLIS procedure
to identify “early” and “late” immune response genes, which
are respectively defined as the genes that are DE within four
hours after endotoxin injection, and the genes that begin to be
DE at four hours or later. The formal definitions of �1’s were
given in the example in Step 3. Since �1 and �0 are comple-
mentary, we can calculate GLISi as either

∑
s∈�0

P
	̂

(θ = s|ei)

or 1 − ∑
s∈�1

P
	̂

(θ = s|ei), depending on which set has a
smaller cardinality, to save computational time.

The HMM parameters, which were estimated at Step 2, are
used to calculate the values of GLIS statistics. The genes are
then ranked based on GLIS and a cutoff is chosen along the
rankings for a given FSR level using the step-up procedure. At
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Figure 5. Expression profiles of top 20 “early” genes with 95% confidence bands. Vertical and horizontal axes are the log-transformed gene
expression level and time (0, 2, 4, 6, 9, 24), respectively. Solid line: cases; dashed line: controls. The online version of this figure is in color.

the FSR level of 0.05, 4385 genes are identified to be “early” re-
sponse genes and 56 are identified to be “late” response genes.
The expression profiles of the top 20 “early” and “late” re-
sponse genes are shown in Figures 5 and 6, respectively.

Interpretation and discussion of results. A number of genes,
many of which are known to take part in initiating the in-
nate immune response and implement many functions of leuko-
cytes, such as cellular movement, migration and proliferation,
are identified as “early” response genes by GLIS (Table 2). In
addition, it is interesting to find that Calcineurin (PPP3CA)
is among the “late” immune response genes. Specifically, its
expression profile shows a significant down-regulation at six
hours followed by a gradual recovery. Calcineurin induces tran-
scription factors for the transcription of IL-2 genes, the amount
of which is believed to have significant influence on the extent
of the immune response. Similar down-regulation of the LTB,
an inducer of the inflammatory response system, was also found
among the “late” immune response genes. Meanwhile, immune
response repressors were observed to be up-regulated, includ-
ing the BCL6 (a corepressor of the transcription of START-
dependent IL-4 responses of B cells), and LILRA6 and LILRB3
(leukocyte immunoglobulin-like receptors that bind to MHC
class I molecules on antigen-presenting cells to inhibit the stim-
ulation of an immune response). These up/down regulations to-
gether indicate a concluding signal, which is consistent with the

self-limiting nature of the innate immune response. The appli-
cation of our GLIS procedure to time-course data provides more
insights in deciphering the cell regulatory mechanism. The pos-
sible regulatory relationships between these “early” and “late”
response genes are worthy of further biological investigations.

5. TECHNICAL DETAILS AND DERIVATIONS OF THE
PROPOSED PROCEDURE

In this section, we develop optimal procedures in a com-
pound decision-theoretic framework for testing sets of hypothe-
ses arising from the HMM defined in (2.3)–(2.7). We first show
that the multiple testing and weighted classification problems
are “equivalent” under mild conditions, then derive an ora-
cle procedure, under an ideal setting, that minimizes the MSR
subject to a constraint on the FSR. Finally we derive a data-
driven procedure that mimics the oracle procedure. The Appen-
dix shows that the data-driven procedure is valid and optimal
asymptotically.

5.1 Compound Decision Theory

Consider ϑi defined in (2.1). We are interested in inference
of the unknown ϑi’s based on the observed data and need to
solve m component problems simultaneously. This is referred
to as a compound decision problem (Robbins 1951). A so-
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Figure 6. Expression profiles of top 20 late response genes with 95% confidence bands. Vertical and horizontal axes are the log-transformed
gene expression level and time (0, 2, 4, 6, 9, 24), respectively. Solid line: cases; dashed line: controls. The online version of this figure is in color.

lution to this problem can be represented by a decision rule
δ = (δ1, . . . , δm) ∈ {0,1}m, where δi = 1 if we claim that Hi0
is false and δi = 0 otherwise.

In Yuan and Kendziorski (2006), the problem of separat-
ing DE time points from EE time points was formulated as
a classification problem. Specifically, let θ̂ik be an estimate
of the unknown state, with θ̂ik = 1 indicating that we clas-

sify kth time point of gene i as DE and θ̂ik = 0 otherwise.
Yuan and Kendziorski (2006) proposed a classification rule
based on the maximum a posterior (MAP) estimates θ̂ik =
argmaxs∈{0,1} P(θik = s|ei), for i = 1, . . . ,m and k = 1, . . . ,K.
Let a = (aik : i = 1, . . . ,m; k = 1, . . . ,K) ∈ {0,1}mK denote a
general decision rule. It can be shown that the MAP estimate is
the optimal solution to a classification problem with the follow-

Table 2. The known “early” innate immune response genes

Category Members

Cytokines, chemokines TNFSF10, TNFSF14, TNF, IL1A, IL1B, IL8, IL15, IL32,
ILF2, ILF3, CXCL1, CXCL2, CCL3, CCL20, CCL3L1,
CCL3L3, CCL4, CCL5, XCL1, and XCL2

Membrane receptors of CCR1, CCR2, CCR3, CCR5, CCR6, CCRL2, CXCR3,
cytokines, chemokines CXCR4, CX3CR1, IL11RA, IL13RA1, IL18R1, IL2RB, IL2RG,

IL1RAP, IL1R1, IL1R2, IL27RA

Toll-like receptors TLR1, TLR4, TLR5, TLR7, and TLR8

Fc receptors FCGR1A, FCGR1B, FCGR1C, FCGR2A, FCGR3A, FCGR3B

IFN receptors IFNAR2, IFNGR2

kappa/relA family NFKB2, RELA, RELB

Tyrosine kinase JAK2, JAK3

STAT family STAT1, STAT2, STAT4, STAT5B, STAT6
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ing loss function

L(θ ,a) = (mK)−1
m∑

i=1

K∑
k=1

{(1−θik)aik +θik(1−aik)}. (5.1)

In loss function (5.1), it is assumed that a false positive and a
false negative have the same cost. However, in a gene selection
problem, a false positive is often considered to be more seri-
ous than a false negative. Therefore it is desirable treat the two
types of errors differently. Moreover, the analysis needs to be
conducted at the set level. Hence we construct the loss func-
tion using the set indicator ϑi, where ϑi = 1 if a gene has the
temporal pattern of interest and ϑi = 0 otherwise. Also, let λ

denote the relative cost of a false positive to a false negative,
and δ = (δi : i = 1, . . . ,m) ∈ {0,1}m denote a general decision
rule, where δi = 1 indicates that we claim that a gene has a spe-
cific temporal pattern of DE and δi = 0 otherwise. Consider a
weighted classification problem with loss function

Lλ(ϑ, δ) = m−1
m∑

i=1

{λ(1 − ϑi)δi + ϑi(1 − δi)}. (5.2)

The goal of this weighted classification problem is to find a
decision rule δλ that minimizes the classification risk Rλ =
E{Lλ(ϑ, δ)}.

In MTC studies, we expect that only a small number of
genes are differentially expressed at time k. The formulation
of a weighted classification problem is not tractable in practi-
cal applications since the relative cost λ is usually unknown.
Alternately, a common strategy in practice is to identify a list
of genes that minimizes the “missed findings,” while incurring
a relative low proportion of false positive results. This natu-
rally gives rise to a multiple testing problem, where the optimal
testing procedure δα minimizes the MSR subject to the con-
straint FSR ≤ α. The multiple testing and weighted classifica-
tion problems are closely connected, but the former is more dif-
ficult to deal with theoretically. Next we show that under mild
conditions the two problems are “equivalent” and then derive
the optimal multiple testing procedure by solving an equivalent
weighted classification problem.

5.2 Multiple Testing and Weighted Classification

The goal of both multiple testing and weighted classification
problems is to separate the nonnull cases from the null cases,
and the solution to both problems can be represented by a deci-
sion rule of the form

δ(T, c1) = {I(Ti < c) : i = 1, . . . ,m}, (5.3)

where T is a classifier or a test statistic and c is a cutoff. The
most popular choice of T is the vector of p-values. In the mul-
tiple testing literature, the following assumption has been used
(e.g., Storey 2003; Genovese and Wasserman 2004):

the FDR (FNR) level yielded by δ(T, c1) is
increasing (decreasing) in c.

(5.4)

Assumption (5.4) is desirable for developing FDR procedures
since it implies that in order to minimize the FNR, we should

choose the largest cutoff c that satisfies FDR(c) ≤ α. For set-
wise FDR analysis, we would similarly require that

the FSR (MSR) level yielded by δ(T, c1) is
increasing (decreasing) in c.

(5.5)

Next we develop a general condition that guarantees (5.5). De-
note by Gj(t) = P(Ti < t|ϑi = j), j = 1,2, the conditional cumu-
lative distribution function (cdf) of Ti and gj(t) = (d/dt)Gj(t)
the conditional probability distribution function (pdf). Assumes
that

g1(t)/g0(t) is monotonically decreasing in t. (5.6)

The above condition is referred to as the monotone ration condi-
tion (MRC). The next lemma shows that the MRC is a desirable
condition for multiple testing.

Lemma 1. The MRC (5.6) implies that (5.5) holds asymptot-
ically.

The class of MRC statistics, denoted by T , includes most
commonly used test statistics. For example, let p be a vector
of independent p-values, then p ∈ T if G1(p), the p-value dis-
tribution under the alternative, is concave. The concavity of p-
value distribution is a desirable condition that guarantees (5.4)
and has been assumed in Genovese and Wasserman (2004) and
Storey (2003). In addition, both the local false discovery rate
(Lfdr, Efron et al. 2001) statistic and the LIS (Sun and Cai 2009)
statistic belong to T . See Sun and Cai (2007) for more discus-
sions of the MRC.

The next theorem, which underlies our theoretical develop-
ment, states that the multiple testing and weighted classification
problems are “equivalent” when the MRC holds (Sun and Cai
2007). Therefore the more complicated multiple testing prob-
lem can be solved by studying an equivalent weighted classifi-
cation problem. The following theorem can be proved similarly
as in Sun and Cai (2007).

Theorem 1. Suppose that the classification risk with the loss
function defined in (5.2) is minimized by δλ{�, c(λ)}, so that �

is optimal in the weighted classification problem. If � ∈ T , then
� is also optimal in the multiple testing problem, in the sense
that for each FSR level α, there exists a unique λ(α), and hence
c{λ(α)} = c(α), such that δλ(α){�, c(α)} controls the FSR at
level α with the smallest MSR level among all testing rules in
Dα , where Dα is the collection of all α-level FSR rules of the
form δ = I(� < c1).

5.3 The Oracle Procedure

Now we derive the optimal test statistic for FSR control. The
next theorem considers, in an ideal situation, the optimal clas-
sification rule in the HMM defined by (2.3)–(2.5).

Theorem 2. Consider the HMM defined by (2.3)–(2.7).
Suppose that the HMM parameters 	 are known. Then the
classification risk with loss function (5.2) is minimized by
δ{�, (1/λ)1} = (δik : i = 1, . . . ,m), where �i = P	(ϑi=0|ei)

P	(ϑi=1|ei)
and

δi = I(�i < 1/λ).

Theorem 2 and the equivalence between multiple testing and
weighted classification imply that � is also the optimal test sta-
tistic for FSR control. Define GLISi = P	(ϑi = 0|ei). Note that
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GLISi = �i/(1 + �i) is strictly increasing in �i, the (oracle)
optimal multiple testing procedure must be of the form

δ(GLIS, cOR1) = [I(GLISi < cOR) : i = 1, . . . ,m], (5.7)

where the oracle cutoff cOR = sup{c ∈ (0,1) : FSR(GLIS, c1) ≤
α}, due to (5.5).

5.4 A Data-Driven Procedure

The optimal testing procedure (5.7) is difficult to implement
because it is difficult to determine the optimal cutoff cOR di-
rectly. We propose the following procedure that is asymptot-
ically equivalent to (5.7). The derivation of this procedure is
given in the Appendix. Let GLIS(1), . . . ,GLIS(m) be the ranked
GLIS statistics and H(1), . . . ,H(m) be corresponding hypothe-
ses.

Let k = max

{
i :

1

i

i∑
j=1

GLIS(j) ≤ α

}
,

then reject all H(i), i = 1, . . . , k. (5.8)

The next theorem shows that the GLIS procedure (5.8) is as-
ymptotically equivalent to the oracle procedure (5.7); in partic-
ular, it is valid for FSR control.

Theorem 3. Consider the HMM defined by (2.3)–(2.7). Let
GLISi = P	(ϑi = 0|ei). Denote by GLIS(1), . . . ,GLIS(m) the
ranked GLIS values, and H(1), . . . ,H(m) the corresponding hy-
potheses. Then the GLIS procedure (5.8) controls the FSR at
level α. In addition, let MSROR and MSRGLIS be the MSR lev-
els of the oracle procedure (5.7) and the GLIS procedure (5.8),
respectively, then MSRGLIS = MSROR + o(1).

Denote by ̂GLIS(1), . . . , ̂GLIS(m) the ranked estimates and
H(1), . . . ,H(m) the corresponding hypotheses. In light of the
GLIS procedure (5.8), we propose the following data-driven
procedure:

Let k = max

{
i :

1

i

i∑
j=1

̂GLIS(j) ≤ α

}
,

then reject all H(i), i = 1, . . . , k. (5.9)

The next theorem shows that the data-driven procedure (5.9)
attains the performance of the oracle procedure (5.7) asymptot-
ically.

Theorem 4. Consider the HMM defined by (2.3)–(2.7). Let

	̂ be an estimate of the HMM parameters 	 such that 	̂
p→ 	 .

Let FSROR and FSRDD be the FSR levels of the oracle pro-
cedure (5.7) and data-driven procedure (5.9), respectively, and
MSROR and MSRDD the corresponding MSR levels. Then
FSRDD = α + o(1) and MSRDD = MSROR + o(1).

APPENDIX: PROOFS AND DERIVATIONS OF
TECHNICAL RESULTS

Proof of Lemma 1

Let ρ = P(ϑi = 0) be the proportion of nonnull sets. The marginal
cdf of Ti is G = (1 − ρ)G0 + ρG1, where G0 and G1 are conditional

cdf’s defined in Section 5.2. Define the marginal FSR (mFSR) and
marginal MSR (mMSR) as

mFSR = E{∑m
i=1(1 − ϑi)δi}

E(
∑m

i=1 δi)
and

mMSR = E{∑m
i=1 ϑi(1 − δi)}

E(
∑m

i=1 ϑi)
.

Then mFSR and mMSR are asymptotically equivalent measures to
the FSR and MSR in the sense that, under mild conditions, mFSR =
FSR + O(m−1/2) and mMSR = MSR + O(m−1/2). It is easy to show
that mFSR = (1 − ρ)G0(t)/G(t) and mMSR = 1 − G1(t). Obviously
the mMSR is decreasing in t. Next note that the MRC implies that
g0G1 > g1G0, we have

(d/dt)mFSR(t) = {ρ(1 − ρ)(g0G1 − g1G0)}/G2(t) > 0.

Hence the mFSR is increasing in t. The results follow by noting that
mFSR = FSR + o(m−1/2) and mMSR = MSR + o(m−1/2).

Proof of Theorem 2

The posterior distribution of ϑ given e = (e1, . . . , em) is

Pϑ |e(ϑ |e) =
m∏

i=1

{(1 − ϑi)P(ϑi = 0|ei) + ϑiP(ϑi = 1|ei)}.

Hence the posterior risk is

Eϑ |e{Lλ(ϑ, δ)}
= m−1

∑
i

Eϑi|ei {λ(1 − ϑi)δi + ϑi(1 − δi)}

= m−1
∑

i

{λδiP(ϑi = 0|ei) + (1 − δi)P(ϑi = 1|ei)}

= m−1
∑

i

P(ϑi = 1|ei)

+ m−1
∑

i

{λP(ϑi = 0|ei) − P(ϑi = 1|ei)}δi.

Therefore the classification risk is minimized by δi = I{λP(ϑi =
0|ei) < P(ϑi = 1|ei)}.
Proof of Theorem 3

(i) Validity. First according to the definition of GLIS, we have

E{(1 − ϑi)δi|ei} = δiP(ϑi = 0|ei) = δiGLISi.

Suppose the total number of rejections at FSR level α is Rα , then Rα =∑
i δi. The actual FSR level by the GLIS procedure (5.8) is

FSRGLIS = E

{∑
i(1 − ϑi)δi

(
∑

i δi) ∨ 1

}

= E

[
1

(
∑

i δi) ∨ 1

∑
i

E{(1 − ϑi)δi|ei}
]

≤ E

(
1

Rα

Rα∑
i=1

GLIS(i)

)
.

The validity of the GLIS procedure follows by noting that (5.8) guar-
antees that, for all realizations of e, (1/Rα)

∑Rα

i=1 GLIS(i) ≤ α.
(ii) Asymptotic optimality. Note that mMSR = MSR + o(1), it is

sufficient to show that mMSRGLIS = mMSROR + o(1). Let cOR and
ĉOR be the thresholds of the oracle and PLIS procedures, respec-
tively. Then mMSROR = P(GLIS > cOR|ϑi = 1) and mMSRGLIS =
P(GLIS > ĉOR|ϑi = 1). The continuous mapping theorem implies that

we only need to show that ĉOR
p→ cOR. Denote by G0 and G1 the
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null and nonnull cdf’s of GLISi. The mFSR level of the oracle proce-
dure for a given cutoff t is mFSROR(t) = (1 − ρ)G0(t)/G(t), where
G = (1 − ρ)G0 + ρG1. Next define

Q̂(t) =
{∑

i

I(GLISi < t)GLISi

}/{∑
i

I(GLISi < t)

}
.

According to the law of large numbers,

m−1
∑

i

I(GLISi < t)GLISi
P→ E{I(GLISi < t)GLISi}

= (1 − ρ)G0(t).

Similarly we can show that m−1{∑i I(GLISi < t)} P→ G(t). There-

fore Q̂(t)
p→ mFSR(t). Observe that Q̂(t) is a constant in the interval

GLIS(i) ≤ t < GLIS(i+1), we have

ĉOR = max
i=1,...,m

{
GLIS(i) :

1

i

i∑
j=1

GLIS(j) ≤ α

}

= max
i=1,...,m

{
GLIS(i) : Q̂

(
GLIS(i)

) ≤ α
}

= sup{c ∈ (0,1) : Q̂(c) ≤ α}
≡ Q̂−1(α).

We have shown that Q̂(t)
p→ mFSR(t). It follows from functional

delta method that ĉOR
P→ cOR. Therefore the GLIS procedure attains

the MSR level of the oracle procedure asymptotically.

Proof of Theorem 4

Define

Q̂DD(t) =
{∑

i

I( ̂GLISi < t) ̂GLISi

}/{∑
i

I( ̂GLISi < t)

}
.

The α-level FSR cutoff of the data-driven procedure is ĉDD = sup{t ∈
(0,1) : Q̂DD(t) ≤ α}. Note that 	̂

p→ 	 . Then by continuous map-

ping theorem, we have ̂GLISi
p→ GLISi. Applying the weak law of

large numbers for triangular arrays we can show that Q̂DD(t)
p→

mFSROR(t). By using similar arguments in Theorem 2, we can show

that ĉDD
p→ cOR. Therefore we have

FSRDD = mFSRDD +o(1)

= (1 − ρ)P(̂GLISi < ĉDD|ϑi = 0)

P( ̂GLISi < ĉDD)
+ o(1)

p→ (1 − ρ)P(GLISi < cOR|ϑi = 0)

P(GLISi < cOR)

= mFSROR(cOR) = α.

Similarly we can show that MSRDD = MSROR + o(1).

Derivation of the GLIS procedure (5.8)

Note that FSR and mFSR are asymptotically equivalent measures,
we shall derive the GLIS procedure using mFSR. Let GLIS(1), . . . ,

GLIS(m) be the ranked test statistics and H(1), . . . ,H(m) be corre-
sponding hypotheses. Let ρ be the proportion of the nonnull sets, G0
and G1 be the conditional cdf of GLIS under the null and nonnull hy-
potheses, respectively. The mFSR level of δ(GLIS, t1) is

mFSR = (1 − ρ)G0(t)

G(t)

= E{(1 − ϑi)I(GLISi < t)}
E{I(GLISi < t)}

= E{GLISiI(GLISi < t)}
E{I(GLISi < t)}

=
∑m

i=1 GLISiI(GLISi < t)∑m
i=1 I(GLISi < t)

+ o(1).

Let GLIS(k) be the largest test statistic that is less than t, then the
mFSR level for a given cutoff t can be approximated by Q̂(k)(1/k) ×∑k

i=1 GLIS(i). Also note that Q̂(k) is increasing in k, we shall choose
the largest k such that the mFSR is controlled at level α. Then by noting
assumption (5.5), the procedure (5.8) follows.

[Received September 2009. Revised July 2010.]
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